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t, PREFACE 

TO THE AMERICAN EDITION. 



The Editor, id ofiering to the public Dr. Brewster'e 
translation of L^endre's Geometry under its pre- 
sent form, is fully impressed with the responsibility 
he assumes in making alterations in a work of such 
deserred celeluity. The alterations made, are 
chiefly in the texts of the propositions. 

In the original work, as well as in the tmnsla- 
tions of Dr. Brewster and Professor Farrar, the 
propositions are not enunciated in general terms, 
but with reference to, and by the aid of, tl^ parti- 
cular diagrams used fpr the demonstrations. The 
fact to be demonstrated is stated as^ belonging to 
pafticular lines, or to particular figures, and after 
the proof is made, the mindMs left to infer that it is 
a general truth, and exists independently of the 
diagram used to demonstrate it. 
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This method seemB to have been adopted to 
avoid the difficulty which beginners experience in 
comprehending abstract propositions. But in 
avoiding this difficulty, and thus lessening, at first, 
the intellectual labour, the faculty of abstraction, 
which it is one of the peculiar objects of the study 
of Geometry to strengthen, remains, to a certain 
extent, unimproved. 

Geometry is a train of connected principles. Its 
axioms are abstract truths, to which the mind by 
the very law of its nature readily assents. The 
existence of these truths is independent of lines, 
or figures'; and to illustrate them by diagrams, 
would rather limit than extend our ideas. 

The propositions of Geometry are also general 
truths, and co-existent with extension. ' In enunci- 
ating them, therefore, there seems to be no good 
reason for limiting their application to the particu- 
lar diagrams presented to the eye. 

Geometry is not studied merely for the facts 
which it teaches — ^merely because it shows certain 
relations existing between bodies, and certain pro- 
perties belonging to them — but, because it disci- 
plines the untrained intellect, and conducts the 
untaught mind to the temple of truth. The study 
of Geometry ought, therefore, to be so pursued, ai3 



to ifliprove that faculty of the mind which enables 
it to comprehend general propositions, and to pur- 
sue trains of thought disconnected with sensible 
objects. 

These considerations have induced the Editor to 
venture the alterations he has made, notwithstandr 
ing that the other method has been followed by the 
eminent author and his distinguished translators. 

In the Trigonometries, the Editor has taken the 
liberty to omit several of the articles — a few also 
have been added. The Author will perhaps not 
feel himself responsible for that part of the 
volume, in its present form. 



MlUTART ACADEHT, WeST PoIKT, 

August, 1828. 
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INTRODUCTION. 



ON PROPORTION. 

* 

The doctrine of Proportion ,bel0iiga properly to Arithmetic, 
and ooi^ht tb be exfilaiued in warks which treat of that sci- 
ence. Its object being* to point out the relations which sobsist 
among magnitudes in general, when ^ewed as measured^ or 
represented by numbers^ the counexiou it has with Geometry 
is not more immediate, than with many other branches of 
knowledge, except indeed as Geometry aflbrds the largest 
.class of magnitudes capaUe of being so measured or repre- 
sented, and thus offers the widest field for reducing it to prac- 
tice. Owing, however, to our general • and long-continued 
employment of Euclid's Elements^ the fifth Book of which is 
dented to Proportion, our common systems of Arithmetic, 
and even of Algebra, pass over the subject in silence, or al- 
lude ta it so slightly as to afford , no adequate information. 
For the sake of. the British student, therefore, it will be re- 
ijuisite to prefix a brief ontline of the fundamental truths 
connecled with this departu»ent of Mathematics ; at least, in 
so iar as a knowledge o£ tbem 4s essential for understanding 
the work which follows. 

TTha proper mode of treating Proportion has given rise to 
much controversy among m|itbematicians ; chiefly originating 
from the difficulties which occur in the application of its 
theorems to that class of magnitudes denominated sncomifMn- 
surabte^ or having no common mmsure^ Euclid evades this 
obstacle ; but his method is cumbrous, and, to a learner, dif- 
ficult of comprehension. All other methods have the disad- 
vantage of frequently employing the principle of reductio ad 
absurdum^ a species of reasoning, which, though perfectly 
conclusive, the mathematician wishes to employ as seldom as 
possible. The opposite advantages, however, have generally 
overcome this reluctance ; and Euclid's method is now al- 
most entirely abandoned in elementary treatises. On this 
matter, we are happily delivered from the necessity of mak- 
ing any selection ; the author having himself provided for the 
application of proportion to incommensurable quantities, and 
demonstrated every case of this kind as it occurred, by means 
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X INTRODDCTIOW. 

of the reductio ad absurdum. He has also in variOBs parts of 
these EhNnents interspersed explanauons of the sense in which 
geometrical magnitudes may be viewed, as coming under the 
dominion of numbers, and bearing a proportion to each other. 
So that our duty, on the present occasion, is reduced to liule 
more than defining a iew terns, and, in the faa*iefe^t manner, 
exhibiting the leading truths of the sul;ijert, when referred to 
mere numbers, or to maguitudes capable of being couijrietely 
represented by numbers. 

I. One magnitude is a multiple of another, when the far- 
mer contains the latter an exact number of times : thus, 6 is 
a multiple of 3, 10 of 5, &c. Like^ or equimultiples j are 
such as contain the magnitudes they refer to^ the same num- 
ber of times : thusj 8 and 10 are like multiples of 4 and 5. 

One magnitude is a subrnuhiple^ or measure of another, 
when the former is contained by the. latter an exact number 
of times : thus, 2 and 3 av^ aubmultiples of 6. Like submut^ 
tiplesj or equal submultiplesy are such as are contained by the 
magnitudes they refer to, the same nuntber of times : thus, 5 
and 4 are like submultiples of 10 and 8. 

ir. Four magnitudes are proportional^ if when the first and 
second are multiplied by two such numbers as make the pro^ 
ducts equal, the third and fourth being respectively multiplied 
by the same numbers, likewise make equal products^ 

Thus, 6, 15, 8, 20, are proportional ; because, multiplying 
the first and second by 5 and 2 respectively, so as to make 
6X5=15X2, we have likewise 8x«')=20X2 ; and generally, 
the magnitudes A, B, C, D, are proportional, if m and n be- 
ing any two numbers such that n A=m B, we have likewise 
n C=:f7i D/ The magnitude A is said to be to B, as C is to 
D ; the four together are named a proportion or analogy, aad 
are written thus, A : B : : C : D. 

Note. To make this definition complete, two things are 
required : firsts that such a pair of numbers n, and m, be al- 
ways discoverable as shall make n A=in B ; secondly^ we must 
prove that when one such pair of numbers m and n is dis- 
covered, and found likewise to make n C=m D, every other 
pair of numbers p and q, making p A^q B, will also make 
p C= J D- 

First. With a view to the former of these conditions, we 
must find a common measure of A and B ; the mode of doing 
which is explained at large in Article 157, Book II. of these 
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ElesieQits. Suppoie this common measure to be £, and that 
A=m £, B=:;ii E : the'^ numbers req/jired will be n and m» 
For, by the snppo^ti^u, ^e have n A3;n.inE=:» f»£, and 
m B=m\n E=/i m F ; Hence n A^m B.* ' 
^ Secondly' Suppose n A=m B, and n C=m D ; we arc to 

■ ■ ■ ■ ■ ■> ■> 11 ^j ,1 ..I . I ■■ ■ . . 

*. Ttis obvious, however, that when the magtiitndes A aad B are incom- 
measurable, or b»ve*Do common measure, ibis method will not serve. If, 
for example, the 6rst term A were the ^de of a square, B tbe second 
U)i^m being in diagonal, and tbe third terfii C = A -^ B the sura or the 
difference of the former tvro, there could exist no common measure be- 
tween any of the ^rms/ and no euqb pair of ournbers n and m could be 
ll^und as would miike n A = m B. Hence our Definitien, not being ap- 
{Uicable to tlie magnitudes iu question, could, strictly speaking, iorm no 
criterion fbr disting^iihing their proportionality, or any other property 
possessed by them. Nevertheless it is certain that, if C ivere made the 
side of a new «quare^ and the diai^nal were named D, the two lines C and 
D tvoold stand related to each other in regard tO their length, exactly as tbe 
lines A and B stand related to each other in r^ard to theirs : and though 
Q line, measuring ' any one of the four, must of necessity be Incapable of 
measuring any of the remaining three { though wh^n express^ by nunir 
bers) each of them, 'except one, must form an infinite series ; yet jthese four 
lines are iindoubtecfty jproportional,. as truly as il" they admitted any given 
number of common 'measures : and consequently they, and all other mag- 
nitudes, exhibiting sirttifar properties, otight to be included, directly or in- 
directly, in' every definition of proportion. 

It is l&ewise certain, that if the JDefinition giren above pould be applied 
to sucti magnitudes, it would correctly mdtcate their proportionality : that . 
if in the example just alluded to, a pair of numbers n and m could be found 
giving hAz^mBs they would also give n C = m D. We have now, there- 
fere, to iminire in what manner our Defitiition can be brought to bear on 
this claims of magnitHdes, with regard to which, it appears to be, as it were, 
fOtmtiallyi true, though never actually applicable. 

If B is divided by any measuie of A, it will leave a certain remainder 
less thah that measure : if B is then dM^ed by a half, i. third, a ninth, a 
sixteenth, or any subtmiltiple' of that measure, the remainder will evidently 
in each ca«e be less than that submuitiple ; and as the stibmuttiple, which 
of course will still measure A, may be made as little as we please, the re^ 
mainder mar also be made as little as we please ; and thus a magni* 
tude be foitad which shall corrett>5F measure A and B — B^, B' being less 
than any assigned tiiagnitude. Suppose B were a measure of A, such that 
A = »»E,B — B' = nE; we shall havo n A = m (B — B') ; and if at 
the same time We have w C = m (D — D'), the magnitudes A^ B — B', C, 
D — D', are proportional by the Definition. Now, if it is granted that^ 
as by using a sufficiently small submuitiple of E we can diminish the re- 
mainder B', so i^lso we can diminish tbe remainder D', and at length reduce 
them both below any assigned magnitude ; then it is evident that B — B', 
D — D\ may approximate to B and'D, as near as we please ; and since 
the proportion still continues accurate at every successive approximation, 
we infer that it will, in like manner, continue accurate at .the limit which 
we can approach indefinitely, though never actually reach. In this sense 
our Definition includes incommensurable as well as commensurable quan- 
tities ; and whatever is found to be true of proportions among the latter, 
may also, by the method of redtictio ad ^bmrdumi be shewn to hold gocd 
when applied to tbe latter. 
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II 

prove that if p mid q are any odier two mimbers whch give 
p A=y B, they wlfl Uk#wise give p C=g D. 

For, by hypothesis, we hnvt \ "g^"*A ( 5 ai|d multiply- 

kig* together t|jie terms which stand above each ^ther^ we 
obtain 

njABsmpAB; hence nj=:mpi hence njfC=fiipC. 

But by hypothesis we have 

n C=m D.; hence nq C^mq D. , . 

Now we have already shewn 

nq C=mp C ; hence mp Ci=mq D ; whence p C=sq D. 

III. The raiia or relation which js perceived to exist be- 
tween two magoitndes of (he same* kinil, jivloM considered as 
mere magnitudes, appears to be a simple idea, and therefore 
unsuscei^ible of any good definition. It may he illustrated by 
observing, that when we have A : B ^ : C : D, the ratio of A 
to B is said to be the^ame as that of C to D. In Arithmetic, 
the ratio of two numbers is usually represenied by their qire»> 
tient, or by the fraction whieh resuks fi^^fi making the first 
of them numerator, and the second denomie»tor* It is ix\ this 
sense that one ratio is said to be equal to^ teir, or greater^ than 
another ratio. 

IV. The first and third terms of a proportion are called the 
antecedents ; the second and fourth, the conseqttents* The 
first and fourth are likewise called the extreme terms^ or the 
extremes ; the second and thirds mean terms, or means.' When 
both the means are the same, either of them is called a mean 
proportional between the two extremes ; and if in a series of 
proportional magnitudes each consequent is the Mme as the 
next antecedent, those ma^itudes are said to be in. continued 
proportion.. 

Thus, if we have A : B : : G : D, A and C are antece- 
dents, B and D are consequents ; A and D are extremes, B 
and C are means. If we have A:B::B:C::C:D::D 
: E, B is a mean proportional between A and C, C between 
B and D, D between C and E ; and the magnitudes A, B, C, 



* Unless one of the magntitudes A aad B is a Dumber, ^ey evidently can- 
not, in a literal sense, be nialtiplied together. The expressioo produ€t of A 
and B must therefore, in all such cases, be reg^arded as elliptical, or employed 
merely for the sake of breTity. 
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ilioiied ^oportion» or sometimes, in 
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If four magnitudes are proportional^ the product of tke ex- 

iremes wiU be equal to that of the means ; and conversely^ if two 

products are equals any two factors con\posing the first will fofm 

' the extremes of a proportion, in which any two fadtors composing 

the secondi form the means. * 

First, Suppose A : B : : C : D ; then is AD=BC» 

Find a common measure of A and B, if they have one : 
•Joppose it to be E ; and that A=m E, B=n E. Then we 
shall have n,As=niB; and therefore (£>ff. 2.) nC=mD. 
Equal quantities multiplied by equal quantities yield equal 
products; hence 

nAxmDsfiiBxnCy or 
n m AD=n m BC, or 
AD=BC.* 

Secondly, If we have AD=BC ; then we are to prove that 
A : B : : C : D. 

Find the coipmon measure of A and B ; and suppose we 
have n A=tnB. < 

Now we have AD=^BC, ) . . i.« » • 

Also «B=«A \ ' *•*"" ^y multiplying, 

m DAB=n CAB, hence by dividing 
m D=n C ; and therefore {Def 2*) 
A : B ; : C : D. 



* If A and B are incommensurable, still we shall have AD=sBC. For, 
if Bot, one of them must be greater : suppose AD less, and that we ba?e 
ADssBC — ^CF. By the metiood explained in Dtf, 2, fiod a measure of A 
which shall be tess than F ; and suppose n A=iii TB— B'}, B' being of 
coarse less than the measure, and therefore still less than F. By the same 
Definition, we shall have n C=:m (D— D'), D' being a poiitiTe quantity. 
Hence we have 

n A X m(D— D')=n C Xm (B— B') ; that is 

n m AD — n m AD'=: n m CB — n m CB' ; or dividing, 

AD ^ AD'=? CB— €B'; but by the supposition, we had 
AD = CB— CF. 

Hence AD — AD' being lew than AD, CB— CB' must also be less than 
CB— CF ; hence CB' is greater than CF, and B' is greater than F. On 
the contrary, however, it is less than F by hypothesis : hence that hypo- 
thesis was false ; hence AD is not less than BC. We could show, in the 
same manner, that it is not greater: hence it is equal to BC. 
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If B and C are incommensarable, the reasooing is exactly 
analogous to that employed in the note to the foregoing case, 
and need not be repeated here. 

Cor. I. Thus we have obtained anew test of proportion- 
ality ; and henceforth, whenever we find four factors capa- 
ble of forming two equal products, we are at liberty to con- 
stitute an analogy of these factors, making those of the one 
product means, those of the other extremes. For this rea^ 
son, if we have 

A : B : : C : D, then also, 

we shall have A : C : : B : D, which is termed aliermndo^ 

and B : A : : D : C, which is termed invertendo : 

because, in both cases the product of the extremes is still 
equal to that of the mesons. 

Cor. 3. Hence also supposing A : B : : C : D, we shall 
have A : 3 : : p C : pDf p being any number whole or frac- 
tional ; because, if we have AD=BC, then also p AD==p3C 
whatever be the value of p. Hence, a ratio is not affected by 
multiplying or dividing its terms by the same number. 

Cor.S. If we have A : B :: C : D, and A:E :: F:D; then 
from the first of ihe^^e AD=BC, from the second AD=EF; 
hence BC=EF, therefore, E : B : : C : F ; which inference 
is said to be drawn ex equali perturbate, in allusion to the po- 
sition of the terms. 

Cor. 4. Ali^o, if we have A : B : > C : D, and B : E : : 
D : F; then from the first of these {Cor. 1.) we have B : D 
: : A : C, and from the second B : D : : E : F ; hence A : C 
: : E : F ; which is said to be ex equali directe, for a similar 
reason. 

Cor. 5. If we have A : B : : B : C ; then B ==AC, and 
B= VAC ; hence a mnon proportional is equal to the square^ 
root of the product formed by multiplying the two extremes. 

Sch 'Hum. From this ; roposition is derived the mode of ope- 
rating in the common ariih netical Rule of Three, where three 
terms of a proportion being ^iven, it is required to find the 
fourth. We have A : B : : C : a? ; hence Aa?=BC, hence a:= 

BC 

— which is the rule adverted to. The right arrangement of 
A 

the three given terms, or the stating f the question^ as it is 
called, does not properly form an arithmetical problem : it 
depends on a knowledge of the objects treated of by the ques- 
tion ; which objects may be geometrical, mechanical, com- 
mercial, or of any conceivable kind. 
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« TIfifiOREM II. 

The ratio of two magnitudes is not €^ected^ when they are re- 
specMvdy increased or diminished^ by any pair or pairs of nuagnx* 
t^es hating the same ratio. 

Thus, having A : B : : C : D : : E : F, we shall likewise 
have A : B : : A ± C ± E : B ± D ± F. 

for by the last Theorem we have 

AF=BE, 
AD=BC ; 
also AB=BA. 

Adding or subtracting which, we have 

AB ± AD ± AF=BA ± BC ± BE, 
or A (B ± D ± F)=B (A ± C ± E). 

Hence by the last Theorem 

A:B::A±CdbE:B±DdbF. 

And the same may be shown of any number of magnitudes 
having the same ratio. 

Cor. J. If we have A : B : : C : D, then altemando we 
s^all have A : C : : B : D, aud by the Proposition A : C : : 
A+B : C+D ; hence, aliernnndo once more, 

A : A+B :: C : C+D ; 

which inference is saicj to be drawn convertendo. Sometimes 
also it is written 

A+B : B :: C+D : D; 

the reasons for which are exactly similar. 

Cor, 2. By the very same process we deduce • 

A : A-^ B :: C : C— D, 
or A— B :B : :C— D :D; 

which is said to be dividendo. 

Cor. 3. And combining these two Corollaries with Cor. 
4. of the last Theorem, we have 

A+B : A— B : : C+D : C— D; 

which is said to be miscendo. 

THEOREM m. 

The products of the corresponding terms of two analogies are 
proportional. 

Suppose we have J e 1 F ii G i H ;''°^ ] ^ *^" ^^ **" 
likewise have AE ; BF : : CG : DH. 
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For, the first analogy gives 

AD=BC, 

the second gives EH^sFG ; 



therefore AD . EH»:BC . F6 by maltiplication, 
or AE.DH=BF.C6. 

Hence, Theo. I., we have 

AE : BF : : CG : DH. 

And the same reasoning would extend to any«niimber of 
analogies. 

Cor. 1. If the second analogy were the same as the first, 
[ we should have A* : B^ : : C^ : D^ ; heoce, the squares of pro- 
I portional numbers are proportional. The same is evidently 
\ true of the cubes, or any other powers. 

Cor. 2. Suppose we have the continued proportion A : B 
: : B : C : : C : D ; then, 

First. Having A : B : : B : C, 
and A ; B ; : A ; B , 

we shall have A^ : B' : : BA : BC ; 
or (Cor. 2. Theor. I.) A^ : B^ : : A : C. "* 

\ Hence, in a continued proportion^ the first is to the thirds as 
the square of the firsts is to the square of the second. The 

. ratio which A bears to C, is sometimes called the duplicate of 
that which it bears to B. 

Secondly. Having A : B : : B : C, 

« A : B : : C : D, 

• and A : B : : A : B, 



we shall have A' : B' : : BCA : BCD ; 
or (Cor. 2. Theor. I.) A' : B' : : A : D, 

Hence, in continued proportionals^ the first is to the fourth^ 
as the cube of the first is to the cube of the second. The ra- 
tio A^ : B\ or A : D, is sometimes called the triplicate of 
A : B ; A* : B^, the quadruplicate ; and so on. The law 
which continued proportionals observe, in regard to such ra- 
tios, is now apparent. 

By means of these Theorems, and their Corollaries, it is 
easy to demonstrate, or even to discover, all the most impor- 
tant facts connected with the doctrine of Proportion. The ' 
facts given here will enable the student to go through these 
Elements, without any obstruction on that head. 
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THE PRINCIPLES, 
Definitions, 

1 . Geometry is the science which has for its object the 
measurement of extension. 

Extension has three dimensions, length, breadth, and height* 

2. A line is length without breadth. 

The extremities of a line are called points : a point, there- 

fore, has no extension. 

3. A straight line is the shortest distance from one point 

to another, 

4. Every line, which is not straight, or composed of straight 

lines, is a curve line. 

g 

Thus, AB is a straight line ; ACDB is y^ 'N. 

a broken line, or one composed of straight a^^ Ab 

lines ; and AEB is a curve line. N. / 

^ c — — i 

5. A surface is that which has length and breadth, without 
height or thickness. 

6. A plane is a surface, in which, if two points be assumed 
at will, and connected by a straight line, that line will lie 
wholly in the surface. 

7. Every surface, which is not plane, or composed of plane 
surfaces, is a curved surface. 

8. A solid or body is that which combines all the three di« 
mensions of extension. 

9. When two straight lines, AB, AC, C, 
meet together, the quantity, greater or less, 
by which they are separated from each other 
in regard to their position, is called an an- 
gle ; the point of intersection A is the rcr- A^ ^B 

'tex of the angle ; the lines AB, AC, are its sides. 

3 
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Tbe angle is sometimes designated simply ]by the letter at 
the vertex A; sometimes by three letters BAC^ or CAB, the 
letter at the vertex being always placed in the middle. 

Angles, like all other quantities, are susceptible of addition, 
subtraction, multiplication, and division. Thus the angle DCE 
(see Fig. to Art. 33.) is the sum of the two angles, DCB, 
BCE ; and the angle DCB is the difference of the two angles 
DCE, BCE. 

1 0. When a straight line AB meets ano- I 

ther straight line CD, so as to make the ad- 
jacent angles BAC, BAD, equal to each 
other, each of those angles is called a right 
angle; and the line AB is said tobe jperpen- q 
dicular to CD. 



11. Every angle BAC, less than 
a right angle, is an acute angle ; eve- 
ry angle DEF, greater than a right 
angle, is an obtuse angle. 





-r 



12. Two lines are said to be parallelj when, 
being situated in the same plane, they cannot 

meet, how far soever, either way, both of them* 

be produced. 

13. A plane figure is a plane terminated on all 
sides by lines. 

If the lines are straight, the spare they enclose 
is called a rectilineal figure^ or polygeny and the 
lines themselves taken together form the contour, 
or perimeter of 'the polygon. 

14. The polygon of three sides, the simplest of all, is called 
a triangle ; that of four sides, a quadrilateral ; that of five, 
?i pentagon; that of six, ti hexagon ; and so on. 







15. An equilateral triangle is one which has its three 
sides equal ; an isosceles triangle, one which has two of its 
sides equal ; a scalene triangle, one which has its three sides 
unequal. 
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16. A right-angled triangle is one which 
has a right angle. The side opposite the 
right angle is called the hypotenuse. Thus, 
ABC is a triangle right-angled at A ; the 
side BC is its hypotennse. 

17. Among quadrilaterals, we distinguish : 



The squarCf which has its sides equal, and its 
angles right (Art. 80.). 

The rectangle, which has its angles right an- 
gles, without having its sides equal. (See the 
same Art.). 

The parallelogram^ or rhomboid, which 
has its opposite sides parallel. 




L. 




The lozenge, or rhombus, which has its sides equal, 
witiiout having its angles right angles. 




And, lastly^ the trapezoid, only two of whose 
sides are parallel. 



18. A diagonal is a line which joins the vertices of tw« 
angles not adjacent to each other. Thus, AC, AD, AE, AF, 
in the diagram of Art. 79, are diagonals. 

19. An equilateral polygon is one which has all its sides 
equal ; an equiangular polygon, one which has all its angles 
equal. 

20. Two polygons are mutually equilateral, when they have 
their sides equal each to each, and placed in the same order ; 
that is to say, when following their perimeters in the same di- 
rection, the first side of the one is equal to the first side of the 
other, the second of the one to the second of the other, the 
third to the third, and so on. The phrase, mutucdly equian- 
gular, has a corresponding signification. 

In both cases, the equal sides, or the equal angles, are 
named homologous sides or angles. 
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Epcplanation of Terms and Signs, 

21. An axiom is a self-evideDt proposition. 

A theorem is a truth, which becomes evident by means of a 
train of reasoning called a demonstration. 

A problem is a question proposed, which req^res a solw* 
tion. 

A lemma is a subsidiary truth, employed for the demonstra** 
tion of a theorem, or the solution of a problem. 

The common name, proposition^ is applied indifferently to 
theorems, problems, and lemmas. 

A corollary is an obvious consequence deduced from one 
or several propositions. 

A scholium is a remark on one or several preceding proposi- 
tions, which tends to point out their connexion, their use, their 
restriction, or their extension. 

An hypothesis is a supposition, made either in the enuncia- 
tion of a proposition, or in the course of a demonstration. 

The sign = is the sign of equality ; thus, the expression 
A=B9 signifies that A is equal to B. 

To signify that A is smaller than B, the expression AZB 
is used. 

To signify that A is greater than B, the expression A7B 
is used. 

The sign + is pronounced plus : it indicates addition. 

The sign — is pronounced minus: it indicates subtraction. 
Thus, A+B represents the sum of the quantities A and B; 
A — B represents their difference, or what remains after B is 
taken away from A ; and A — B+C, or A + C — B, signifies, 
that A and C are to be added together, and that B is to be 
deducted from the whole. 

The sign X indicates multiplication 5 thus, A X B represents 
the product of A and B. Instead of the sign X, a point is 
sometimes employed ; thus, A . B is the same thing as AxB. 
The same product is also designated without any intermediate 
sign by AB ; but this expression should not be employed, 
when there is any danger of confounding it with that of the 
line AB, the distance between the points A and B. 

The expression Ax(B+C — D) represents the product of 
A by the quantity B+C — D. If A+B were to be multi- 
plied by A — B+C, the product would be indicated thus, 
(A+B) X (A— B+C), whatever is enclosed within a paren- 
thesis being considered as a single quantity. 

A number placed before a line, or a quantity, serves as a 
multiplier to that line or quantity ; thus, 3 AB signifies that 
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the line AB is taken three times ; h A signifies the half of the 
^ngle A. 

The square of the line AB is designated by AB' ; its cube 
by AB^ What is meant by the square and the cube of a line 
will be explained in its proper place. 

The sign V indicates a root to be extracted ; thus ^/2 
means the^^e-root of 2 ; %/axb means the square-root 
of the** proOT^^f A and B, or the mean proportional be- 
tween them. 

Axioms, 

22. Two quantities each of which is equal to a third, are 
ual to each other. 

23. The whole is greater than any of its parts. 

24. The whole is equal to the sum of all its parts. 

25. From one point to another, only one straight line can 
be drawn. 

26. Two magnitudes, lines, surfaces, or solids, are equal, 
if, when applied to each other, they coincide throughout their 
whole extent. They then fill the same space. 



/ 
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S7, AU right angles are equal to each other. 

Let the straight line CD be perpendicu- I> 

lar to AB, and GH to EF ; the angles 
ACD and EGH. will be equal to each 
other. 

Take the four distances CA, CB, GE, j[^ i 

GF, all equal ; the distance AB will be 

equal to the distance EF, and the line ^ 

£F being placed on AB, so that the point 

E falls on A, the point F will fall on B. 

Those two lines will thus coincide entire- Ji ^ ^ 

ly ; for otherwise there would be two straight lines extending 
from A to B, which (Art. 25.) is impossible : and hence G, the 
middle point of EF, will fall on C, the middle point of AB. 
The side GE being thus applied to CA, the side GH must fall 
on CD. For suppose, if possible, that it falls on a line CK 
different from CD : then, since by hypothesis (10.) the angle 
EGH=HGF, ACK would in that case be equal to KCB. But 
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the angle ACK is greater than ACD ; and KCB is smaller 
than BCD, but by hypothesis ACD=BCD ; hence ACK is 
greater than KCB. Therefore the line GH cannot fall on a 
line CK different from CD ; therefore it fails on CD, and the 
angle EGH on ACD ; therefore all right angles are equal to 
each other (26.), 
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28. Everp straight line^ which meets another^ makes with it two 
adjacent angles^ the sum of which-, is equal to iwo right angles. 

Let AB and CD be the straight lines, 
meeting each other at C, then will the an- 
gle ACD+the angle DCB, be equal to two 
right angles. 

At the point C, erect CE perpendicular to X 
AB. The an^le ACD is thie sum of the an- 
gles ACE, ECD : therefore ACD+BCD is the sum of the 
three angles ACE, ECD, BCD : but the first of those three 
angles, is a right angle ; and the other two together make up 
the right angl^BCE ; hence the sum of the two angles ACD 
and BCD is equal to two right angles. 

29. Cor. 1. If one of the angles ACD, BCD is right, the 
other must be right also. 

30. Cor. 2. If the line DE is perpendi- 
cular to AB, reciprocally AB will be per- 
pendicular to DE. -) 

For, since DE is perpendicular to AB, a" 
the angle ACD must be equal to its adja- 
cent one DCB, and both of them must be 
right. But since ACD is a right angle, its 
adjacent on^ ACE must also be right : hence the angle ACE 
=ACD ; therefore AB is perpendicular to DE. 

31. Cor.' 3. The sum of all the suc- 
cessive angles, BAC, CAD, D-^E, 
EAF, formed on the same side of a 
straight line BF, is equal to two right 
angles ; because their sum is equal to 
that of the two adjacent angles, BAC, 
CAF. 



B 
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32. Two straight lines, which have two points common^ coincide , . 
with each other throughout their whole extent y and form one and # 
the same straight line. 



% 
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Let A and B be the two common 
points. In the first place, it is evident 
that the two lines must coincide entirely 

between A and B, for otherwise there 

would be two straight lines between A A^ "B C P 

and B, which is impossible (25.). Suppose, however, that on 
being produced, these lines begin to separate at C, the one 
becoming CD, the other CE. From the point C draw the 
line CF, making with CA the right an^le ACF. Now, since 
ACD is a straight line, the angle FCD will be right (29) ; 
and since ACE>is a straight line, the angle FCE will like- 
wise be right. But the part FCE cannot be equal to the 
whole FCD ; hence the straight lines which have two points A 
and B common, cannot separate at any point, when produced ; 
hence they form one and the same straight line. 
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33. if two angles, have a common vertex and a common side, and 
their sum equal to two right angles, the exterior sides of these 
angles wiU lie in the same straight line. 

Let ACD and DCB be the two an- 
gles, C the common vertex, and CD 
the common side ; then will the exte- 
rior side CB of the former, and CA 
of the latter, be in the same straight 
line. 

For if CB is not the production of AC, let CE be that pro- 
duction : then the line ACE being straight, the sum of the 
angles ACD, DCE, will (28.) be equal to two right angles. 
But by hypothesis, the sum of the angles ACD, DCB, is also . 
equal to two right angles : therefore, ACD-I-DCE must be ' 
equal to ACD+DCB ; and taking away the angle ACD 
from each, there remains the part DCB equal to the whole 
DCE, which is .impossible; therefore, CB is the production 
of AC. 

THEOREM. ^ - 
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34. Whenever two straight lines intersect each other, the opposite 
or vertical angles, vfhich they form, are equal. 

Let AB and DE be the given 
straight lines intersecting each other 
at C ; then is the angle ECB=ACD, 
and the angle ACE=DCB. 

For, isincie DE is a straight line, ^ 
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the sum of the angles ACD, ACE, is equal to two iright an 
gles ; and since AB is a straight line, the sum of the angles 
ACE, BCE, is also equal to two right angles : hence the sum 
ACD+ACE is equal to the sum ACE+BCE. Take away 
from both, the^ same angle ACE ; there remains the angle 

ACD, equal to its opposite or vertical angle BCE. 

It may be shown, in the same manner, that the angle ACE 
is equal to its opposite angle BCD. 

35. Scholium. The four angles formed about a point by 
two straight lijes which intersect each other, are together 
equal to four right angles : for, the sum of the two angles 

ACE, BCE, is equal to two right angles ; and the other two, 
ACD, BCD, have the same value ; therefore, the sum of the 
four, is four right angles. 

In general, if any number of straight 
lines CA, CB, CD, tec. meet in a point ^ 
C, the sum of all the successive angles 
ACB, BCD, DCE, ECF, FCA, will be 
equal to four right angles : for, if four 
right angles were formed about the point 
C, by means of two lines perpendicular 
to each other, the s^me space would be occupied, either by 
the four right angles, or by the successive angles ACB, BCD, 
DCE, ECF, FCA. 
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^ 36. Two tfianglea are eqUah when an angle and the two sides which 
contain it^ in the one^ are respectively equal to an angle and the 
two sides which contain it, in the other. 

Let the angle A be 
equal to D, the side AC 
equal to the side PF, the 
side AB equal to DE ; 
then will the triangle 
ABC bM|ual to DEF. g ^ ^ — ^ 

For thSe triangles may be applied to each other, so that 
they shall perfectly coincide. If the side DE be placed on 
its equal AB, the point D will fall on A, and the point E on 
B : and since the aiigle D is equal to the angle A, when the 
side DE is placed on AB, the side DF will take the direction 
AC. Besides,* DF is equal to AC ; therefore, the point F 
will fall on C, and the third side EF will exactly cover the 
third side BC ; therefore (26.) the triangle DEF is equal to 
the triangle ABC. 
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37. Cor. When, in two triangles, these three things are 
equal, namely, the angle A=D, the side AB=DE, and the 
side AC=:DF, the other three are equal also, namely, the an- 
gle B=E, the angle C=F, and the side BC=EF. 




' ' •^ THEOREM. y 

4j( 38. Two triangles are equals if two angles and the interjacent 
side of the one. are equal to two angles and the interjacent side rf 
the other. 

Let the side BC, (see the last figure) be equal to the side 
EF, the angle B to the angle E, and the angle C to the angle 
F ; then will the triangle DEF be equal to the triangle ABC. 

For, to apply the one to the other, let the side EF be placed 
on its equal BC ; the point E will fall on B, and the point F 
on C. And, since the angle E is equal to the angle B, the 
side ED will take the direction BA; therefore, the point D 
will be found somewhere in the line BA. In like manner, 
since the angle F is equal to the angle C, the line FD will take 
the direction CA, and the point D will be found somewhere 
in the line CA. Hence, the point D, occurring at the same 
time in the two straight lines BA and CA, must fall on their 
intersection A ; hence the two triangles ABC, DEF, coincide 
with each other, and are perfectly equal. 

39. Cor. Whenever, in two triangles, these three things 
are equal, namely, BC=EF, B=E, C=F, it may be inferred 
that the other three are equal also, namely, AB=DE, AC= 
DF, A=D., 

THEOREM. f 

40. In every triangUy any side is less than the sum of the other 

two. 

For the line BC, for example, (see the preceding figure,) is 
the shortest distance from B to C ; therefore, BC is less than 
BA+AC. 

O^ THEOREM. (!) 

1 

4 

41. If from any point within a triangle two straight lines he 
drawn to the extremities of either side, the sum of these straight 
lines wUl be less than that of the two other sides tf the tri- 
angle. 

4 



10 



GEOMETRY. 



Let any point as O be taken within the trian- 
gle ABC, and the lines OB, OC, drawn to the 
extremities of either side, as BC ; then will 
OB+OCZAB+AC. 

Let ]^0 b^lnduced till it meet the side AC 
in D.« «The ^B>C (40.) is shorter than OD 
+DC : add B^to each, and we have BO+ 
OCZBO+OD+DC, or BO+OC^BD+DC. 

In like manner, BDzBA+AD: add DC to each; and 
we have BD+DCilBA+AC. But we have just found BO 
+OCZ.BD+DC; therefore, still more is BO+OCzBA+ 
AC. 
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4S. If ttoo triangles have two sides cf the one respectively equal 
to two sides of the other , and the included angles unequal^ the 
third sides will be unequal ; and the greater side, will belong to 
the triangle which has the greater included angle. 

Let BAC and EDF 

be the two triangles^ 
having the side AB=s 
DE,AC=DF,andthe 
angle A 7 D ; then will 
BC7EF. 

Make the angleCAG 
=D; takeAG=DE, 
and join CG. The tri- 
angle GAC is equal to DEF (36.), since, by construction, they 
have an equal angle in each, contained by eqnal sides ; there- 
fore CG is equal to EF. Now, there may be three cases in 
the proposition, according as the point G falls without the tri- 
angle ABC, or upon its base BCj or within it. 

First Case. The straight line GCz.Gr+IC, and the 
straight line ABZAI+IB; therefore, GC+ABZ.GI+AI+ 
IC+IB, or, which is the same thing, GC+ABZ AG+BC. 
Take away AB from the one side, and its equal AG from the 
other, there remains GCid BC ; but we have found GC=EF, 
therefore, EFZBC. 



Second Case, If the point G 
fall on the side BC, it is evident 
that GC, or its equal EF, will be 
shorter than BC. 




* 
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TAsfJ Case. Lastly, if the point G 
fall wifi4n the triangle ABC, we shall 
have, by the preceding theorem, AG+ 
GCZ AB+BC ; and, taking AG from 
the one, and its equal AB from the 
other, there will remain GCZ.BC, or-^ 
EF^BC. 

Scholium. Conversely, if the two 
sides AB, AC, of the triangle ABC 
are equal to the two DE, EF, of the 
triangle DEF, while the third side, 
CB of the first triangle, is greater than 
the third side EF of the second : then 
will the angle BAC of the first triangle 
be greater than the angle EDF of the second. 

For if not, the angle BAC must be equal to EDF, or lest 
than it. In the first case, the side CB would (3G.) be equal 
to EF ; in the second, CB would be less than EF : but both 
of these results contradict the hypothesis ; therefore, BAC is 
greater than EDF. 
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43. TtDo triangles are equal, token the three sides of the one are 
respectively equal to the three sides of the cther^ 

Let the sideAB=:DE, 
AC = DF, BC = EF; 

then is the angle A=D, 
B=E, C=F. 

For, If -the angle A 
were greater than D,. 
since the sides AB, AC, 
are respectively equal to DE, DF, it would follow, by the 
last proposition, that the side BC must be greater than 
EF :and, if the angle A were less than D, it would follow 
that the side BC must be less than EF. But BC is equal to 
EF ; therefore the angle A can neither be greater nor less 
than D ; therefore they are equal. In the same manner it may 
be shown, that B is equal to E, and C to F. 

44. Seholium. It may be observed, that the equal angles 
lie opposite to the equal sides : thus the equal angles A and D 
lie opposite to the equal sides BC and EF. 
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45. In an uosc^hs triangle, the angles opposite to the equal sides 

are equal. 



• 




Let the side AB be equal to AC, the angle C 
will be equal to B. 

Join A the vertex, and D the middle point of 
the base BC. The triangles ADB, ADC, have 

all the sides of the one respectively equal to 

those of the other, AD being common, AB= ACb B 
{hyp*) and BD=DC by construction ; therefore, by the last 
proposition, the angle B is equal to the angle C. 

46. Cor. An equilateral triangle is likewise equiangular, 
that is to say, has all its angles equal. 

47. Scholium. The equality of the triangles ABD, ACD, 
proves also that the angle BAD is equal to DAC, and BDA 
to ADC^hence the latter two are right angles ; hence the line 
dravm fn^ the vertex of an isosceles triangle to the middle 
point of its base, is perpendicular to that base, and divides tho 
angle at the vertex into two equal parts. 

In a triangle which is not isosceles, any side may be as* 
sumed indifferently as the base ; and the vertex is, in that case, 
the vertex of the opposite angle. In an isosceles triangle, 
however, that side is specially assumed as the base, which is 
not equal to either of the other two. 
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48. Conversely, if two angles of a triangle are equal, the sides 
opposite them wUl be equal, and the triangle wiU be isosceles. 

Let the angle ABC be equal to ACB ; then 
will the side AC be equal to the side AB. 

For, if those sides are not equal, let AB be 
the greater. Take BD=AC, and join DC. 
The angle DBC {Hyp.) equal to ACB ; the 
two sides DB, BC, are equal to the two AC, 
CB, by construction ; therefore (36.), the tri-B 
angle DBC roust be equal to ACB. But the part cannot be 
equal to the whole ; hence there is no inequality between the 
sides AB, AC ; hence the triangle ABC is isosceles. 
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(M theorem. A^ 

49. If either two angles of a triangle are unequal, the sides op- 
posite them are also unequal, and the greater side is opposite the 
greater angle ; and conversely, if the sides ^e unequal, the 
angles are unequal, and the greater angle is opposite the greater 
side. 

Firsts Let the angle C be greater than B ; 
then will the side AB, opposite to C, be greater 
than AC, opposite to B. 

Make the angle BCD=t=B. Then in the tri- 
angle BDC, we shall have BD=:DC (48.). But 
the line ACz AD+DC, but AD+DC=AD+ 
DB==:AB; therefore, AC ZAB. 

Secondly. Suppose the side AB7AC; then will the angle 
C, opposite to AB, be greater than the Angle B, opposite to 
AiD. 

For, if we had C^B, it would follow, from what has just 
been proved, that we must have ABZ AC, which is contrary 
to the hypothesis. If we had C=B, it would follow (48.) 
that we must have AB= AC, which is also contrary to the hy- 
pothesis. Therefor^, the angle C must be greater than B. 
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Q 50. From a given point without a straight line, only one perpendi* 

cular can be drawn to that line. 

Let A be the point, and DE the given line. 

Let us suppose we can draw two, AB 
and AC. Produce one of them AB, till 
BF is equal to AB, and join FC. • 

The triangle CBF is equal ABC ; for 
the angles CBF and CBA are right, the 
side CB is common, and the side BF= 
AB : therefore (36.) those triangles are 
equal, and the angle BCF=BCA. The 
angle BCA is right, by hypothesis ; therefore BCF must be 
right also. But if the adjacent angles BCA, BCF, are to- 
gether equal to two right angles, the line ACF must (33.) be 
straight ; from whence it follows, that between the same two 
points A and F, two straight lines can be drawn : which is 
impossible : hence it is equally impossible that two perpen- 
diculars can be drawn from the same point, to the same 
straight line. 
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51. Scholium. At a given point C,^ the line AB, it is 
equally impossible to erect two perpeAiculars to that line ; 
for (see the diagram of Art. 28.), if CD aHl CE were those two 
perpendiculars, the angle BCD would be right, as well as 
BCE, and th^part would thus be equal to the whole. 
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62. If f rem a point} situated without a straight line} a perpendi- 
cular be let fall on that straight line, and several oblique lines be 
drawn to several points in the same line ; 

First, The perpendicular will be shorter than any oblique line. 

Secondly, Any two oblique lines, drawn on different sides of the 
perpendicular, cutting off equal distances on the other line, wiU 
be equal. 

Thirdly, Of two oblique lines, drawn at pleasure^ the one which lies 
farther from the perpendicular will be the longer. 

Let A be the given point, DE the gi- 
ven line, AB the perpendicular, and AD, 
AC and AE the oblique lines. 

Produce the perpendicular AB tillBF 
is equal to AB, and join FC, FD. 

First. The triangle BCF, is equal to 
the triangle BCA, for they have the right 
angle CBF=CBA, the side CB common, 
and the side BF=BA ; hence the third sides, CF and AC 
are equal. But ABF, being a straight line, is shorter than 
ACF, which is a broken line ; therefore AB, the half of ABF, 
is shorter than AC, the half of ACF ; therefore the perpen- 
dicular is shorter than any oblique line. 

Secondly. If we suppose BE=BC ; since we have, farther, 
the side AB common, and the angle ABE=ABC, the triangle 
ABE must be equal to the triangle ABC ; hence the sides AE, 
AC are equal ; hence two oblique lines equally distant from 
the perpendicular are equal. 

Thirdly. In 'the triangle, DFA, the sum of the lines AC, 
CF, is less (41.) than the sum of the sides AD, DF ; there- 
fore AC, the half of the line ACF, is shorter than AD, the 
half of the line ADF ; therefore such oblique lines as lie far- 
thest from the perpendicular are longest. 

53. • Cor. 1 . The perpendicular measures the true distance 
of a point from a line, because it is shorter than any other 
distance. 
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54. Cor. 2. From the same poipt, three equal straight 
lines cannot be drawn to the same straight line ; for if there 
could, we should have two equal oblique lines on the same side 
of the perpendicular, which is impossible. 
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y^ 55. If from the middle point of any straight line, a line he drawn 
perpendicular to this straight line, then^ 1 sty every point of the 
perpendicular will he equally distant from the two extremities of 
this line ; and 2dly, every point situated without the perpendicu- 
lar will he unequally distant from those extremities. 

Let AB be the given straight line, C the middle point, and 
ECF the perpendicular. 

First. Since we suppose AC=CB, the two 
oblique lines AD, DB, are equally distant from 
the perpendicular, and therefore equal. So, 
likewise, are the two oblique lines AE, EB, 
the two AF, FB, and so on. Therefore every 
point in the perpendicular is equally distantA^ 
from the extremities A and B. 

Secondly. Let I be a point out of the per- 
pendicular. If I A and IB be joined, one of 
those lines will cut the perpendicular in D ; from which draw- 
ing DB, we shall have DB-=DA. But the straight line IB 
is less than ID+DB, and ID+DB=ID+DA=IA ; there- 
fore IBZIA ; therefore every point out of the perpendicular 
is unequally distant from the extremities A and B. 
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56. Two right-angled triangles are equal, when the hypotenuse 
and a side of the one are respectively equal to the hypotenuse and 
a side of the other. 

Suppose the hypotenuse j^ 
AC=DF, and the side AB 
= DE; the right-angled 
triaople ABC will be equal 
to the right-angled triangle b 
DEF. 

Their equality would be manifest, if the third sides BC and 
EF were equal. If possible, suppose that those sides are not 
equal, and that BC is the greater. Take B6=:EF ; and join 
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AG. The triangle ABG is equal to DEF ; for the right aa- . 
gles B and E are equal, the side AB=DE, and BG=EP ; 
hence these triangles are equal (36.), and consequently AG= 
DF. Now (Hi/p.) we have DF=AC j and therefore AG= 
AC. But (52.) the oblique line AC cannot be equal to AG, 
■ which lies nearer the perpendicular AB ; therefore it is im- 
possible that BC can difier from EF ; therefore the triangles 
ABC and DEF are equal. 

THEOREM. 1 ft w- 

57. Jf tm> itrtaght lines are perpendicultirto a tiard line, thetf 
unll be parallel to each other ; in other vjorda (12.), they wiU ne- 
ver meet, how far aoeeer both of them be produced. 

Let AC and BD (next fig.) be perpendicular to AB. 

Now if they could meet in a point O, on either side of 
AB, there would be two perpendiculars OA, OB, let fall 
from the same point, on the same straight line, which is im- 
possible (50.). 



58. If one straight line is perpendicular to another, and a third 
straight line be drawn, making with the second an acute angle ; 
then, if the first and third straight lines be produced aufficientlj/, 

they will meet. 

Suppose the straight line BD to be perpendicular to AB, 
and AE to make the acute angle BAE with it ; then, the lines 
BD and AE will intersect. 

From any point F, taken 
in the diMCtion AE, let F6 
be drawn perpendicular to 
AB. The point G cannot 
fall on A, for the angle FAB 
is less than a right angle ; it 
can still less fall on H in the 
production of BA, for then 
there would be two perpen- 
diculars EA,KH, drawn from 
the same point K to the same 
straight line AH. Hence 
the point G must fall, as the 5 
figure represents, in the direc- 
tion AB. 
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Now, let another point L be taken in the line AE, at a dis- 
tance AL greater than AF, and let LM be drawn from it per- 
pendicular to AB. We can prove, as in the preceding case, 
that the point M cannot fall on G, or in the direction GA ; it 
must fall therefore in the direction AB ; so that the distance 
AM will, of necessity, be greater than AG. 

I observe fiirther, that if the figure be constructed with care, 
and AL be taken double of AF, we shall find that AM is ex- 
actly double of AG ; in like manner, if AL is taken triple of 

AF, we shall find that AM is triple of AG ; and, in general, 
that there is always the same proportion between AM and 

AG, as between AL and AP. This proportion bmng set- 
tled, it follows not only that the straight line AE, if pro- 
duced sufficiently, will meet BD, but also that the dis- 
tance on «AE, of this point of concourse, may be accu- 
rately assigned. It will be the fourth term of the proportion, 
AG : AB : : AP : a?. 

59. Scholium. The preceding investigation, being found- 
ed on a property which is not deduced from reasoning alone^ 
but discovered by measurements made on a figure constructed 
accurately, has not the, same character of rigorousness with 
the other demonstrations of elementary geometry. It is given 
here merely as a simple method of arriving at a conviction of 
the truth of the proposition. For a strictly rigorous demon- 
stration we refer to the second Note. 



60. ff two straight tines meet a third line, making the sum of the 
interior angles, on the same side of the Une met, equal to two 
right angles, the two lines vnU be pardUeL 

Let the two lines AC and BD meet the line AB ; now, if 
the angle BDA + CAB = two right angles, the lines will be 
parallel. 

5 
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From 6, the middle 
point of ABf draw the 
straight line E6F per- 
pendicular to AC. It 
will also be perpendicu- 
lar to BD. For the sum 
GAE+GBD is (Hyp.) 
equal to two right an- 
gles ; the sum GBF + 
GBD is (28.) likewise 
equal to two right an- 
gles ; and taking away 
GBD from both, there 
remains the angle GAE 
s=GBF. Again, the an-l«^ 
gles AGE, BGF, are 
equal (34.), therefore the triangles AGE and BGF have each 
a side and two adjacent angles equal ; therefore (38.) they 
are themselves equal, and the angle BFG is equal to AEG : 
but AEG is a right angle by construction ; therefore the lines 
AC, BD, being perpendicular to the same straight line £F, 
are parallel (57.). 
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6K If two straight lines make ttith a third, two interior angles^ 
whose sum is less than two right anglesy the Unes wUl meet if 
produced. 

Let the straight lines BD and AI (see last fig.) meet the 
line AB ; now, if the sum of lAB+DBA be less than two 
right angles, the lines will intersect. 

Draw the straight line AC, making the angle CAB=ABF, 
in other words, so that the angles CAB, ABD, taken toge- 
ther, may be equal to two right angles ; and complete the- rest 
of the construction, as in the foregoing theorem. Since AEK 
is a right angle, AE the perpendicular is shorter than AK the 
oblique line; hence (49.) in the triangle AEK, the angle ^ 
AKE, opposite the side AE, is less than the right angle AEKy 
opposite the side AK. Hence the angle IKF, equal to AKE^ 
is less than a right angle ; hence (58.) the lines KI and FD 
will meet if produced. 

62. Scholium. If the lines AM, BD, make with AB two 
angles BAM, ABD, the sum of which is greater than two 
right angleSi those lines will not meet above AB, but they 
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will below. For the two angles BAH, BAN, are together 
equal to two right angles, and so are the two ABD, ABF ; 
hence those four angles are together equal to four right an- 
gles. But BAM, ABD, are together greater than two right 
angles; therefore the remaining angles BAN, ABF, are to* 
gether less than two ; therefore the straight lines AN, BF, 
will meet if produced. 

63. Cor. Through a given' point A, no more than one 
line can be drawn parallel tOra given line BD. For there is 
but one line AC, which makes the sum of the two angles BAC 
+ ABD equal to two right angles ; and this is the parallel re- 
quired. Every other line AI or AM would. make the sum of 
the interior angles less or greater than two right angles ; there- 
fore it would meet BD. 
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^ 64. If two parallel straight lines are met hy a third Kne, the sum 
of the interior angles on the same side of the secant line will be 
equal to two right angles. 

Let the parallels AB, CD, be met 
by the secant line EF, then is the sum 
of OGA+GOC, or GOD+OGB == 
to two right angles. 

For if it were more or less, the two 
straight lines AB, CD, would meetg 
on the one side or the other (61.) and 
would not be parallel. 

65. Cor. 1. If GOC is a right angle, AGO will be a right 
angle also ; therefore every line perpendicular to one of two 
parallels is perpeildicular to the other. 

66. Cor. 2. Since the sum AGO+GOC is equal to two 
right angles, and the sum GOD+GOC is also equal to two 
right angles, if GOC be taken fj^ora both, there will remain 
the angle AGO=GOD. Besides, (34.), we have AGO= 
BGE, and GOD=COF ; hence the four acute angles AGO, 
BGE, GOD, COF, are equal to each other. The same is 
the case with the four obtuse angles AGE, BGO, GOC, 
DOF. It may be observed, moreover, that, in adding one of 
the acute angles to one of the obtuse, the sum will always be 
two right angles. 
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<S7. SehaKum. The angles just spoken of, when compared 
with each other, assume different names. AGO, GOC, we 
have already named interior angles on the same side ; BGO, 
GOD, have the same name ; AGO, GOD, are called alternate 
interior singles, or simply alternate ; so also, are BGO, GOC ; 
and lastly EGB, GOD, or EGA, GOC, are called, respec- 
tively, the opposite exterior and interior angles ; and EGB, 
COF, or AGE, DOF, the alternate exterior angles. This 
being premised, the following propositions may be considered 
as already demonstrated. 

JP»r^^. The interior angles on the same side are together 
equal to two right angles. 

Second. The alternate interior angles are equal ; so like- 
wise are the opposite exterior and interior, and the alternate 
exterior angles. 

Conversely, if in this second case, ivj^^jmies of the same 
name are equal, the lines to which the^l^V will be paral- 
lel. Suppose, for example, the angle AGu=GOD. Since 
GOC+GOD is equal to two right angles, AGO+GOC must 
also be equal to two, and (60.) the lines AG, CO, must be 
parallel. 
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68. Two lines which are parallel to a thirds are parallel to each 

other. 

Let CD and AB be parallel to the third line EF, then are 
they parallel to each other. 

Draw PQR perpendicular to EF, and 
cutting AB, CD. Since AB is parallel 
to EF, PR, will be perpendicular to AB S 
(66.) ; and since CD is parallel to EF, 



PR, will for a like reason be perpendicu- ^ 

lar to CD. Hence AB and CD are per- 

pendicular tothe same straight line j hence "^ 
(57.) they are parallel. 
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/ Q 69. Two paraUeh are every where equallf^ distara. 

Two parallels AB, CD, being H g- D ^ ( 

given, if through two points as- 
sumed at pleasure, the straight 
lines EG, FH, be drawn per-^ 
pendicular to AB, these straight — ^ 
lines will (65.) at the same time * 

be perpendicular to CD : and we are now to shew that they 
. will be equal to each other. 

If GF be joined, the angles GFE, FGH, considered in re- 
ference to the parallels AB, CD, will be alternate interior 
angles, and therefore (67.), equal to each other. Also, be- 
cause the straight lines EG, FH, are perpendicular to the 
same straight lini^-liB, and consequently parallel, the angles 
£GF, GFH, considered in reference to the parallels EG, FH, 
will be alternate interior angles, and therefore equal. Hence 
the two triangles EFG, FGH, have a common side, and two 
adjacent angles in each equal ; hence these triangles (38.) 
are equal ; therefore, the side EG, which measures the dis- 
tance of the parallels AB and CD at the point E, is equal to 
the side FH, which measures the distance of the same paral- 
lels at the point F. 

THEOREM. ^ C^ 

If 70. If two armies have their sides parallel^ each to each^ and lying 

in the same direction^ those angles will he equal. 

Let BAC and DEF be the angles, having AB parallel to 
ED, and AC to EF, then will the angles be equal. 

Produce DE, if necessary, till it meets /D 

AC in G. The angle DEF is equal to V ^/__^ 

DGC (67.), since EF is parallel to GC ; / V ^ 

and the angle DGC is equal to BAC, jJ—M C 

since DG is parallel to AB ; hence the L 

attgle DEF is equal to BAC. h: b l^ 

71. Scholium, The restriction of this proposition to the 
case where the side EF lies in the same direction with AC, 
and ED in the same direction with AB, is necessary, because 
if FE were produced towards H, the angle DEH would have 
its sides parallel to those of the angle BAC, but would not 
be equal to it. In that case, DEH and BAC would be toge- 
ther eqoal to two right angles. 
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73. In every triangle, the sum of the three angles is equal to two 

right angles. 

Let ABC be any triangle. Produce the side 
CA towards D ; and, at the point A, draw AE 
parallel to BC. 

Since AE, CB, are parallel, and CAD cuts 
them, the exterior angle DAE will be equal to C A I> 

its interior opposite one ACB ; in like manner, since AE, 
CB, are parallel, and AB cuts them, the alternate interior 
angles ABC, BAE, will be equal : hence the three angles of 
the triangle ABC make up the same sum as the three angles, 
CAB, BAE, EAD ; hence, (31.) the sun^qf the three angles 

is equal to two right angles. 

« 

73. Cor, J. Two angles of a triangle being given, or 
merely their sum, the third will be found by subtracting that 
sum from two right angles. 

74. Cor. 2. If two angles of one triangle are respec- 
tively equal to two angles of another, the third angles will 
also be equal, and the two triangles will be mutually equi- 
angular. 

75. Cor. 3.* In any triangle there can be but one right * v 
angle ; for if there were two, the third angle must be nothing. 

Still less, can a triangle have more than one obtuse angle. 

76. Cor. 4. In every right-angled triangle, the sum of 
the two acute angles is equal to one right angle. 

77. Cor. 6. Since every equilateral triangle (45.) is 
also equiangular, each of its angles will be equal to the 
third part of a right angle ; so that if the right angle is ex- 
pressed by unity, the angle of an equilateral triangle will be 
expressed by f . — 4; *| ;2 

» 

78. Cor. 6. In every triangle ABC, the exterior angle 
BAD is equal to the sum of the two interior opposite angles 
B and C. For, AE being parallel to BC, the part BAE is 
equal to the angle B| and the other part DAE is equal to the 
angle C. 
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79. The sutA of all the inierior angles of Ji polygon is equal to as 
* many times two right angles^ as there are units in the number of 
^ sides y diminished by two. 

Let ABCDEFG be the proposed polygon. 
If from the vertex of any one angle A, diago- T^f^/ "'^^>j> ^ I 
nals AC, AD, AE, AF, be drawn to the ver- 
tices of all the opposite angles, it is plain that 
the polygon will be divided into five triangles, 
if it has seven sides ; into six triangles, if it has Q? — ^ 
eight ; and, in general, into as many triangles, less two, as 
the polygon has sides ; for those triangles may be considered 
as having the point A for a common vertex, and for bases, 
the several sides of the polygon, excepting the two sides which 
form the angle A. It is evident, also, that the sum of all the 
angles in those triangles does not differ from the sum of all 
the angles in the polygon : hence the latter sum is equal to as 
many times two right angles as there are triangles in the 
figure ; in other words, as there are units in the number of 
sides diminished by two. 

80. Cor. 1. The sum of the angles in a quadrilateral is 
equal to two right angles multiplied by 4 — ^2, which amounts 
to four right angles : hence if all the angles of a quadrilateral 
are equal, each of them will be a right angle ; a conclusion 
which sanctions our seventeenth Definition, where the four an- 
gles of a quadrilateral are asserted to be right^ in the case of 
the rectangle and the square. 

81. Cor. 2. The sum of the angles of a pentagon is equal 
to two right angles multiplied by 5 — 2, which amounts to 
six right angles : hence when a pentagon is equiangular, each 
angle is equal to the fifth part of six right angles, or to | of 
one right angle. 

82. Cor. 3. The sum of the angles of a hexagon is 
equal' to 2x(6 — 2), or eight right angles : hence in the equi- 
angular hexagon, each angle is the sixth part of eight right 
angles, or I of one. 

83. Scholium. When this proposition is ap- 
plied to polygons which have re-entrant angles, 
each re-entrant angle must be regarded as greater 
than two right angles. But to avoid all ambi- 
guity, we shall henceforth limit our reasoning to 
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polygons with salient angles, which might otherwise be named 
convex polygons. Every convex polygon is^such that a straight 
line, drawn at pleasure, cannot meet the contour of the poly- 
gon in more than two points. 

THEOREM. cUff 

84. The opposite sides and angles of a parallelogram are equal. 

Draw the diagonal BD. The triangles i^ 
ADB, ,DBC, have a common side BD ; and 
since AD, BC, are parallel, 'they have also 
the angle ADB=DBC (67.) ; and since A ^ 

AB, CD, are parallel, the angle, ABD=BDC : hence they 
are equal (38.) ; therefore the side AB, opposite the angle 
ADB, is equal to the side DC, opposite the equal angle DBC; 
and in like manner, AD the third side^ is equal to BC : hence 
the opposite sides of a parallelogram are e^ual. 

Again, since, the triangles are cqu^l, it follows that the an- 
gle A is equal to the angle C ; and also that the angle ADC, 
composed of the two ADB, BDC, is equal to ABC, com- 
posed of the two DBC, ABD : hence the. opposite angles of 
a parallelogram are also equal. 

» 

86. Cor. Two parallels AB, CD, included between two 
other parallels AD, BC, are equal. 
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86. If the opposite sides of a quadrilateral are respectively 
equal, the equal sides wUl be parallel, and the figure mU be a 
parallelogram. 

Let ABCD be a quadrilateral (see the last figure) having 
its opposite sides respectively equal, viz- AB=DC, and AD 
=BC ; then will these sides be parallel, and the figure a pa- 
rallelogram. 

For, having drawn the diagonal BD, the triangles ABD, 
BDC, have all the sides of the one equal to the correspond^ 
ing sides of the other; therefore they are equal; therefore, 
the angle ADB, opposite the side AB, is equal to DBC, op- 
posite CD ; therefore (67.) the side AD is parallel to BC. 
For a like reason, AB is parallel to CD : therefore the qua- 
drilateral ABCD is a parallelogram. 



iif 
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S7« jy two opposite sides of a quadrilateral are equal and parah 
lely the remaining sides will also be equal and parallel, and .the 
figure will he a parallelogram. 

Draw the diagonal BD (see the last figure). Since AB \% 
parallel to CD, the alternate angles ABD, BDC, are equal 
(67.) ; moreover, the side BD is common, and the side AB 
=DC ; hence the triangle ABD is equal (36.) to DBC ; 
hence the side AD is equal to BC, the angle ADB to DBC, 
and consequently, AD is parallel to BC ; Jience the figure 
ABCD is a parallelogram* 
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88. The two diagonals of a parallelogram divide each ether into 
equal parts f or, mutually bisect each other* 

Let ABCD be a parallelogram, 
AC and DB its diagonals. Inter- 
secting at O, then will AO=OC, 
and DO=OB. 

Comparing the triangles ADO, COB, we find the side AD 
r=CB, the angle ADO=CBO (67.), and the angle DAO= 
OCB ; hence (38.) those triangles are equal ; llence AO, the 
side opposite the angle ADO, is equal to OC opposite OBC ; 
hence also DO is equal to OB. 




J** 



89. Scholium* In the case of the rhombus, the sides AB, 
BC, being equal, the triangles AOB, OBC, have all the sides 
of the one equal to the corresponding sides of the other, and 
are therefore equal ; whence it follows that the angles AOB, 
BOC, are equal, and therefore, that the two diagonals of a 
rhombus cut each other at right angles. 

'6* 
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BOOK II. 

THE CIRCLE, AND THE MEASUREMENT OF ANGLES. 

90. The circumference of a circle 
IS a curve Hoe, all the points of which 
are equally distant from a point with- 
in, called the centre. 

The circle is the space terminated -^ 
by this curved line.* 

91. Every straight line, CA, CE, 
CD, drawn from the centre to the cir- 
cumference, is called a radius or semidiameier ; every line 
which, like AB, passes through the centre, and is terminated 
on both sides by the circumference, is called a diameter. 

From the definition of a circle, it follows that all the radii 
are equal ; that all the diameters are equal also, and each 
double of the radius. 

92. A portion of the circumference, such as FHG, is 
called an arc. 

The chord or subtense of an arc is the straight line F6, 
which joins its two extremities.f 

« 

93. A segment is the surface, or portion of a circle, in- 
cluded between an arc and its chord* 

94. A sector is the part of the circle included between an 
arc DE, and the two radii CD, CE, flawn to the extremities 
of the arc. 

95. A straight line is said to be inscrib- 
ed in a drcUf when its extremities are in the 
circumference, as AB. 

An inserted angle is one which,^ like 
BAC, has its vertex in the circumference, 
and is formed by two chords. 

* /fate. In common language, the circle is sometimes confounded with 
its circumference : but the correct expression may always be easily re- 
curred to, if we bear in mind that the circle is a surface which has length 
and breadth, while the circumference is but a line. 

f J^ote, In all cases, the same chord FG belongs to two arcs, FHG, 
FEG, and consequently also to two segments : but the smaller one is al- 
ways meant, unless the contrary is expressed. 
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An inscribed triangle is one which, like BAC| has its three 
angular points in the circumference. 

And, generally, an inscribed Jigure is one, of which all the 
angles have their vertices in the circumference* The circle is 
said to circumscribe such a 6gure. 

96. A secant is a line which meets the 
circumference in two points. AB is a se- 
cant. 

97. A tangent is a line which has but 
one point in common with the circumference. 
CD is a tangent. 

The point M is called the point of contact. 

In like manner, two circumferences touch each other when 
they have but one point in common. 

A polygon is circumscrU>ed about a circle^ when all its 
sides are tangents to the circumference (see the diagram of 
277.) : in the same case, the circle is said to be inscribed in 
the polygon. 

THEOREM. I 

98. Every diameter divides the circle and its circumference into 

two equal parts. 

Let AEDF be a circle, and AB a dia- 
meter. 

Now, if the figure AEB be applied to 
AFB, their common base AB retaining its "^ 
position, the curve line AEB must fall ex- 
actly on the curve line AFB, otherwise 
there would, in the one or the other, be 
points unequally distant from the centre, which is contrary to 
the definition of a circle. 

THEOREM. 2^ 

99. Every chord is less than the diameter. 

For, if the radii AC, CD, (see the last figure) be drawn to 
the extremities of the chord AD, we shall have the straight 

line AD/. AC-I-CD, or ADz. AB. 

.J 

100. Cor. Hence, the greatest line which can hh inscribed 
in a circle is equal to its diameter. 
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101. A straight line cannot meet the circumference of a circle in 

more than two points. 

For, if it could meet it in three, those three points would 
be equally distant from* the centre ; and hence, there would 
be three equal straight lines drawn from the same point to the 
same straight line, which is impossible (54.). 

THEOREM. ij 

102. In the sams circle^ or in equal circles y equal arcs are suJh 
tended by equal chords ; and^ conversely ^ equal chords subtend 
equal arcs, ^ 







If the radii AC, EO, are 
equal, and the arcs AMD, 
ENG ; then the chord AD 
will be equal to the chord a| 
EG. 

For, since the diameters 
'AB, EF, are equal, the se- 
micircle AMDB may be applied exactly to the semicircle 
ENGF, and the curve line AMDB will coincide entirely with 
the curve line ENGF. But the part AMD is equal to the 
part ENG (Hyp.) ; hence the point D will fall on G ; there- 
fore the chord AD is equal to the chord EG. 

Conversely, supposing again the radii AC, EO, to be equal, 
if the chord AD is equal to the chord EG, the arcs AMD, 
ENG will be equal. i 

For, if the radii CD, OG, be drawn, the triangles ACD, 
EOG, having all their sides respectively equal, namely, AC= 
EO, CD=OG, and AD=EG, are themselves equal ; and, 
consequently, the angle ACD is equal EOG. Now, placing 
the semicircle ADB on its equal EGF, since the angles ACD, 
EOG, are equal, it is plain that the radius CD will fall on the 
radius OG, and the point D on the point G ; therefore the arc 
AMD is equal to the arc ENG. 
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103. In the s(ime circle, or in equal circles , a greater arc is sulh 
tended by a greater chord, a)id conversely : the arcs being always 
supposed to be less than a semidrcumference. 

Let the arc AH be greater than AD (see the preceding 
figure) ; and draw the chords AD, AH, and the radii CD, 
CH. The two sides AC, CH, of the triangle ACH are equal 
to the two AC, CD, of the triangle ACD, and the angle ACH 
is greater than ACD ; hence (42.) the third side AH is 
.greater than the third AD ; therefore the chord, which sub- 
tends the greater arc, is the greater. 

Conversely, if the chord AH is greater than AD, it will 
follow, on comparing the same triangles, that the angle ACH 
is greater than ACD ; and hence, that the arc AH is greater 
than AD. 

104. Scholium. The arcs here treated of are each less than 
the semicircumference. If they were greater, the reverse pro- 
perty would have place ; as the arcs increased, the chords 
would diminish, and conversely. Thus, the arc AKBD being 
greater than AKBH, the chord AD of the first is less than the 
chord AH of the second. 
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105. The radius perpendicular to a chord, bisects it, and bisects 

also the subtended arc of the chord. 

Let AB be a chord and CG the ra- 
dius perpendicular to it ; then AD= 
DB and the arc AG=GB. 

Draw the radii CA, CB. These 
radii considered with regard to the 
perpendicular CD, are two equal ob- 
lique lines; hence ^52.) they lie equally A 
distant from that perpendicular : hence 
AD is equal to DB. 

Again, since AD, DB, are equal, CG 
is a perpendicular erected from the middle of AB ; hence 
(65.) every point of this perpendicular must be equally dis- 
tant from its two extremities A and B. Now, G is one of 
those points ; therefore AG, BG, are equal. But, if the chord 
AG is equal to the chord GB, the arc AG will be equal to 
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the arc GB (102) ; hence, the radius CG, at right angles to 
the chord AB, divides the arc subtended by that chord into 
two equal parts at the point G. 

106. SchoUum^ The centre C, the middle point D, of the 
chord AB, and the middle point G/of the arc subtended by 
this chord, are three points situated in the same line perpendi- 
cular to the chord. But two points are sufficient to deter- 
mine the position of a straight line ; hence every straight 
line which passes through two of the points just mentioned, 
will necessarily pass through the third, and be perpendicular 
to the chord. 

It follows, likewise, that the perpendicular^ raised from the 
middle of a chord passes through the centre^ and through the 
middle of the arc subtended by that chord. 

For this perpendicular is the same as the one let fall from 
the centre on the same chord, since both of them pass through 
the middle of the chord. 
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107. Through three given points not in the same straight line^ one 
circumference mayi always be made to pass, and but one. 

Let A, B, and C, be the given 
points. 

Join AB, BC ; and bisect those 
straight lines by the perpendicu- 
lars DE, FG : we assert first, that 
DE and FG, will meet in some 
point O. 

For, they must necessarily cut 
each other, if they are not parallel. Now, suppose they were 
parallel, the line AB, whi( h is perpendicular to DE, would 
also be perpendicular to FG (65.) ; and the angle K would 
be a right angle ; but BK, the production of BD, is different 
from BF, because the three points A, B, C, are not in the 
same straight line ; hence there would be two perpendici>lars, 
BF, BK, let fall from the same point on the same straight 
line, which (50.) is impossible ; hence DE, FG, will always 
meet in some point O. 

And moreover, this point O, since it lies in the perpen- 
dicular DE, is equally distant from the two points, A and B 
(55.) ; and since the same point O lies in the perpendicular 
FG, it is also equally distant from the two points B and C : 
hence the three distances OA, OB, OC, are equal ; therefore 
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the circumference described from the centre O, with the radios 
OB, vi^ill pass through the three given points A, B, C. 

We have now shewn that one circumference can always be 
niade to* pass through three given points, not in the same 
straight line : we assert farther, that but one can ll^escribed 
through them. % 

For, if there were a second circumference passing through 
the three given points A, B, C, its centre could not be out of 
the line DE (55.), for then it would be unequally distant from 
A and B ; neither could it be out of the line F6, for a like 
reason ; therefore, it would be in both the lines DE, FG« 
But two straight lines cannot cut each other in more than one 
point ; hence there is but one circumference which can pass 
through three given points. 

108. Cor, Two circumferences cannot meet in more 
than two points ; for, if they have three common points, 
they must have the same centre, and form one and the same 
circumference. 
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109. Two equal chords are equally distant from the centre ; and 
of two unequal chords, the less is at the greater distance from 
the centre. 




First. Suppose the chord AB=: 
DE. Bisect those chords by the 
perpendiculars CF, CG, and draw 
the radii CA, CD. 

In the right-angled trianglesCAF, 
DCG,the hypotenuses CA, CD, are 
equal ; and the side AF, the half of 
i^B, is equal to the side DG, the 
half of DE : heitce the triangles 
are equal (59), and CF is equal to 
CG ; hence (firat) the two equal chords AB, DE, are equally 
distant from the centre. 

Secondly. Let the*chbrd AH be greater than DE. The 
arc AKH (103.) will be greater than DME : cut off from 
the former, a part equal to the latter, ANB=DMb ; draw 
the chord AB, and let fall CF perpendicular to this chord, 
and CI perpendicular to AH. It is eviflent that CF is 
greater than CO, and CO than CI (52.) ; therefore, CF 
is still greater than CI. But CF is equal to CG^ be- 
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catise the chords AB, DE, are equal ; hence we have 
CGi^ CI ; hence of two unequal chords, the less is the farther 
from the centre. 
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110. A straight line, perpendicular to a radius ^ at its extremity , 

is a tangent to the circumference. 

Let BD be perpendicular to the S. 
radius CA, at its extremity A, 
then will it be tangent to the cir- 
cumference. 

For (52.) every oblique line 
CE, is longer than the perpendi- 
cular CA ; hen'ce the point E is 
without the circle ; therefore, BD has no point liut A com- 
mon to it and the circumference ; consequently BD (97.) is 
a tangent. 

111. Scholium. ' Fjrom a given point A, only one tan- 
gent AD can be drawn to the circumference : for if another 
could be drawn, it would not be perpendicular to the radius 
C A ; hence, in reference to this new tangent, the radius AC 
would be an oblique line, and the perpendicular let fall 
from the centre upon this tangent would be shorter than 
CA ; hence this supposed tangent would enter the circle, and 
be a secant. 
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112. Two parallels intercept equal arcs on the circumference. 



There may be three cases. 

First. If the two parallels are se- 
cants, draw the radius CH perpendi- 
cular to the chord MP. It will, at the 
same time, be perpendicular to NQ ^ 
rv^(64.); therefore, the point H (105) 
will be at once the middle of the arc 
MHP, and of the arc NHQ ; there- 
fore, we shall hai^e the arc MH=HP, 
and the arc NH=HQ ; and therefore MH 
in other words, MN=PQ. 




— NH=HP— HQ; 
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Second^, When, of the two paral- 
lels AB, D£, one h a secant, the 
other a tangent, draw the radius CH 
to the point of contact H ; it will 
he perpendicular to the tangent DE 
(110.), and also to its parallel MP. 
But, since CH is perpendicular to 
the chord MP, the point H must be 
the middle of the arc MHP ; there- j. 
fore the arcs MH, HP, ipcluded be- 
tween the parallels AB, DE, are equal. 

TTiird. If the tf^o parallels DE, IL, are tangents, the one 
at H, the other at Ky draw the parallel secant AB ; and, 
from what has just been shewn, we shall have MH=HP, 
MK=EP ; and hence the whole arc HMK=HPK. It is far- 
ther evident that each of these arcs is a semicircumference. 
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1 13. If two circles cut each other in two points^ the line which 
passee through their centres, tnll be perpendicular to the chard 
which joifis the points of intersectiont and will divide it into two 
equid parts. 

For the line AB, which joins the points of interseciion, is 
a chord common to the two circles. And if a perpendicular 





be erected from the ndiddle of this chord, it will pass (106.) 
through each of the two centres C and D. But no more than 
one straight line can be drawn through two points ; hence the 
straight line, which passes through the centres, will bisect the 
chord at right angles. 

7 
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114. ff' the distance between the centres cf two circles is less ihm 
the sum cf the radiiy the greater radius being at the same time 
less than the sum of the smaller and the distance between thecen" 
treSf the two circles wiU cut each other. 

For, to make an intersection possible, the triangle CAI> 
(see the preceding figure) must be possible. Hence, not only 
must we have CD^AC+AD, but also the greater radius 
AD/. AC+CD. And, whenever the triangle CAD can be 
constructed, it is plain that the circles described from the ceiw 
tres C and D> will cut each other in A and B. 
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Its. If the distance between the centres of two circles is equal 
to the sum of their radiiy those two circles wiU touch each other 
externally. 

Let C and D be the centres at a 
distance from each other=CA+AD. 

The circles will evidently have the 
point A common, and they will have 
no other ; becaus^e, if they had two 
points common, the distance between 
their centres must be less than the 
sum of their radii. 
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116. Jf the distance betweim the centres of two circles , is equdi 
to the difference of their radiiy those two circles wiU touch each 
other internally. 

V 

Let C and D be the centres at a dis- B 
tance from each other=^AD— CA. 

It is evident, as before, that they will 
have the point A common : they cab 
have no other ; because, if they had, the 
greater radius AD (114.) must be less 
than the sum of the radius AC and the 
distance between the centres, which is 
ccNQtfary to the supposition. 
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117, Cor. Hence, if two circles touch each other, cither 
externally or internally, their centres and the point of contact 
will be in the same right line. 

118. Scholium. All circles which have their centres on 
the right line CD, and which pass through the point A, are 
tangent to each other ; they have only the point A com- 
mon. And if through the point A, AE be drawn perpendi- 
cular to CD, the straight line AE will be a common tangent 
to all the circles. 



THEOREM. / $ 

119. In the same circle ^ or in equal circles^ equal angles hating 
their vertices at the^ centre, intercept equal arcs on the circumfe- 
rence : and conversely, if the arcs intercepted are equah the an- 
gles contained hy the radii will also he equal. 

Let C and C be the centres of equal circles, and the angle 
ACB^DCE. 

First. Since the angles ACB, 
DCE, are equal, they may be 
placed upon each other ; and 
' since their sides are equal, the 
point A will evidently fall on D, 
and the point B on E. But, in 
that case, the arc AB must also fall on the arc DE ; for if they 
did not exactly coincide, there would, in the one or the other, 
be points unequally distant from the centre ; which is impossi- 
Ible : hence the arc AB is equal to DE. 

Secondly. If we suppose AB=DE, the angle ACB will be 
equal to DCE. For if those angles are not equal, suppose 
ACB to he the greater, and let ACI be taken equal to DCE. 
From what has just been shewn, we shall have AI=DE : bdt, 
by hypothesis, AB is equal to DE ; hence AI must be equal to 
AB, or a part, to the whole, whichis absurd : hence the angle 
ACB is equal to DCE. 
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120. In the tame circle, or in equal circlet, if two angles al tie 
centre are to each other in the proportion tf two whole nunberr, 
the intereepled arcs mil be to each other in the proportion of ihe 
aame nmobere, and we thaU have the angle : tht angle : : the eer- 
retponding are : the correiponding are. 



Suppose, (or example, that the angles ACB, DCE, are ta 
each other as 7 is to 4 ; or, which is the same thing, suppose 
that the angle M, nhich may serve as a common measure, is 
contained 7 times in the angle ACB and 4 times in DCE. 
The seven partial angles ACm, mCn, nCp, kc, into which 
ACB is divided, being>each equal to any of the four partial 
angles into which DCE is divided ; each of the partial arcs 
Am, ffitt, np, Sfc, will ( 1 1 9.) be equal to each of the partial arcs 
Ax, xy, 8tc. Therefore the whole arc AB will he to the whole 
arc DE, as 7 is to 4. But the same reasoning would evidently 
apply, if in place of 7 and 4 any numbers whatever were em- 
ployed ; hence, if the ratio of the angles ACB, DCE, can be 
expressed in whole numbers, the arcs AB, DE, will be to eacb 
other as the angles ACB, DCE. 

12!. Scholium. Conversely, if the arcs AB, DE, are to 
each other as two whole nnmbers, the angles ACB, DCE, will 
be to each other as the same whole numbers, and we shall have 
ACB : DCE : : AB : DE. For the partial arcs, Am, ntn. Sic. 
and Vx, ocy, &ic. being equal, the partial angles ACm, mCn, 
&c. and DCj?, sCy, &«. will also be equal. 



122. Whatever he the ratio of two angles, those iv>o angles wUI 
idviajft be to each other at the aret intercepted between their aidet, 
amd described from fheir vertices as centret, with equal radii. 

Let ACB be the greater and ACD the less angle. 
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Let the less angle be placed 
on the greater. If the propo- 
sition is not true, the angle 
ACB will be to the angle ACD 
as the arc AB is to an arc great-^ 

er or less than AD. Suppose ^^'"'''^TO^ ' ^ 

this arc to be greater, and let it be represented by AO ; we shall 
thus have the angle ACB : angle ACD : : arc AB : arc AO. 
Next conceive the arc AB to be divided into equal parts, each 
of which is less than DO ; there will be at least one point of 
division between D and O ; let I be that point 5 and join CI. 
The arcs AB, AI, will be to each other as two whole numbers, 
and by the preceding theorem, we shall have the angle ACB : 
angle ACI : : arc AB : arc AI. Comparing these two pro- 
portions with each other, and observing that the antecedents 
are the same, we infer that the consequents are proportional, 
and thus we find the angle ACD : angle ACI : : arc AO : arc 
AI. But the arc AO is greater than the arc AI ; hence, if this 
proportion is true, the angle ACD must be greater than the 
angle ACI : on the contrary, however, it is less ; hence th^ 
angle ACB cannot be to the angle ACD as the arc AB is to 
an arc greater than AD. 

By a process of reasoning entirely similar, it may be shewn 
that the fourth term of the proportion cannot be less than AD ; 
hence it is AD itself; therefore we have 

Angle ACB : angle ACD : : arc AB : arc AD. 

123. Cor, Since the angle at the centre of a circle, and 
the arc intercepted by its sides, have such a connexion, that if 
the one be augmented or diminished in any ratio, the other will 
be augmented or diminished in the same ratio, we are autho* 
rized tcr establish the one of those magnitudes as the measure 
of the other ; and we shall henceforth assume the arc AB as 
the measure of the angle ACB. It is only required that, in 
the comparison of angles with each other, the arcs which 
serve to measure them, be described with equal radii, as all the 
foregoing propositions imply. ^ 

124. Scholium I* It appears most natural to measure a 
quantity by a quantity of the same species ; and upon this 
principle it would be convenient to refer all angles to the right 
angle ; which, being made the unit of measure, an acute an- 
gle would be expressed by some number between and 1 ; 
an obtuse angle by some number between 1 and 2. This mode 
of expressing angles wotlld not, however, be the most conve- 
nient in practice ; it has been found more simple to measure 
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them by arcs of a circle, on account of the facility with which 
arcs can be made equal to given arcs, and for various other 
reasons. At all events, if the measurement of angles by arcs 
of a circle is in any degree indirect, it is still equally easy 
to obtain the direct and absolute measure by this method ; 
since, on comparing the arc which serves as a measure to 
any angle, with the fourth part of the circumference, we find 
the ratio of the given angle to a right angle, which is the ab- 
solute measure. 

125. SchoKum2, All that has been demonstrated in the 
last three propositions, concerning the comparison of angles 
with arcs, holds true equally, if applied to the comparison of 
sectors with arcs ; for sectors are not only equal when their 
angles are so, but in all respects proportional to their angles ; 
hence two sectors ACB, ACD, taken in the same circle^ or in 
equal circles^ are to each other as the arcs AB, AD, the bases 
of those sectors. It is hence evident that the arcs of the cir- 
cle, which serve as a measure of the different angles, may also 
serve as a measure of the different sectors, in the same circle, 
or equal circles. 

THEOREM. \% 

126. An inscribed angle is measured by half the arc, included be* 

tween its sides. 

Let BAD be an inscribed angle, and let 
us first suppose that the centre of the cir- 
cle lies within the angle BAD. Draw the 
diameter AE, and the radii CB, CD. 

The angle BCE, being exterior to the I 
triangle ABC, is equal to the sum of the 
two interior angles CAB, ABC (78.) : but^' 
the triangle BAC being isosceles, the an- 
gle CAB is equal to ABC ; hence the an- 
gle BCE is double of BAC. Since BCE lies at the centre, 
it is measured by the arc BE ; hence BAC will be measured 
by the half of BE. For a like reason, the angle CAD will be 
measured by the half of ED ; hence, BAC-I-CAD, or BAD 
will be measured by the half of BE+ED, or of BD. 
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Suppose, in the second place, that C the 
centre lies without the angle BAD. Then, 
drawing the diameter AE, the angle BAE 
will be measured by the half of BE ; the 
angle DAE by the half of DE : hence 
their difference BAD will be measured by ^ 
the half of BE minus the half of ED, or^ 
by the half of BD. 

Hence every inscribed angle is measured 
by the half of the arc included between its sides 



127. Cor. 1. All the angles BAG, 
BDC, inscribed in the same segment are 
equal ; because they are all measured by 
the half of the same arc BOC. 






128. Cor. 2. Every angle BAD, inscrib- 
ed in a semicircle, is a right angle ; because 
it is measured by half the semicircumferencegi 
BOD, that is, by the fourth part of the whole 
circumference. 

To demonstrate the same property another 
way, draw the radius AC : the triangle BAG is isosceles, 
hence the angle B AG =ABG ; the triangle GAD is also isos- 
celes, hence the angle GAD=ADG ; hence BAG+GAD, or 
BAD=ABD-|- ADB- But if the two angles B and D of the 
triangle ABD are together equal to the third BAD, all the 
three angles will be together equal to twice BAD ; we already 
know that they are equal to two right angles ; therefore, BAD 
is equal to one. 

129. Cor. 3. Every angle BAG (see the diagram of 127.) 
inscribed in a segment greater than a semicircle, is an acute 
angle ; for it is measured by the half of the arc BOG, less 
than a semicircumference. 

And every angle BOG, inscribed in a segment less than a 
semicircle, is an obtuse angle ; for it is measured by the half 
of the arc BAG, greater than a semicircumference. 
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130. Cor. 4. The opposite angles A 
and C, of an inscribed quadrilateral ABCD, 
are together equal to two right angles : for ^i 
the angle BAD is measured by half the 
arc BCD, the angle BCD is measured by 
half the arc BAD ; hence the two angles 
BAD, BCD, taken together, are measured 
by the half of the circumference ; hence their sum is equal to 
two right angles. 
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131. The angleformed by a tangent and a chord, U meatured bjf 
the half cf the are indluded between ito tidet. 

Let BE be the tangent and AC the chord. 

From A, the point of contact, draw 
the diameter AD. The angle BAD is 
right (110.) and is measured by half the se- 
micircumference AMD; the angleTDAC ^i 
is measured by the half of DC : hence, 
BAli+DAC, or BAC is measured by 
the half of AMD plus the half of DC, 
or by half the whole arc AMDC. 3 

It might be shewn, in the same man- 
ner, that the angle CAE is measured by half the arc AC in- 
cluded between its sides. 




PROBLEMS RiSLATING TO THE FIRST TWO BOOKS. 



PROBLEM. 



1 




152. To divide a giten straight line into two equal parts. 

Let AB be the given straight line. 

From the points A and B as centres, with 
a radius greater than the half of AB, describe 
two arc^ cutting each other in D ; the point 
D will be equally distant from A and B. Find, 
in like manner, above or beneath the line AB,^^-- 
a second point E, equally distant from the 
points A and B ; through the two points D 
and £, draw the line D£ : it will bisect the 
line AB in C. 



S ^ 
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For the two points D and E, being each equally distant 
from the extremities A and B, most both lie in the perpendi^ 
cular raised from the middle of AB. But only one straight 
line can pass through two given points ; hence the line DE 
must itself be that perpendicular, which divides AB into two 
equal parts at the point C. 

PROBLEM. ^ — 

133. M a given pointy in a given straight line^ to erect a perpen- 
dicular to this line. 

Let A be the given point, and BC the nU^ 

giveo line. "^^ 

Take the points B and C at equal dis* 
tances from A ; then from the points B 
and C as centres, with a radius greater — ^ 
than BA, describe two arcs intersecting -^ 

each other in D ; draw AD : it will be the perpendicular re- 
quired. 

For the point D, being equally distant from B and C, be- 
longs to the perpendicular raised from the middle of BC ; 
therefore AD is that perpendicular. 

134. Scholium. The same construction serves for making 
a right angle BAD, at a given point. A, on a given straight 
lineBC. ' 

m 

( ^ 

PROBLEM. O 

135. Frwn a given pmnt, tDith4mt a straight line^ to tetfaU a 

perpendicular on this line. 

Let A be the point, and BD the 
straight line. 

From the point A as a centre, and 
with a radius sufficiently great, describe 
an arc cutting the line BD in the two 
points B and D ; then mark a point E, 
equally distant from the points B and 
D, and draw AE : it will be the perpendicular required* 

For, the two points A and E are each equally distant from 
the points B and D ; hence the line AE is a perpendicular 
passing through the middle of BD. 

8 
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136. At a paint in a giten line^ to make an angle equal to a given 

angle. 

Let A be the given point, AB the given line, and IKL the 
given angle. 

From the vertex K as a cen- j^ 0«®^ 

tre, with any radius, describe the ^y^^ ^^""^ 

arc IL, terminating in the two ^y^ \ ^y^ \ 
sides of the angle; from the-^ x a 3 

point A as a centre, with a dis- 
tance AB equal to KI, describe the indefinite arc BO ; then 
take a radius equal to the chord LI, with which, from the 
point B as a centre, describe an arc cutting; the indefinite one 
BO, in D ; draw AD ; and the angle DAB will be equalto 
the given angle E. 

For, the two arcs BD, LI, have equal radii, and equal 
chords; hence they are equal (102.); therefore the angles 
BAD, lEL, measured by them are equaL 

PROBLEM. O 

137. To dimde a gwen arc^ or a given angUy into two equal* 

parts. 

First. Let it be required to divide the 
arc AEB into two equal parts. From the 
points A and B, as centres, with the same 
radius, describe two arcs cutting each other 
in D ; through the point D and the centre 
C, draw CD : it will bisect the arc AB in-^ 
the point E. 

For the two points C and D are each ix 

equally distant from the extremities A and ^ ^ 

B of the chord AB ; hence the line CD bisects the chord at 
right angles ; hence (105.) it bisects the arc AB in the 
point E. 

Secondly. Let it be required to divide the angle ACB into 
two equal parts. We begin by describing, from the vertex C 
as a centre, the arc AB ; which is then bisected as above. It 
is plain that the line CD will divide the angle ACB into two 
equal parts* 

138. Scholium. By the same construction, each of the 
halves AE, EB, may be divided into two equal parts ; and 
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thus/ by successive subdivisions, a given angle, or a given 
arc may be divided into four equal parts, into eight, into six- 
teen, and so on. 



PROBLEM. 



^ 




139. Through a given point, to draw a parallel to a given straight 

line. 

Let A be the given point, and BC 
the given line. 

From the point A as a centre, with 
a radius sufficiently great, describe 
the indefinite arc EO ; from the point 
£1 as a centre, with the same radius, 
describe* the arc AF ; make £D=AF, and draw AD : this 
will be the parallel required. 

For, joining AE, the alternate angles AEF, EAD, are 
evidently equal ; therefore (67.) the lines AD, EF, are pa- 
rallel. 

PROBLEM. 7 

140. Two angles of a triangle being given, to Jind the third. 

Draw the indefinite line 
DEF ; at any point as E, make 
the angle DEC equal to one of 
the given angles, and the angle 
CEH equal to the other : the 

remaining angle HEF will be 

the third angle required; be--" •'^ -^ 

cause those three angles are together equal to two right angles. 




PROBLEM. 



^ 



141. Two sides of a triangle, and the angle which they contain, 

being given, to construct the triangle. 

Let the lines B and C be equal to -i^ -tq 
the given sides, and A the given an- 
gle. 

Having drawn the indefinite line 
DE ; at the point D, make the angle . _^ 
EDF equal to the given angle A ; 
then take DG=B, DH=C, and draw GH ; DGH will be the 
triangle required (36.). 
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PROBLEM. -^ J 

1 42. A side attd two angles of a triangle being gitenj to construct 

the triangle. 

The two angled will either be both ad- 
jaceivt to the given side, or the one adja- 
cent, and the other opposite : in the latter 
case, find the third angle (140.) ^ and the 
two adjacent angles will thus be known : 
draw the straight line DE equal to the^ 
given side : at the point D, make an angle EDF equal to 
one of the adjacent angles, ^nd at £, an angle DE6 equal to 
the other ; the two lines DF, EG, will cut each other in H ^ 
and DEH will be the triangle required (38.). 
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143. The three sides of a triangle being gicen, to describe the 

triangle. 



Let A, B, and C, be the sides. 

Draw DE equal to the side A ; 
from the point E as a centre with a 
radius equal to the second side B, 
describe an arc } from D as a cen- 
tre with a radius equal to the third 
side C, describe another arc inter- 
secting the former in F f draw DF, Bi- 




A.V 
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EF ; and DEF will be the trian- c^ 
gle required (41.). 



144. Scholium. If one of the sides were greater than the 
sum of the other two, the arcs would not intersect each other : 
but the solution will always be possible, when the sum of two 
sideSy any how taken, is greater than the third. 
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1 46. Two sides rf a triangle^ and the angle opposite one of them^ 

being given, to describe thei triangle. 

Let A and B be the given sides, and C the given angle. 
There are two cases. 

First. When the angle O is right 
or obtuse, make the angle EDF= 
C ; take DE=A ; from this point 
as a centre, with a radius equal to 
tlie given side B, describe an arc 
cutting DF in F ; draw EF : then 
DEF will be the triangle required. 

In this first case, the side B must 
be greater than A ; for the angle C, 
being right or obtuse, is the great- ^ 
est angle of the triangle, and the side opposite to it must, 
therefore, also be the greatest. 




Secondly. If the angle C is 
acute, and B greater than A, the 
same construction will again ap- 
ply, and DEF will be the triangle 
required* 



But if the angle C is acute, and 
the side B less than A, then the 
arc described from the centre E, 
with the radius EF^^B, will cut 
the side DF in two points F and 
G, lying on the same side of D : 
hence there will be two triangles 
DEF, DEG, either of which will 
satisfy the conditions of the pro- 
blem. 



Ai- 




] 46« Scholium. The problem would be impossible in all 
cases, if the side B were less than the perpendicular let fall 
from E on the line DF. 
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147. 7%e adjacent sides of a parallelogram, mth the angle which 
they contain, being given, to describe the parallelogram. 

Let A and B be the given sides, and C the given angle. 

Draw the line DE=A ; at 
the point D, make the angle 
FDE=C; takeDF=B; de- 
scribe two arcs, the one from 
F as a centre with a radius FG -^ B 

5=DE, the other from E as a » 
centre with a radius EG= 






DF ; to the point G, where ^ ^ 

these arcs intersect each other, draw FG, EG ; DEGF will 

be the parallelogram required. 

For the opposite sides are equal, by construction ; hence 
the figure is a parallelogram (86.) : and it is formed with the 
given sides and the given angle. 

148. Cor. If the given angle is right, the figure will be 
a rectangle ; if, in addition to this, the sides are equal, it will 
be a square. 

PROBLEM. I ^ 

\ 

149. To find the centre of a given circle or arc. 

Take three points. A, B, C, 
any where in the circumference, 
or the arc ; join AB, BC, or sup- 
pose them to be joined ; bisect 
those two lines by the perpendi- 
culars .DE, FG : the point O, 
where these perpendiculars meet, 
will be the centre sought. 

150. Scholium. The same con- 
struction serves for making a cir- -^ 
camference pass through three given points A^ B, C ; and 
also for describing a circumference, in which, a given trian- 
gle ABC shall be inscribed. 
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16] . Through a given point, to draw a tangent to a given circle^ 



If the given point A lies in the circum- 
ference, draw the radius CA, and erect 
AD perpendicular to it: AD (110.) will 
be the tangent required. 



If the point A lies without the circle, 
join A and the centre, by the straight line 
CA ; bisect CA in O ; from O as a cen- 
tre, with the radius OC, describe a cir- 
cle iulersecling the given circumference 
in B ; join AB : this will be the tangent 
required. 

For, drawing CB, the angle CBA 
being inscribed in a semicircle is a right 
angle (128.) ; therefore AB is a perpen- 
dicular at the extremity of the radius 
CB ; therefore it is a tangent. 

152. Scholium. When the point A lies without the circle, 
there will evidently be always two equal tangents AB, AD, 
passing through the point A : they are equal, because the 
right-angled triangles CBA, CD A, have the hypotenuse CA 
common, and the side CB=CD ; hence they are equal ; hence 
AD is equal to AB, and also the angle CAD to CAB. 
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PROBLEM. 

1 53. To inscribe a circle in a given triangle. 



4 
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Let ABC be the given triangle. 

Bisect the angles A and B, by 
the lines AO and BO, meeting in 
the point O ; from the point O, 
let fall the perpendiculars OD, I) 
OE, OF, on the three sides of the 
triangle : these perpendiculars 
will all be equal. For, by con-^ 
structioD, we have the angle DAO 
ssOAF, the right angle ADOs^AFO ; hence the third angle 
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AOD i^ equal to the third AOF. Moreover, the side AO is 
common to the two triangles AOD, AOF ; and the angles 
adjacent to the equal side are equal : hence the triangles them- 
selves are equal ; and DO is equal to OF. In the same man- 
ner it may be shewn that the two triangles BOD, BOE, are 
equal ; therefore OD is equal to OE ; therefore the three per- 
pendiculars OD, OE, OF, are all equal. 

Now, if from the point O as a centre, with the radius OD, 
a circle be described, this circle will evidently be inscribed 
in the triangle ABC ; for the side AB, being perpendicular 
to the radius at its extremity, is a tangent ; and the same 
thing is true of the sides^BC, AC. 

154. Scholium. The three lines which bisect the angles of 
a triangle meet in the same point. 



. i( 



PEOBLEM 

155. On a given straight line to describe a segment containing a 
given angle ; that is to say, a segment such^ thai all the angles 
inscribed in it, shall be equal to the given angle. 

Let AB be the giveo straight line, and C the given angle. 

A/ 





Produce AB towards D ; at the point B, make the angle 
' DBE=C ; draw BO perpendicular to BE, and GO perpen- 
dicular to AB, and bisectmg it ; and from the point O, where 
those perpendiculars meet, as a centre, with a distance 0B| 
describe a circle : the required segment will be AMB. 

For, since BF is a perpendicular at the extremity of the 
radius OB, it is a tangent, and the angle ABF (131.) is mea- 
sured by half the arc AKB. Also, the angle A MB, being an 
inscribed angle, is measured by half the arc AKB : hence we 
have AMB=;ABF=EBD=C : hence all the angles inscribed 
in the segment AMB are equal to the given angle C. 

156. Scholium. If the given angle were right, the requir- 
ed segment would be a semicircle described on AB, as a dia- 
meter. 
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157. To find the numerical ratio cf two given atT(^gkt Um^f 
those lines being supposed to have a commotk vteasure. 

Let AB and CD be the given lines. 

From the greater AB cut off a part equal to the less A 
CD, as many times as possible ; for example, twice, 
with the remainder BE. 

From the line CD, cut off a part equal to the re- 
mainder BE, as many times as possible ; once, for ex* 
ample, with the remainder DF. 

From the first remainder BE, cut off a part equal to 
the second DF, as many times as possible ; once, for 
example, with the remainder BG. l-g 

From the second remainder DF, cut off a part equal 
to BG the third, as many times as possible. 

Continue this process, till a remainder occur, which ^ 
is contained exactly a certain number of times in the preced- 
ing one. 

Then this last remainder will be the common measure of 
the proposed lines ; and regarding it as unity, we shall easily 
find the values of the preceding remainders ; and, at last, 
those of the two proposed lines, and hence their ratio in 
numbers. 

Suppose, for instance, we find GB to be contained exactly 
twice in FD ; BG will be the common measure of the two 
proposed lines. Put BG=1 ; we shall have FD=2 : but 
EB contains FD once, plus GB ; therefore we have EB=:3 : 
CD contains EB once, plus FD ; therefore we have CD=6 : 
and, lastly, AB contains CD twice, plus EB ; therefore w^ 
have AB=13 ; hence the ratio of the lines is that of 13 to 5. 
If the line CD were taken for unity, the line AB would 
be y ; if AB were taken for unity, CD would be y\. 

a 

158. Scholium. The method just explained is the same 
as that employed in arithmetic to find the common divisor of 
two numbers : it has no need, therefore, of any other demon- 
stration. 

How far soever the operation be continued, it is possible 
that no remainder may ever be found, which shall be con- 
tained an exact number of times in the preceding one. When 
this happens, the two lines have no common measure, and are 
said to be incommensurable. An instance of this will be seen 
afterwards, in the ratio of the diagonal to the side of the 

9 
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square. In those cases, therefore, the exact ratio in nnmbers 
cannot be found ; but, by neglecting the last remainder, ao 
approximate ratio will be obtained, more or less correct, ac- 
cording as the operation has been continued a greater or less 
number of times* 
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159. Two angles heing given^ to find their common measurOf if 
they have one, and by means of it , their ratio in numbers. 

Let A and B be the given angles. 

With equal radii describe the -A, 

arcs CD, EF, to serve as mea- /vv 
sures for the angles : proceed / yv 
afterwards in the comparison of |^ VV 

the arcs CD, EF, as in the last Jj^^^^ ^^^^^ * 
problem, since an arc may be cut ^ ■" 

off from an arc of the same radius, as a straight line from a 
straight line. We shall thus arrive at the common measure 
of the arcs CD, EF, if they have one, and thereby at their 
ratio in numbers. This ratio (122.) will be tlie same as that 
of the given angles ; and if DO is the common measure of the 
arcs, DAO will be that of the angles. 

160* Scholium* According to this method, the absolute 
value of an angle may be found by comparing the arc which 
measures it to the whole circumference. If the arc CD, for 
example, is to the circumference, as 3 is to 25, the angle A 
will be -^j of four right angles, or |f of one right angle. 

It may also happen, that the arcs compared have no com- 
mon measure ; in which case, the numerical ratios of the an- 
gles will only be found approximately with more or less cor- 
rectness, according as the operation has been continued a 
greater or less number of times. 
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THE PROPORTIONS OF FIGURES. 



Definitions. 



161. We shall give the name equivalent figures, to SQch 
»s have equal surfaces. 

Two figures may be equivalent though very dissimilar : a 
circle, for instance, may be equivalent to a square, a triangle 
to a rectangle. 

The denomination, equal figures, we shall reserve for such 
ds, when applied to each other, coincide in all their points : of 
this kind are two circles, which have equal radii ; two trian* 
gles, which have all their sides equal respectively, &c. 

162. Two figures are similar, when they have their cor- 
responding angles equal each to each, and their homologous 
sides proportional. By homologous sides, are understood 
those which have a corresponding position in the two figures, 
or which lie adjacent to equal angles. Those angles them- 
selves are called homologous angles. 

Two equal figures are always similar; but two similar 
figures may be very unequal. 

163. In two difierent circles, similar arcs, sectors, or seg-* 
metUs, are those which ciorrespond to equal angles at the cen- 
tre. -A. „ 

Thus, if the angles A and O be equal, 
the arc BC will be similar to the arc 
DE, the sector ABC to the sector ODE, 
&c. 




164. The altitude of a parallelogram 
is the perpendicular which measures the 
distance of two opposite sides, taken as 
bases. Thus, EF is the altitude of the A 
parallelogram DB. 

The altitude of a triangle is the 
perpendicul^ let fall from the ver- 
tex of an an^, on the opposite side 
taken as a base. Thus, AD is the 
altitude of the triangle BAG. 
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The altitude of a trapezoid is the perpendi- 
cular drawn between its two parallel sides. 
Thus, EF is the altitude of the trapezoid DB. 



I>_E C 



LH 



:& B 



165. The area and the surface of a figure are terms very 
nearly synonymous. The area designates more particularly 
the superficial extent of the figure, in so far as it is measured, 
or compared to other surfaces. 

JVoie. For understanding this Book, and those that follow, 
the reader will require to be master of the theory of propor- 
tions, for which we refer him to the common treatises on arith- 
metic and algebra.* We shall only make one remark, which 
is of great importance for determining the true meaning of 
propositions, and dissipating any obscurity that may occur 
either in the enunciations or the proofs. 

The proportion A : B : : C : D being given, it is w«ll ' 
known that the product of the extremes AxD is equal to the 
product of the means BxC. 

This truth is indisputable, so far as concerns numbers : it 
is equally so in regard to magnitudes of any kinds, provided 
they are expressed, or imagined to be expressed, in numbers ; 
and this we are at all times entitled to imagine. If A, B, C, 
D, for example, are lines, we may conceive that one of those 
four lines, or a fifth, if requisite, serves as a common measure 
to them all, and is taken for unity : then A, B, C, D, repre- 
sent each a certain number of units, integer or fractional, 
commensurable or incommensurable ; and the proportion be- 
tween the lines A, B, C, D, becomes a proportion of numbers. 

ip^e product of the lines A and D, which is also named 
th(^ir rectang\e, is therefore nothing else than the number of 
linear units contained in A, multiplied by the number of the 
linear units contained in D ; and it is easy to see that this pro- 
duct may, indeed must, be equal to that which results in a si- 
milar manner from the lines B and C. 

The magnitudes A and B may be of one species, for exam- 
ple, lines ; and C and D of another species, for example, sur- 
faces : in such cases, those magnitudes must always be regarded 
as numbers ; A and B will be expressed in linear units, C and 
D in superficial units ; and the product AxD will be a num- 
ber like the product BxC. 

Generally, in every operation connected with proportions, 
if the terms of those proportions be always lo^^ed upon as 



* A short sketch of the subject has been prefixed to the present transla- 
tion. — ^Ed. 
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so many numbers, each of the kind proper to it, there will be 
no difficulty in conceiving the operations, and the consequen- 
ces which result from them. 

We must also premise, that several of our demonstrations 
are grounded on some of the simpler operations of algebra, 
which are themselves dependent on admitted axioms. Thus, 
if we have A=B+C, and if each member is multiplied by 
the same quantity M, we may infer that Ax]VI=BxM4-Cx 
M ; in like manner, if we have A=B+C, and D=E — C, 
and if the equal quantities are added together, then expung- 
ing the +C and — C,which destroy each other, we infer that 
A+D=B+E, and s^ of others. All this is evident enough 
of itself; but in case of difficulty, it will be useful to consult 
some algebraical treatise, and thus to combine the study of 

4 

theorem! I / 

166. Parallelograms which have equal hoses and equal altiiudes 

are equivalent. 

Let AB be the common base D c ;P E J) Iff C JB 
of the two parallelograms ABCD, 
ABEF : and since they are sup- 
posed to have the same altitude, 
their upper bases DC, FE, will 

be situated both in one straight line parallel to AB. Now, from 
the nature of parallelograms, we have AD=BC, and AF 
=BE ; for the same reason, we have DC=AB, and FE= 
AB ; hence DC=FE : hence, if DC and FE be taken 
away from the same line DE; the remainders CE and DF 
will be equal. 

It follows (43.) that the triangles DAF, CBE, are mutually 
equilateral, and consequently equal. 

But if frorp the quadrilateral ABED, we take away the 
triangle ADF, there will remain the parallelogram ABEF : 
and if from the same quadrilateral ABED, we take away the 
triangle CBE, there will remain the parallelogram ABCD. 
Hence these two parallelograms ABCD, ABEF, which have 
the same base and altitude, are equivalent. 

167. Cor. Every parallelogram is equivalent to the rect- 
angle which has the same base and the same altitude. 
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168. 



^ery triangle is half of the paraUehgram^ which has the 
same base and the same altitude. 




Let the parallelogram BCD A, and ]? 
the triangle BCA have the same base 
BC, and the same altitude, then will 
the triangle be half the parallelo- 
gram. -^ 

For (87.) the triangles ABC, ACD, are equal. 

169. Cor. 1. Hence a triangle ABC is half of the rect- 
angle BCEFy which has the same base CB, and the same 
altitude AO : for the rectangle BCEF is equivalent to the 
parallelogram ABCD. 

170. Cor. 2. All triangles, which have equal bases and 
altitudes, are equivalent. 
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171 • Two rectangles having the same altitude y are to each other 

as their bases. 



Let ABCD, AEFD, be two rect- !> 
angles having the common altitude 
AD : they are to each other as their 
bases AB, AE. 



B* 
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Suppose, first, that the bases are A iE 

commensurable, and are to each other, for ej^ample, as the 
numbers 7 and 4. If AB is divided into 7 equal parts, AE 
will contain 4 of those parts : at each point of division erect 
a perpendicular to the base ; seven partial rectangles will thus 
be formed, all equal to each other, because all have the same 
base and altitude. The rectangle ABCD will contain seven 
partial rectangles, while AEFD will contain four : hence the 
rectangle ABCD is to AEFD as 7 is to 4, or as AB is to AE. 
The same reasoning may be applied to any other ratio equally 
with that of 7 to 4 : hence, whatever be that ratio, if its term& 
be commensurable, we shall have 

ABCD : AEFD : v AB : AE- 
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Suppose, in the second place, that the I> PK C 

bases AB, AE, are incommensurable : it is 
to be shewn that, still we shall have 

ABCD : AEFD : : AB : AE. 

For if not, the first three terms continuing 
the same, the fourth must be greater or less than AE. Sup- 
pose it to be greater, and that we have 

ABCD : AEFD : : AB : AO. 

Divide the line AB into equal parts, each less than EO« 
There will be at least one point I of division between E and 
O : from this point draw IK perpendicular to AI : the bases 
AB, AI, will be commensurable, and thus, from what is proved 
above, we shall have 

ABCD : AlKD : : AB : AI. 

But by hypothesis, we have 

ABCD : AEFD : : AB j AO- 

In these two proportions the antecedents are equal ; hence 
the consequents are proportional, and we find 

AIKD ; AEFD : : AI : AO. 

But AO is greater than AI ; hence, if this proportion is 
correct, the rectangle AEFD must be greater than AIKD : on 
the contrary, however, it is less ; hence the proportion is im- 
possible ; therefore ABCD cannot be to AEFD, as AB is to 
a line greater than AE. 

Exactly in the same manner, it may be shewn that the 
fourth term of the proportion cannot be less than AE ; there- 
fore it is equal to AE. 

Hence, whatever be the ratio of the bases, two rectangles 
ABCD, AEFD, of the same altitude, are to each other as 
their bases AB, AE. ^ 

A 
T£[£OR£M. </^ 

172. Any t^o rectangles are to each other as the products of their 

hoses multiplied by their altitudes. 

Let ABCD, AEGF, be two rectangles ; then will the rect- 
angle, 

ABCD : AEGF : : AB. AD : AF* AE. 
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Having placed the two rectan- H^ 
gles, so that the angles at A are 
vertical, produce the sides GE, CD, 
till they meet in H. The two rect- -^ 
angles ABCD, AEHD, having the 
same altitude, are to each other as q 
their bases AB, AE : in like man- 
ner the two rectangles AEHD, AEGF, having the same alti- 
tude AE, are to each other as their bases AD, AF : thus we 
have the two proportions, 

ABCD : AEHD : : AB : AE, 

AEHD : AEGF : : AD : AF. 

Multiplying the corresponding terms of those proportions 
together, and observing that the mean term AEHD may be 
omitted, since it is a multiplier of both the antecedent and the 
consequent, we shall have 

ABCD : AEGF : : ABx AD : AEx AF. 

173. Scholium. Hence the product of the base by the al- 
titude may be assumed as the measure of a rectangle, pro- 
vided we understand by this product, the product of two num- 
bers, one of which is the number of linear units contained in 
the base, the other the number of linear units contained in the 
altitude. 

Still this measure is not absolute but relative : it supposes 
that the area of any other rectangle is computed in a similar 
manner, by measuring its sides with the same linear unit ; a 
second product is thus obtained, and the ratio of the two pror 
ducts is the same as that of the rectangles, agreeably to the 
proposition just demonstrated. 

For example, if the base of the rectangle A contains three 
units, and its altitude^ ten, that rectangle will be represented 
by the number 3X 10, or 30, a number which signifies nothing 
while thus isolated ; but if there is a second rectangle B, the 
base of which contains twelve units, and the altitude seven, 
this second rectangle will be represented by the number 12x7 
==84 ; and we shall hence be entitled to conclude that the two 
rectangles are to each other as 30 is to 84 ; and therefore, if 
the rectangle A were to be assumed as the unit of measure- 
ment in surfaces, the rectangle B would then have |^ for its 
absolute, measure, in other words, it would be equal to |^ of a 
superficial unit. 
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It is more common and more 
simple, to assume the square as 
the unit of surface ; and to se- 
lect that square, whose side is 
the unit of length. In this case, 
the measurement which we have regarded merely as relative, 
becomes absolute : the, number 30, for instance, by which the 
rectangle A was measured, now represents 30 superficial units, 
or 30 of those squares, which have each of their, sides equal 
to unity, as the diagram exhibits. 

In geometry the product of two lines frequently means the 
same thing as their rectangle, and this expression has passed 
into arithmetic, where it serves to designate the product of 
two unequal numbers, the expression square being employed 
to designate the product ^f a number multiplied by itself. 

The arithmetical squares of 1,2, 
3, kc. are 1, 4, 9, &c. So likewise 
the geometrical squaf'e constructed 
on a double line is evidently four 
times as great as on a single one ; on 
a triple line, is nine times as great, be. 
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1 74. The area of any paMklogram is equal to the pradud of Us 

&|ue, hy Us altitude. 

For the parallelogram ABCD is equiva- I F I) 
lent (167.) to the rectangle ABEE* which 
has the same base AB, and the same alti- 
tude BE : but this rectangle (173.) is mea- 
sured by ABxBE; therefore, ABxBE is -^ 
equal to the area of the parallelogram ABCD. 

175. Cor. Parallelogirams of the same base are to each 
other as their altitudes ; and parallelograms of the same 
altitude are to each other as their bases : for if A, B, C, 
are any three magnitudes, we have always 

AxC : BxC :: A :B. 

10 
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176. The ared cf a triangle ie equal to the product of its haee iy 

half its altitude. 

For, the triangle ABC (168.) is half of 
the parallelogram ABCE, which has the 
same base BCt and the same altitude AD : 
but the surface of the parallelogram (174.) 
is equal to BC X AD ; hence that of the tri- 
angle must be iBCx AD, or BCX^AD. 

177. Cor* Two triangles of the same altitude are to each 
other as their bases, and two triangles of the same base are to 
each other as their altitudes. And triangles generally, are to 
each «ther, as the products of their bases and altitudes. 

THEOREM. y 

178. The area of a trapezoid is equal to its altitude multiplied 

iy the half sum of its parallel bases. 

Let ABCD be a trapezoid, EF its alti- 
tude, AB and CD its parallel bases; 
then will its area be equal to 4CFx 
J(AB+CD). . ^ 

Through I, the middle point of the side 
BC, draw KL parallel to the opposite side 
AD ; and produce DC lill it meets KL. 

In the triangles IBL, ICK, we have the side 1B=TC, by 
construction ; the angle L1B=:CIK ; and (67.) since CK and 
BL are parallel, the angle IBL=ICK ; hence the triangles are 
equal ; therefore the trapezoid ABCD is equivalent to thje pa- 
rallelogram ADKL , and is measured by EFx AL. 

But we have AL^DK ; and since the triangles IBL and 

KCI are equal, the side BL=:CK : hence AB+CD=AL+ 

DKs=:2AL( ; hence AL is the half sum of the bases AB, CD ; 

hence the area of the trapezoid ABCD, is equal to the altitude 

EF multiplied by the half sum of the basesAB, CD, a result 

Ae+CD 
which is expressed thus : ABCD=EFx r . 

179. Scholium. If thfiough I, the middle point of BC, the 
line IH be drawn parallel to the base AB, the point H will 
dso Im th« middle of AD. For, since the figure AHIL is a 
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parallelogram, as also DHIK, their opposite sides being pa- 
rallel, we have AH=s:IL, and DHs=lK ; but since the trian- 
gles BIL, CIK, are equal, we already have IL=IK ; there- 
fore, AH=DH. 

It may be observed, that the line HI=AL is equal to 

AB+CD 

Tj — ; hence the area of the trapezoid may also be ex- 
pressed by Ef^xHI: it is therefore equal to the altitude of 
the trapezoid multipled by the line which connects the middle 
points of its inclined sides. 
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180. Jff^ a line is divided into two parts ^ the square described on 
the whole line is equivalent to the sum of the squares described 
on the parts respectively ^ together with twice the rectangle con*^ 
tained by the parts. 

Let AC be the line, and B the point of division ; then, is 
AC» or (AB+BC)»= AB^+BC^+2AB . BC. 

Cdnstruct the square ACDE ; take AF= : b ? P 

AB ; (Jraw F6 parallel to AC, and BH pa- 
rallel to AE. 

The square ACDE is made up of four 
parts ; the first ABIF is the square described 



on AB, since we made AFa=AB : the second ^ B C 
IGDH is the squs^re described on IG, or BC ; for since we 
have AC=AE, and AB=AF, the difference AC— AB must 
be equal to the difference AE — AF, which gives BC=EF ; 
but IG is equal to BC, and DG to EF, since the lines are 
parallel ; therefore IGDH is equal to a square described on 
BC. And those two squares being taken away from the 
whole square, there remain the iyfo rectangles BCGI, EFIH, 
each of which is measured by ABxBC : hence the proposi- 
tion is true. 

181. Scholium. This property is equivalent to the pro- 
perty demonstrated in algebra, in obtaining the square of a 
binomial ; which is expressed thus : 

{a+by:==al'+2ah+b\ 
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182. Thit square described on the difference of two lines, is equi- 
valent to the sum of the squares described on the lines respec- 
iively^ minus twice the rectangle contained by the lines. 

Let AB and BC be the two lines, AC their difference ; then 
18 AC, or (AB— BC)^=AB^+BC«— ^ABxBC. 

Construct the square ABIF ; lake Jj £ G- I . 

AE=AC ; draw CG parallel to BI, 



E 



HK parallel to AB, and complete the x 
square EFLK. 

The two rectangles CBIG, GLKD, 
are each measured by AB X BC ; take 
them away from the whole figure A: 



D 
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H 



ABILKEA, which is equivalent to AB^+BC^ there will evi- 
dently remain the square ACDE ; hence our theorem is true* 

183. Scholium. This proposition is equivalent to the alge- 
braical formula, (a^-^y^a^ — 2ab+b'f 
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1 84. The rectangle contained by the sum and the difference of two 
lines f is equal to the difference of the squares of those lines. 

Let AB, BC, be the lines ; then, will 

(AB+BC) . (AB— BC)=AB^— BC^ 

On AB and AC, construct the 
squares ABIF, ACDE ; produce AB 
till the produced part BK is equal to 
BC ; and complete the rectangle 
AKLE. 

The base AK of the rectangle is 
the sum of the two lines AB, BC ; its 
altitude AE is the difference of the £ 
same lines ; therefore the rectangle 

AKLE is equal to (AB+fiC)x(AB— BC). .But this rect- 
angle is composed of the two parts ABHE+BHLK; ^nd 
the part BHLK is equal to the rectangle EDGF, because 
BH is equal to DE, and BK to £F ^ hence AKLE is equal 
to ABHE+EDGF. These two parts make up the square 
ABIF minus the square DHIG, which latter is the square de- 
scribed on BC : hence we have 

(AB+BC) X ( AB— BC)= AB^— BC. 
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185. Scholium. This proposition is equivalent to the al- 
gebraical formula ,{a+b) {a — 6)*:V — b\ 
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186. The square described on the hypotenuse of a right-angled 
triangle is equivalent to the sum of the squares described on the 
two sides. 

Let the triangle ABC be 
right-angled at A. Having 
formed squares on the three 
sides, let fall from A, on the 
hypotenuse, the perpendicular 
AD, which produce to E ; and 
draw the diagonals AF, CH. 

The angle ABF is made up 
of the angle ABC, together 
with the rifi^ht angle CBF ; 
the angle CBH is made up of' 
the same angle ABC, together 
with the right angle ABH ; 
hence the angle ABF is equal to HBC. But we have AB=5 
BH, being sides of the same square ; and BF=sBC, for the 
same reason : therefore the triangles ABF, HBC, have two 
sides and the included angle in each equal*; therefore (36*) 
they are themselves equal. 

The triangle ABF (169.) is half of the rectangle BDEF 
(BE, for the sake of brevity), because they have the same 
base BF, and the same altitude BD. The triangle HBC is 
in like manner half of the square AH : for the angles BAO, 
BAL, being both right, AC and AL form one and the same 
straight line parallel to HB ; and consequently the triangle 
HBC, and the square AH, which have the common base BH, 
have also the common altitude AB, hence the triangle is half 
of the square. 

The triangle ABF has already been proved equal to the 
triangle HBC; h^ce the rectangle BDEF, which is double 
of the triangle ABF, must be equivalent to the square AH, 
which is double of the triangle HBC. In the same manner 
it may be proved, that the rectangle CDEG is equivalent to 
the square AL But the two rectangles BDEF, CDEG, ta- 
ken together, make up the square BC6F : therefore the 
square BCGF, described on the hypotenuse, is equivalent to 
the sum of the squares ABHL, ACIK, described on the two 
other sides; in other words, BC'ssAB^-f-AC^ 
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187. Car. J. Hence the square of one of the sides of a 
right-angled triangle is eqhi^alent to the square of the hypo- 
tenuse diminished by the squaie of the other side ; which is 
thus expressed : AB^=BC'— AC^ 

188. Cor, 2. It has just been shewn that the square AH 
is equal to the rectangle BDEF : but by reason of the com- 
mon altitude BF, the square BCGF is to the rectangle BDEF 
as the base BC is to the base BD ; therefore we have 

BC^ : AB^ : : BC : BD. 

Hence the square of the hypotenuse i5, to the square of one of 
the sides about the right angle, as the hypotenuse is to the seg- 
ment adjacent to that side. The word segment here denotes 
that part of the hypotenuse, which is cut off by the perpen- 
dicular let fall from the right angle : thus BD is the segment 
adjacent to the side AB ; and DC is the segment adjacent to 
the side AC. We might have, in like manner, 

BC^ : AC^ : : BC : CD. 

189. Cor. 3. The rectangles BDEF, DCGE, having 
likewise the same altitude, are to each other as their bases BD, 
CD. But these rectangles are equivalent to the squares AB*, 
AC^ ; therefore we have AB' : AC^ : : BD : DC. 

Hence the squares of the two sides containing the right an- 
ghf are to each other as the segments of^fhe hypotenuse, which 
lie adjacent to those sides. 

190. Cor. 4. Let ABCD be a square ; and h D 

AC its diagonal : the triangle ABC being 
right-angled and isosceles, we shall have AC 
==AB^+BC'=2AB' :, hence the square des- 
cribed on . the diagonal AC, is double of the 
square described on the side AB. 

This property may be exhibited more plainly, by drawing 
parallels to BD, through the points A and C, and parallels 
to AC, through the points B and D. A new square EFGH 
will thus be formed, equal to the square of AC. Now EFGH 
evidently contains eight triangles each eqfial to ABE ; and 
ABCB contains four such triangles : hence EFGH is double 
of ABCD. 

Since we have AC : AB' s ; 2 : 1 ; by extracting the 
square roots, we shall have AC : AB : : V^ : 1 ; hence the 
diagonal of , a square is incommensurable with its side; a pro- 
perty which will be explained more fuUy in another place. 
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191. In any triangle^ the square of the side opposite either of the 
acute angles, is less than the sum of the squares of the sides 
containing it, hy tunc^ the rectangle contained by either of the 
latter sides and the distance from the acute angle to the foot of 
a perpendicular let fall from the opposite angle, on this side, or 
on the side produced. 

Let ABC be a triangle, and AD perpendicular to CB ; 
then, will AB»=AC'+BC^— 2BCxCD. 

There are two cases. A 

First. When the perpen- 
dicular falls within the tri- 
angle ABC, we have BD= 
BC — CD, and <fonsequent- 
Ijr(l82.),BD^=BC^+CD 

— 2BCX CD. Adding ADTB^ D g :d~W C 

to each, and observing that the right-angled triangles ABD, 
ADC give AD^+BD^=AB^ and AD'+CD^=ACS we have 
AB^=BC^+ AC^_2BC X CD. 

Second. When the perpendicular AD falls without the tri- 
angle ABC, we have BD=CD — BC ; and consequently (182.) 
Bb'=CD^+BC»— 2CDx BC. Adding AD' to both, we find, 
as before, AB'=BC'+ AC"— 2BC X CD. 
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192. In any triangle, kamng an ^obtuse angle, the square of the 
side opposite the obtuse angle, is greater than the sum of the 
squares of the sides containing it, by twice the rectangle contained 
by either of the latter sides, and the distance from the obtuse an* 
gle to the foot a perpendicular let faU from the opposite angle on 
this side produced. 

Let ACB be a triangle, C the obtuse angle, and AD pep- 
pendicular to BC produced ; then will AB'=:AC'+BCH 
SBC X CD. 

The perpendicular cannot fall within the ^ 
triangle ; for if it fell at any point such as 
E, the triangle ACE would have both the 
right angle £, and the obtuse angle C ; 
which is impossible (75.) : hence the per- 
pendicular falls without ; and we have BD 
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=BC+CD. From this (180.) there results BJysBC'+CD* 
+2BC X CD. Adding AD' to both, and reducing the sums 
as in the last theorem, we find AB»=BC'+AC»+2BCXCD. 

193. Scholium. The right-angled triangle is the only one 
in which the squares of two sides are together equal to the 
square of the third ; for if the angle contained by the two 
sides is acute, the sum of their squares will be greater than the 
square of the opposite side ; if obtuse, it will be less. 
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194. In any triangle^ if a straight line he drawn from the vertex 
\ to the middle of the base, twice the square of this line, together 

\ with twice the square of half the ba^e, is equivalent to the sum of 

the squares of the other two sides of the triangle. 

Let ABC be any triangle, and AE a line drawn to the 
middle of the base BC ; then will 

2 AE»+2 BE^= AB^+BC^ 
On BC, let fall the perpendicular AD* 
The triangle AEC (191.) gives 

AC^ = AE^+ EC^— 2EC X ED. 
The triangle ABE (192.) gives 

AB='= AE^+EB^+2EBx ED. B^^" ^D" 

Hence, by adding, and observing that EB and EC are equal, 
we have 

AB^+AC^=2AE'+2EB». 
. 
r 195. Cor, 'Rencey in eiftry parallelogram the squares of 

the sides are together equal to the squares of the diagonals. 

\ For the diagonals AC, BD, bisect jj Q 

\ each other (88.) ; consequently the trian- 

\ gle ABC gives 

\ AB^+BC^=2AE^+2BE^ 

, The triangle ADC gives, in like manner, 
' AD^+DC^=2AE^+2DE^ 

< Adding the corresponding members together, and observing 
that BE and D£ are equal, we shall have 

AB^+AD^+DC^+BC^=4AE^+4DE^ 
But 4 AE' is the square of 2AE, or of AC ; 4DE' is the 
square of BD : hence the squares of the sides a]*e together 
equal to the squares of the diagonals. 
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196. y a line he dratffn parallel to the base cf a triangle^ it wtU 

divide the other sides proportionally. 




Let ABC be a triangle, and DE a straight line drawn pa- 
rallel to the base BC ; then will 

AD : DB : : AE : EC. 

Join BE and DC. The two triangles BDE, 
DEC having the same base J)E, and the same 
altitude, since both their vertices lie in a line 
parallel to the base, are equivalent (170.) 

The triangles ADE, BDE, whose common 
vertex is E, have the same altitude, and (177) 
are to each other as their bases : hence we have 
ADE : BDE : : AD : DB. ^^ 

The triangles APE, DEC, whose common 
vertex is D, have also the same altitude, and are to each other 
as their bases ; hence 

ADE : DEC : : AE : EC. 

But the triangles BDE, DEC are equal ; and therefore, 
since those proportions have a common ratio, we obtain 

AD : DB : : AE : EC. 

197. Cor. 1. Hence, by composition, we have AD+DB : 
AD : : AE+EC : AE, or AB : AD : : AC : AE; and also 
AB : BD : : AC : CE. 

198. Cor. 2. If between two Straight lines AB, CD, any 
number of parallels AC, EF, GH, BD, &c. be drawn, those 
straight lines will be cut proportionally, and we shall have 
AE : CF : : EG : FH : GB : HD. 

For, let O be the point where AB and 
CD meet. In the triangle OEF, the line 
AC being drawn parallel to the base EF, 
we shall have OE : AE : : OF : CF, or 
OE:OF::AE:CF. InthetriangleOGH, 
we shall- likewise have OE : EG : : OF : 
FH, or OE : OF : : EG : FH. And by 
reason of the common ratio OE : OF, 
those two proportions give AE : CF : :^ 
EG : FH. It may be proved in the same 
manner, that EG '^FH : : GB : JHD, and so on ; hence the 
lines AB, CD are cat proportionally by the parallels AG, 
EF) GH, &c« 

11 * 
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199. Converselt^i if two sides of a triangle are cut propoftiani^ff 
hy a straight Une, this* straight Une will he parallel to the third 
side. 

Iq the triangle ABC, let the line DE be drawn, making 
AD : DB : : AE : EC ; then will DE be parallel to BC. 

For if DE is not parallel to BC, su-ppose that 
DO is. Then, by the preceding theorem, we shall 
have AD : BD : : AO : OC. B\it by hypothesis, 
we have AD : DB : : AE :-EC : hence we must 
have AO : OC : : AE : EC, or AO : AE ; : OC : jj. 
EC : an impossible result, since AO, the one an- / 
tecedent, is less than its consequent AE, and Ot!,;^ 
the other antecedent, is greater than its conse- 
quent EC. Hence the parallel to BC, drawn from the point D, 
cannot differ from DE ; hence DE is that parallel. 

200. Scholium. « The same conclusion would be true, if 
the proportion AB : AD : : AC : AE were the proposed one. 
For this proportion would give us AB-^— AD : AD : : AG— 
AE : AE, or BD : AD : : CE : AE. 

THEOREM. ' '^ 

t 

201 . 7%6 line which bisects the vertical angle dfa triangle^ divider 
the base into two segments proportional to the adjacent sides. 

In the triangle ACB, let AD be drawn, bisecting the ai^ 
gle CAB ; then will 

BD : DC : : AB : AC. 

Through the point C, draw CE b 
parallel to AD till it meet BA 
produced. 

In the triangle BCE, the line 
AD is parallel to the Iiase CE ; 
hence (196.) we have the propor- 
tion, 

BD : DC : : AB : AE. 

But the triangle ACE is isosce- 
les : for since AD, CE are parallel, we have the angle ACE^s 
DAC, and the angle AEC=BAD (67.) ; but by hypothesis 
DAC=BAD ; hence the angle ACE=AEC!y and consequent- 
ly (48.) AE=AC. In place of AE in the above j)roportioo^ 
iubstitute AC, and we shall have BD : DC : : AB : AC. 
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S02. Two equiangular triangles have their homologous sides pr<h 

portionalf and are similar* . 

Let ABC, CDEbe two triangles which 
have their angles equal each to each, 
namely, B AC=CDE,ABC=DCE and 
ACB==DEC ; then the homologous 
sides, or the sides adjacent to the equal 
angles, will be proportional, so that we 
shall have BC : CE : : AB : CD : : 
AC : D£. 

Place the homologous sides BC, CE in the same straight 
Hue ; and produce the sides B A, ED, till they meet in F. 

Since BCE is a straight line, and the angle BCA is equal 
to CED, it follows (67.) that AC is parallel to DE. In like 
manner, since the angle ABC is equal to DCE, the line AB.is 
parallel to DC. Hence the figure ACDF is a parallelogram. 

In the triangle BFE, the line AC is parallel to the base 
FE ; hence (196.) we have BC : CE : : BA : AF ; or, put- 
ting CD in the place of its equal AF, 

BC : CE : : BA : CD. 

In the same triangle BEF, if BF be considered as the base, 
CD is parallel to it; and we'have the proportion BC : C=E 
:t FD : DE ; or putting AC in the place of its equal F"=D, 

BC : CE : : AC : DE. 

And finally, since both those proportions contain the same 
ratio BC : CE, we have 

AC : DE : ; BA : CD.^ 

Thus the equiangular triangles BAC, CDE have their ho- 
mologous sides proportional. But, two figures are similar 
when they have their angles respectively equal, and their ho- 
mologous sides proportional (162.) ; consequently the equi- 
angular triangles BAC, CDE, are two similar figures. 

1^03. Cor,. For the similarity of two triangles, it is enough 
that they have two angles equal each to each ; since the third 
will also^be equal in both, and the two triangles will be equi- 
angular. "* 

204. Scholium. Observe that, in similar triangles, the 
homologous sides are opposite to the equal angles ; thus the 
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angle ACB being equal to DEC, the side AB i^ homologowf 
to DC ; in like manner, AC and DE are homologous, be- 
cause opposite to the equal angles ABC, DCE. When the 
homologous sides are determined, it is easy to form the pro- 
portions : 

AB : DC : : AC : DE : : BC : CE. 
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205. Two triangles, which have their homologous sides propoT' 

tionah are equiangular and similar. 

Suppose we have BC : EF : t AB : 
IJE : : AC : DF ; then will the tri- 
angles ABC, DEF *have their an- 
gles equal, namely, A=D, B=E, 
C=F. 

At the point E, make the angle 1? b ^ 

FEG=B, and at F, the angle EFG=^C ; the third G will be 
equal to the third A, and the two triangles ABC, EFG will 
be equiangular. Therefore, by the last theorem, we shall 
have BC : EF : : AB : EG ; but by hypothesis, we have BC : 
EF : : AB : DE ; hence EG=DE. By the s^me theorem, 
we shall also have BC : EF : : AC : FG ; and by hypothesis, 
we have BC : EF : : AC : DF ; hence FG=DF- Hence 
(43.) the triangles EGF, DEF, having their three sides re- 
spectively equal, are themselves equal. But by construction, 
the triangles EGF and ABC are equiangular : hence DEF 
and ABC are also equiangular and similar. 

206. Scholium 1. By the last two pro- 
positions, it appears that in triangles, equali- 
ty among the angles is a consequence of pro- 
portionality among the sides, and conversely; 

so that either of those conditions sufficiently 

determines the similarity of two triangles. a"^ E B 
The case is different with regard to figures of more than three 
sides : even in quadrilaterals, the proportion between the sides 
may be altered without altering the angles, dr the angles be 
altered without altering the proportion between the sides ; 
and thus proportionality among the sides cannot be a conse- 
quence of equality among the angles of two quadrilaterals, or 
vice versa. It is evident, for example, that by drawing EF 
parallel to BC, the angles of the quadrilateral AEFD, are 
made equal to those of ABCD, though the proportion between 
the sides is different ; and, iu like manner, without changing 
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the four sides AB, BC, CD, AD, we can make the point B 
approach D or recede from it, which will change the angles. 
207. Scholium 2. The two preceding propositions, which 
in strictness form bat one, together with that relating to the 
square of the hypotenuse, are the most important and fertile in 
resiflts of^any in geometry : they are almost sufficient of them- 
selves for every application to subsequent reasoning, and for 
solving every problem. The reason is, that all figures may 
be divided into triangles, and any triangle into two right-an* 
gled triangles. Thus the general properties of triangles inr 
elude, by implication, those of all figures. 



THEOREM. 



^^ 



208. Tiffo triangles which have an angle in the one equal to an 
angle in the other ^ and the sides containing those angles propor- 
tional, are similar. 

Let the angles A and D be equal ; A 
if we have AB : DE : : AC : DF, the 
triangle ABC is similar to DEF. 

Take AG=DE, and draw GH pa- Q 
rallel to BC. The angle AGH (G7.) 
will be equal to the angle ABC ; and J- 
the triangles AGH, ABC will be equi- 
angular : hence we shall have AB : AG : : AC : AH. But 
by hypothesis, we have AB : DE : : AC : DF ; and by con- 
struction, AG=DE : hence AH=DF. The two triangles 
AGH, DEF have an equal angle included between equal 
sides ; therefore they are equal ; but the triangle AGH is 
similar to ABC ; therefore DEF is also similar to ABC. 
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Two triangles^ which have their homologous sides paralleh 
or perpendicular to each other ^ are similar. 



First. If the side AB is parallel to DE, 
and BC to EF, the angle ABC (70.) will 
be equal to DEF ; if AC is parallel to DF, 
the angle ACB will be equal to DFE, and 
also BACtoEDF; hence the triangles ABC, 
DEF are equiangular ; consequently they 
are.similar. 
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Secondly. If the side DE is perpen- 
dicular to AB, and the side DF to AC, 
the two angles I and H of the quadri- 
lateral AIDH will be right ; and since 
(80.) all the four angles are together 
equal to four right angles, the remain- 
ing two lAH, IDH will be together 
equal to two right angles. But the 
two angles EDF^ IDH are also equal to two right angles : 
hence the angle EDF is equal to lAH or BAG. In like 
manner, if the third side EF is perpendicular to the third BC, 
it may be shewn that the angle DFE is equal to C, and DEF 
to B : hence the triangles ABC, DEF, which have the sides 
of the one perpendicular to the corresponding sides of the 
other, are equiangular and similar. 

210. Scholium, In the case of the sides being parallel, 
the hofnologous sides are the parallel ones : in the case of 
their being perp^diqular, the homologous sides are the per- 
pendicnlar ones. Thus in the latter case DE is homologous 
with AB, DF with AC, and EF witlj BC. 

The case of the perpendicular sides might present a relative 
position of the two triangles different from that exhibited in 
the diagram : but the equality of the respective angles might 
still be demonstrated, either by means of quadrilaterals like 
AIDH having two right angles, or by the comparison of two 
triangles having a common vertex, (the opposite angles at 
this vertex equal,) and a right angle in each. Besides, we 
might always conceive a triangle *DEF to be constructed 
within the triangle ABC, and such that its sides should be 
parallel to those of the triangle compared with ABC ; and 
then the demonstration given in the text would apply. 

THEOREM. ^ *l^ 

211. In any triangle^ if a line be dravm parallel to the base, and 
from the vertex lines be drawn at pleasure, cutting this parallel 
and the basCj the latter lines will be divided proportionally. 

Let DE be parallel to the base BC, and the other lines 
drawn as in the figure ; then will 

DI : BF : : IK : FG : : KL : GH, &c. 
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For since DI is parallel to BF, the 
triangles ADI and ABF are equian- 
gular ; and we have DI : BF : : AI : 
AF ; and since IK is parallel to F6, 
we have in like manner AI : AF : : 
IK : FG ; hence, the ratio AI : AF 
being common, we shall have DI : 
BF : : IK : FG. In the same manner B F G H C 
we shall find IK : FG : : KL : GH ; and so with the other 
segments : hence the line DE is divided at the points I, K, L, 
in the same proportion, as^the base BC, at the points F, G, H. 

212. Cor* ThereforeifBC were divided into equal parts 
at the points F, G, H, the parallel DB would also be divided 
into equal parts at the points I, K, L. 
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21 3. If from the right angle of ^ right-angled triangle, a perpen- 
dicular be let f all on the hypotenuse ; then. 

First, The two partial triangles thus formed, tDiU be similar to each 
other f and t0 the whole triangle. 

Secondly, Either side including the right angle wiU be a mean * 
proportional between the hypotenuse and the adjacent segment; 
andf 

Thirdly, The perpendicular tpill be a mean proportumal between the 
two segments of the hypotenuse. 

In the triangle ABC, let the angle A be right, and AD per- 
pendicular to BC. 

First. The triangles BAD and BAC j^ 

have the common angle B, the right an- 
gle BDA=BAC, and therefore the third 
angle BAD of the otie, equal to the third 
angle C, of the other : hence those two -g 
triangles are equiangular and similar. 
In the same manner it may be shewn that the triangles DAC 
and BAC are similar; hence all the triangles are similar and 
equiangular. 

Secondly, The triangles BAD, BAC being similar, their 
homologous sides are proportional. But BD in the small tri- 
angle and BAinthe large one, are honiologous, becduse they 
lie opposite the equal angles BAD, BCA ; the hypotenuse 
BA of the small triangle is homologous with the hypotenuse 
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BC of the large triangle : hence the proportion BD : B A : : 
BA : BC. By the same reasoniog, we should find DC : 
AC : : AC : BC ; hence, each of the sides AB, AC is a mean 
proportional between the hopoteouse and the segment adjacent 
to that »ide* 

Thirdly. Since the triangles ABD, ADC are similar, by 
comparing their homologous sides, we have BD : AD : : 
AD : DC ; hence, the perpendicular AD is a mean propor- 
tional between the segments DB, DC of the hypotenuse. 

214. Scholium. Since BD : AB : : AB : BC, the product 
of the extremes will be equal to that of the means, or AB*= 
BD.BC. For the same reason we have AC^=:DC.BC; there- 
fore AB'»+AC^=BD.BC+DC.BC= (BD+DC).BC=BC. 
BC=BC^^ or the square described on the hypotenuse BC is 
equal to the squares described on the two sides AB, AC. 
Thus we again arrive at the property of the square of the hy- 
potenuse, by a path very different from that which formerly 
conducted us to it : and thus it appears that, and strictly 
speaking, the property of the square of the hypotenuse, is a 
consequence of the more general property, that the sides of 
equiangular triangles are proportional. Thus the fundamen- 
tal propositions of geometry are reduced, as it were, to this 
single one, tliat equiangular triangles have their homologous 
sides proportional. 

It happens frequently, as in this instance, that by deducing 
consequences from one or more propositions, we are led back 
to some proposition already proved. In fact,. the chief ch^-* 
racteristic of geometrical theorems, and one indubitable proof 
of their certainty is, that, however we combine them together, 
provided only our reasoning be correct, the results we obtain 
are always perfectly accurate. The case would be different, 
if any proposition were false or only approximately true ; it 
would frequently happen that on combining the propositions 
together, the error would increase and become perceptible. 
Examples of this are to be seen in all the demonstrations, in 
which the reductio ad absurdum is employed. In such demon- 
strations, where the object is to show that two quantities are 
equal, we proceed by showing that if there existed the small* 
est inequality between the quantities, a train of accurate rea- 
soning would lead us to a manifest and palpable absurdity; 
from which we are forced to conclude that the two quantities, 
are equal. 
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215. Cor. If from a point A, in the cir- 
cumference of a circle, two chords AB, AC 
be drawn to the extremities of a diameter BC, 
the triangle BAG (128.) will be right-angled ^ X> 
at A ; hence, first, the perpendicular AD is a mean propor^ 
tional between the two segments BD, DC, of the diameter^ or 
what amounts to the same, AD^— BD.DC. 

Hence also, in the second place, the chord AB is a mean 
proportional between the diameter BC and the adjacent «eg^ 
ment BD, or what amounts to the same, AB'=:Eto.BC. In 
like manner, we have AC'=CD.BC ; hence AB^ : AC : : 
BD : DO ; and comparing AB'* and AC^ to BC^ we have 
AB^ : BC^ : : BD : BC, and AC^ : BC^ : : DC : BC. TboM 
proportions between the squares of the sides compared with 
each other, or with the square of the hypotenuse, have already 
been given in the third and fourth corollaries of Art. 186. 
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216. Two triangles y having an angle in each equal, are to each 
other as the rectangle^ of the sides which contain the equal angles. 

In the two triangles ABE, ADE, let the angle A be equal 
to the angle A ; then will the triangle 

ABC : ADE : : AB.AC : AD.AE. 

Draw BE. The triangles 
ABE, ADE, having the com- 
mon vertex E, have the same 
altitude, and consequently 
(177.) are to each other as 
their bases : that is, 

ABE: ADE :: AB : AD. 

In like manner, 

ABC: ABE : : AC : AE. 

Multiply together the corresponding terms of those propor 
tions, omitting the common term ABE ; we have 

ABC : ADE : : ABAC : AD.AE. 

217. Cor» Hence the two triangles would be equivalent, 
if the rectangle AB.AC were equal to the rectangle AD.AE, 
or if we had AB : AD : : AE : AC ; which would bappeo if 
DC were parallel to BE. 

12 
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^18. Two similar triangles are to each other as the squares cf 

their homologous sides. 

Let the angle A be equal to D, and -A. 
the angle B=E. Then, first, by rea- 
son of the equal angles A and D, ac- 
cording to the last proposition, we shall G - 
have 

ABC : DEF : : AB. AC : DE.DF. 3^ 
Also, because the triangles are similar, 
AB : DE : : AC : DF. 
And multiplying the terms of this proportion by the cor- 
responding terms of the identical proportion, 

AC:DF::AC:DF, 
there will result 

AB.AC : DE.DF : : AC« : DF». 
Consequently, 

ABC : DEF : : AC" : DF\ 
Therefore two similar triangles ABC, DEF are to each 
other as the squares of the homologous sides AC, DF, or as 
the squares of any other two homologous sides. 
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219. Two similar polygons are composed of the same number cf 
trianglesy similar each to each, and similarly situated. 

From any angle A, 
in the polygon ABCDE, -g 
draw diagonals AC, AD 
to the other angles. 
From the correspond- A3< 
ing angle F, in the other 
polygon FGHIK, draw B 

diagonals FH, FI to the other angles. 

These polygons being similar, the angles ABC, FGH, 
which are homologous, must be equal (162.) and the sides 
AB, BC must also be proportional to FG, GH, that is, AB : 
FG : : BC : GH. Wherefore the triangles ABC, FGH have 
each an equal angle, contained between proportional sides ; 
hence they are similar (208.) ; therefore the angle BCA is 
equal to GHF. Take away these equal angles from the 
•qual angles BCD, GHI ; there remains ACD=:FHI. But 
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since the triangles ABC, F6H, are similar, we have AC : 
FH : : BC : 6H ; and since the polygons are similar, BC : 
GH : : CD : HI ; hence AC : FH : : CD : HI. But the angle . 
ACD, we already know*, is equal to FHI ; hence the trian- . 
gles ACD, FHI have an equal angle in each, included be- ,. 
tween proportional sides, and are consequently similar (208.). 
In the same manner might all the remaining triangles be shewn 
to be similar, whatever were the number of sides in the poly- 
gons proposed : therefore two similar polygons are composed 
of the same number of triangles, similar, and similarly situated. 

220. Scholium. The converse of the proposition is equal- 
ly true : If two polygons are composed of the same number of 
triangles similar and similarly situated^ those two polygons vnll 
be similar. 

For, the similarity of the respective triangles will give the 
angles ABC=FGH, BCA=GHF, ACD=FHI : hence 
BCD=GHI, likewise CDE=HIK, &c. Moreover we shall 
have AB : FG : : BC : GH : : AC : FH : : CD : HI, fac. 
hence the two polygons have their angles equal and their 
sides proportional ; consequently they are similar. 

THEOREM. ^ y 

22 1 . The contours or perimeters of similar ^lygons are to each 
other as the homologous sides; and the surfaces are to each 
other as the squares of those sides. 

First. Since, by the nature of similar figures, we have 
(see the preceding figure) AB : FG : : BC : GH : : CD : 
HI, &c. we conclude from this series of equal ratios, that the 
sum of the antecedents AB+BC+ CD, &ic. (the perimeter, of 
the first polygon) is to the sum of the consequents FG-hGH 
+HI, &c. (the perimeter of the second polygon,) as any 
one antecedent is to its consequent, and therefore, as the 
side AB is to its corresponding side FG. 

Secondly. Since the triangles ABC, FGH are similar, 
we shall have (218.) the triangle ABC : FGH : : AC^ FH"; 
and in like manner, from the similar triangles ACD, FHI, 
we shall have ACD : FHI : : AC" : FH" ; therefore, by rea- 
son of the common ratio, AC" : FH", we have 

ABC : FGH : : ACD; FHI. 



76 GEOMETRY. 

By ttie same mode, of reasoning, vre should find 

ACD : FHI : : ADE : FIK ; 

and so on, if there were more triangles. And from this series 
of equal ratios, we conclude that the sum of the antecedents 
ABC+ACD+ADE, or the polygon ABCDE, is to the sum 
of the consequents FGH+FHI+FIK, or to the polygon 
FGHIK, as one antecedent ABC, is to its consequent F6H, 
or as AB^ is to FG^(219.) ; hence the surfaces of similar po- 
lygons are to, each other as the squares of the homologous 
sides. 

222. Cor. If three similar figures were constructed, on 
the three sides of a right-angled triangle, the figure on the 
hypotenuse would be equal to the sum of the other two : for 
the three figures are proportional to the squares of their ho- 
mologous sides ; but the square of the hypotenuse is equal to 
the sum of the squares of the two other sides } hence, &c. 

THBOREM. OC ^ 

S23. The segments of two chords, which int^sect each other in a 

circle, are reciprocaUp proportional. 

Let the chords AB and CD intersect at O, then will 

AO : DO : : OC : OB. 

Join AC and BD. In the triangles ACO, 
BOD the angles at O are equal, being Ver- 
tical ; the angle A is equal to the angle D, 
because both are inscribed in the same seg- 
ment (127.); for the same reason the an- 
gle C==B ; the triangles are therefore sitni-* 
lar, and the homologous sides give the proportion AO : DO : : 
CO ; OB. 

»24. Cor. Therefore AO.OB=DO.CO : hence the rec- 
tangle under the two segments of the one chord is equal to 
the rectangle under the two segments of the other. 




BOOK III- 



77 



THEOREM. 



^f 



225. Iffnm the same point without a circle, two secants he drawn 
terminating in the concave arc, the whole secants will be recvpro" 
cfdly proportional to their external segments* 

Let the secants OB, OC be drawn from the point O : 
then will 

OB : OC : : OD : OA. 

For, joining AC, BD, the triangles OAC, 
OBD have the angle O common ; likewise 
the angle B=C (126.); these triangles are 
therefore similar ; and their homologous sides 
give the proportion, OB : OC : : OD : OA. 

226. Cor. The rectangle OA.OB is hence 
equal to the rectangle OC.OD. 

227. Scholium. This proposition, it may 
be observed, bears a great analogy to the preceding, and dif- 
fers from it only as the two chords AB, CD, instead of inter- 
secting each other within, cut each other without, the circle. 
The following proposition may also be regarded as a particu- 
lar case of the proposition just demonstrated. 
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228. If from the same point without a circle, a tangent and a 
secant he drawn, the tangent will he a mean proportional hetween 
the secant, and its external segment. 

From the point O, let the tangent OA, and the secant OC 
be drawn ; then will, 

OC : OA : : OA : OD, or OA^=OC.6d. 

For, joining AD and AC, the triangles O 
OAD, OAC have the angle O common ; 
also the angle OAD, formed by a tangent 
and a chord, has for its measure (131.) half 
of the arc AD ; and the angle C has the 
same measure : hence the angle OAD=C ; 
therefore the two triangles are similar, and 
we have the proportion, OC : OA : : AO : 
OD, which gives OA^=OC.OD. 
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229. If either angle of a triangle is hissed by a line termnating 
in the opposite side, the rectangle of the sides including the bisect- 
ed angle, is equal to the square of the bisecting line together with 
the rectangle contained by the segment of the third side. 

Let AD bisect the angle A ; then, will 

AB.AC=AD'+BD.DC. 

Describe a circle through the three points 
A, B, C ; produce AD till it meets the cir- 
cumference, and joins CE. , 

The triangle BAD is similar to the tri- j 
angle EAC ; for by hypothesis the angle 
BAD=EAC ; also the angle B=E, since 
they both are measured by half of the arc "^e^ 

AC ; hence these triangles are similar, and the homologous 
sides give the proportion, BA : AE : : AD : AC ; hence 
BA.AC=AE.AD; but AE=AD+DE, and multiplying each 
of these equals by AD, we have AE.AD=AD''+ AD.DE ; 
now AD.DE=BD.DC (224.) ; hence finally, 

BA.AC=ADa+BD.DC. 

THEOREM. ''X'? 

230. In eoery triangle, the rectangle contained by two sides, is 
equal to the rectangle contained by the diameter of the circum- 
scribed circle, and the perpendicular let fall upon the third side. 

In the triangle ABC, let AD be drawn perpendicular to 
BC ; and let EC be the diameter of the circumscribed circle ; 
then, will 

AB.AC=AD.CE. 



* This and the three suoceeding propositioDS are not immediately con- 
nected with the chain of geometrical inrestigation. They may be omitted 
or not, as the reader chooses. — ^£d. 
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For, joining AE, the triangles ABD, 
AEC are right-angled, the one at D, the 
other at A ; also the angle B=E ; these 
triangles are therefore similar, and they 
give the proportion, AB : CE : : AD : 
AC ; and hence AB.AC=CE.AD- 




231. Cor. If these equal quantities be moltiplied by the 
jB;ame quantity BC there will result AB.AC.BC=CE.AD. 
BC ; now AD.BC is double of the surface of the triangle 
(J 76.) ; therefore the product of the three sides of a triangle is \ 
equal to its surface multiplied by twice the diameter of the cir^ ] 
cumscribed circle. 

The product of three lines is sometimes called a solid^ for 
a reason that shall be seen afterwards. Its value is easily 
conceived, by imagining that the lines are reduced into num- 
bers, and multiplying these numbers together. 

232. Scholium. It may also be demonstrated, that the 
surface of a triangle is equal to its perimeter multiplied by 
half the radius of the inscribed circle. 

For the triangles AOB, BOC, 
AOC, which have a common 
vertex at O, have for their com- 
mon altitude the radius of the 
inscribed circle ; hence the sum 
of these triangles will be equal 
to the sum of the bases AB,BC, j^ 

AC, multiplied by half the radius CD ; hence the surface of, 
the triangle ABC is equal to the perimeter multiplied by half 
the radius of the inscribed circle. 
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233. In every quadrilateral inscribed in a circle, the rectangh of 
the two diagonals is equal to the sum of the retangles of the 
opposite sides. 

la the quadrilateral ABCD, we shall have 

AC.BD=AB.CD+AD-BC. 
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Take the arc CO=AD, and draw BO 
meeting the diagonal AC in I. 

The angle ABD=CBI, since the one 
has for its measure half of the arc AD, 
and the other, half of CO, equal to AD ; 
the angle ADB=BCI, because they are -^ 
both inscribed in the same segment 

AOB ; hence the triangle ABD is simi- ^^^ ^ 

lar to the triangle IBC, and we have the proportion AD : 
CI : : BD : BC ; hence AD.BC=CI.BD. Again, the trian- 
gle ABI is similar to the triangle BDC ; for the arc AD 
being equal to CO, if OD be added to each of them, we shall 
have the arc AO=DC ; hence the angle ABI is equal to DBC; 
also the angle BAI to BDC, because they are inscribed in 
the same segment; hence the triangles ABI, DBC, are simi- 
lar, and the homologous sides give the proportion, AB : BD : : 
AI : CD ; hence AB.CD=AI.BD. 

Adding the two results obtained, and observing that AI.BD 
+CI.BD=(AI+CI).BD=AC.BD, we shall have AD.BC+ 
AB.CD=AC.BD. 

234. Scholium, Another theorem concerning the inscribed 
quadrilateral may be demonstrated in the same manner : 

The similarity of the triangles ABD and BIC gives the pro- 
portion BD : BC : : AB : BI ; hence BI.BD=BC. AB. If 
CO be joined the triangle ICO, similar to ABI, will be simi- 
lar to BDC, and will give the proportion BD : CO : : DC : 
01 ; hence OI.BD=CO.DC, or because CO=AD,OI.BD= 
AD. DC. Adding the two results, and observing that BI.BD 
+OI.BD is the same as BO.BD, we shall have BO.BD= 
AB.BC+AD.DC. 

If BP had been taken equal to AD, and CKP been drawn, 
a similar train of reasoning would have given us 

CP.CA=AB.AD+BC.CD- 

But the arc BP being equal to CO, if BC be added to each 
of them, it will follow that CBP=BCO ; the chord CP is 
therefore equal to the chord BO, and consequently BO.BD 
and CP.CA are to each other as BD is to CA ; hence, 

BD : CA : : AB.BC+AD.DC : AD.AB+BC.CD. 

Therefore the two diagonals of an inscribed quadrilateral 
are to each other ^ as the sums of the rectangles under the sides 
which meet at their extremities. 

These two theorems may serve to find the diagonals when 
the sides are given. 
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235. ffu point be taken on the radius of a circle, and this radius 
be then amdHced, and a second point be taken on it, teithout the 
circumference of the circle, these points being so situated, that 
the radius of the drele shall be a mean proportional between 
their distances from the centre-, then, if lines be drawn from these 
points to any point of the circumference^ the ratio {of these lines) 
will be constant. 



Let P be the point withm the circumference, Hud Q tbt 
point without ; tb«n if CP : C A : : CA. 2 CQ, the ratio of 
QM and MP will be the same, for all positiona of tha 

point M. 

' For by hypothesis, fcP : CA 
: : CA : CQ; or substituthig 
CM for CA, CP : CM : : CM : 
CQ; hence the triangles CPM, 




CQM, have each an equal angle Q 

C contained by proportional 

sides ; hence they are siniilar 

(^08.); and hence the third side 

MP is to the third side MQ, as CP is to CM or CA. But 

by divisiop, the proportion CP : CA : iCA : CQ gives CP : 

CA : : CA-^CP : CQ— CA, or CP : C A : : AP J AQ J fliere- 

foreMP:MQ: : AP:AQ/ 
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PROBLEMS RELATING TO THE THIRD BOOK. 



PROBLEM. 



1 




296. To divide a given straight line into any number of equal 
partSi or into parts proportional to given lines. 

First. Let it be proposed to divide the 
lide AB into five equal parts. Through the 
extremity A, draw the indefinite straight line 
AG ; and taking AC of any magnitude, ap- 
ply it five times upon AG ; join the last point 
of division G and the extremity B, by the 
straight line GB ; then draw CI parallel to 
GB : AI will be the fifth part of the line AB ; q. 
and thus, by applying AI five times upon 
AB, the line AB will be divided into five 
equal parts. 

For since CI is parallel to GB, the sides AG, AB. (I96«> 
are cut proportionally in C and I. But AC is the fifth part 
of AG, hence AI is the fifth part of AB. 

Secondly* Let it be pro- J. V "R 

posed to divide the line AB 
into parts proportional to 
the given lines P, Q, R. pj. 
Through A, draw the inde- q 
finite line AG ; make AC= 
P, CD=Q, DE=R ; join 
the extremities E and B; 
and through the points C, D draw CI, DF parallel to EB j 
the line AB will be divided into parts AI, IF, FB propor- 
tional to the given lines P, Q, R. 

For, by reason of ihe parallels CI, DF, EB, the parts AI^ 
IF, FB are proportional to the parts AC, CD, DE ; and by 
eoDstritction^ these are equal to the given lines P, Q, R. 



38.^ 




# 



BOOK IIL 83 





PROBLEM. 

« 

^37. To find a fourth proportianal to three given Unes A» B, C. 

Draw the two indefi- 
nite lines DE, DF, form- 
ing any angle with each 
other. Upon DE take 
DA=A, and DB=B; 
upon DF take DC=C; 
join AC ; and through 
the point B, draw BX 
parallel to AC; DX will be the fourth proportional required: 
for since BX is parallel id AC, we have the proportion DA : 
DB : : DC : DX ; now the three first terms of this proportion 
are equal to the three given lines ; consequently DX is the 
fourth proportional required. 

■ 

238. Cor. A third proportional to two given lines A, B, 
may be found in the same manner, for it will be the same as a 
fourth proportional to the three lines A, B, B. 

PROBLEM. ^ 

2«?9. To find a mean proportional between two given lines A and B . 

Upon the indefinite line DF, take 
DE=A, and EF=B ; lipon the 
whole line DF, as a diameter, de- 
scribe the semicircle DGF ; at the 
point E, erect upon the diameter the 

perpendicular EG meeting the cir- ^' ' — • 

cumferetice in G; EG will be the -A.^— I 
mean proportional required. 

For the perpendicular EG, let fall from a point in the cir- 
cumference upon the diameter, is a mean proportional between 
DE, EF, the two segments of the diameter (215.) ; and these 
segments are equal to the given lines A and B. 
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240. To divide a given line into two parts, such that the greater 
part shall he a mean proportional between the whole line and the 
other part. 

Let AB be the given line. 

At the extremity B of the line 
AB, erect the perpendicular BC 
equal to the half of AB ; from the 
point C as a centre, with the 
radius CB describe a semicircle ; 
draw AC cutting the circumfer- 
ence in D ; and take AF=AD : 
the line AB will be divided at the point F in the manner re- 
quired ; that is, we shall have AB : AF : : AF : FB. 

For, AB being perpendicular to the radius at its extremity, 
is a tangent; and if AC be produced till ii*again meets the 
circumference in E, we shall have (226.) AE : AB : : AB : 
AD ; hence, by division, AE — AB : AB : : AB — AD : AD. 
But since the radius is the half of AB, the diameter J)E is 
equal to AB, and consequently AE-— AB=AD=AF ; also, 
because AF=AD, we have AB — AD=FB ; hence AF : AB 
: : FB : AD or AF ; whence, by inversion, AB : AF : : AF-: 
FB. 

241. Scholium. This sort of division of the line AB is 
called division in extreme and mean ratio : the use of it will 
be perceived in a future part of the work. It may further be 
observed, that the secant AE is divided in extreme and mean 
ratio at the point D ; for^ since AB=DE, we have AE : DE 
: : DE : AD. 



PROBLEM'. 



Smf 



242. Thr&ugh a given pointy in a given angles to draw a Hne so 
that the segments comprehended between the point and the two 
sides of the angle, shall be equal. 

» 

Let BCD be the an^le, and A*the point. 
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Through the point A draw AE paral- 
lelto CD, make BE=CE, and through 
the points B and A draw BAD ; this 
will be the line required. 

For, AE being parallel to CD, we* 
have BE : EC : : B A : AD ; but BE= 
EC ; theifefore BA=AD- , B 




r 



PROBLEM. 




2 43. To describe a square that shaU be equivalent to a given pa- 
raUelogtamt or to a given triangle. 

First. LetABCDbe 
the given parallelogram, 
AB its base, DE its al- 
titude : beiween AB and 
DE find a mean propor- 
tional XY; then will the 
square constructed upon 
XY be equivalent to the parallelogram ABCD. 

For by construction, AB : XY : : XY : DE ; therefore 
Xr'^ AB.DE ; but AB.DE is the measure of the parallelo- 
gram, and XY^ that of the square; consequently they are 
equivalent. 



Secondly. Let ABC be the 
given triangle, BC its basci 
AD its altitude: figd a mean 
proportional between BC and 
the half of AD, and let XY be 
that mean ; the square con- 
structed upon XY will be equi- 
valent to the triangle ABC. 

For since BC :XY :: XY 




4r 



i AD, it follows that XY»= 
BC. h AD ; hence the square constructed upon XY is equi- 
valent to the triangle ABC. 
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t44 . Upon a given line^ to describe a rectangle that shall be equiva^ 

lent to a given rectangle: 



Let AD be the line, and ABFC the given rectangle. 
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Find a fourth propor- 
tional to the three lines p 
AD, AB, AC, and let ^ 
AX be that fourth pro- 
portional ; a rectangle 



constructed with the lines A. 




AD and AX will be equivalent 4o the rectangle ABFC. 

For since AD : AB : : AC : AX, it follows that AD.AX= 
AB.AC ; hence the rectangle ADEX is equivalent to the 
rectangle ABFC, 



PROBLEM. ^^ 



^45. To find two lines whose ratio shall he the same, as the ratio 
of two rectangles contained by given lines. 

Let A.B, CD be the rectangles contained by Jthe given 
lines A, B, C, and D. 

Let X be a fourth proportional to the three 

lines B, C, D; then will .the two lines A A| ( 

and X have the same ratio to each other as ^ | [ 

the rectangles A.B and CD. 

For, since B : C : : D : X, it follows that 
C.D=B.X; hence A.B : CD : : A.B : B.X 
: : A : X. 



Cr- 



246. Cor. Hence to obtain the ratio of the squares con- 
structed upon the given lines A and C, find a third propor- 
tional X to the lines A and C, so that A ; C : : C : X ; you 
will then have A^ : C^ : : A : X. 



PROBLEM. 



^y* 



^^ 



247. To find two lines that shall have the same ratio to each other y 
as the product of three given lines y h^is to the product of three 
other given lines* 

Let A, B, C be the three lines of which one product is 
formed, and P, Q, R the lines of which the other is formed* 
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Find a fourth proportional X to the ^, 

three given lines P, A, B : find also a "b i ■ i 

fourth proportional Y to the three given C i 

lines C, Q, R. The two Hnes X, Y will 

be to each other as the products A.B.C, ^ « 

P.Q.R. « ; 

For since P : A : : B : X, it follows -**-' 
that A.B=P.X; and multiplying each of 




these equals by C, we have A.B.C= -^ ^ ^ 

C.P.X, In like manner since C : Q : : 
R : Y, it follows that Q.R=C.Y ; and multiplying eaph of 
these equals by P, we have P.Q.R=P.C.Y : hence the pro- 
duct A.B.C is to the product P.Q.R. as C.P.X is to P.C.Y, 
or as X is to Y. 

PROBLEM. I 9 

248. To find a triangle that shall he equivalent to a given polygon. 

Let ABCDE be the given polygon. 
Draw first the diagonal C£ cutting ofi" 
the triangle CDE ; through the point 
D. draw DF parallel to CE, and meet- 
ing AE produced ; join CF : the po- 
Ijtgon AiBCDE will be equivalent to 
the polygon ABCF, which has otie side 
less than the original polygon. 

For the triangles CDE, CFE have the base CE common ; 
they have also the same altitude, since their vertices D, F, 
are situated in a line DF parallel to the base ; these triangles 
are therefore equivalent. Add to each of them tHe figure 
ABCE, and there will result the polygon ABCDE equivalent 
to the polygon ABCF. 

The angle B may in like manner be cut ofi", by substituting 
for the triangle ABC the equivalent triangle AGC, and thus 
the pentagon AiBCDE will be changed into an equivalent tri- 
angle GCF. 

' The same process may be applied to every qther figure; 
for, by successively diminishing the number of its sides, one 
being retrenched at each step of the process, the equivalent 
triangle will at last be found. 

249. Scholium. We have already seen that every triangle 
may be changed into an equivalent square ; and thus a square 
may always be found equivalent to a given rectilineal figure, 
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which operation is called sqttartng tb^ rectilineal figure, or 
finding the quadrature of it. 

The problem of the quadrature of the circle consists in find- 
ing a square equivalent to a circle whose diameter is given. 



PROBLEM. 



n 




250. To find the side of a square which shall be equivalent to the 
sum or the difference of two given squares. 

Let A and B be the sides of the 
given squares. 

First. If it is required ,to find a 
square equivalent to the sum of 

these squares, draw the two indefi- ^ 

nite lines ED, EF at right angles K K D 

to each other ; take ED=:A, and E6=B ; join DG : this 

will be the side of the square required. 

For the triangle DEG being /ight-angled, the square con^ 
structed upon DG is equal to the sum of the sqaares upon 
ED and EG. 

Secondly. If it is required to find a square equal to the 
difference of the given squares, form in the same^ manner the 
right angle FEU ; take GE-equal to the shorter of the sides 
A and B.; from the point G as a centre, with a radius GH, 
equal to the other side, describe an arc cutting EH in H; 
the square described upon EH will be equal to the difference 
of the squares described upon the lines A and B. . 

For the triangle GEH is right-angled^, the hypotenuse GH 
=A, and the side GE=iB; hence the square consUmcted 
upon EH, &c. 

251. Scholium. A square may thus be found equal to 
the sum of any number of squares ; for a similltr construction 
which reduces two of them to one, will reduce three of them 
to two, and the&e two to one« and so of others. It would be 
the same, if 'any of the squares ^ere to be subtracted from the 
sum of the others. 
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PROBLEM. 







252. To cofutruct a square which ahtdl he to a gi/ten square as a 

given line to a given l^ne. 

Upon the indefinite D 
line EG, take EF=M, 
and FG=N ; upon 
EG as a diameter de- 
scribe a semicircle, 
and at the point F 
^rect the perpendicu- A. 
lar FH. From the point H, draw the chords HG, HE, which 
produce indefinitely : upon the first, take HK equal to the 
side AB of the given square, and through the point K draw 
KI parallel to EG ; HI will be the side of the square required. 

For, by reason of the parallels KI, GE, we have HI : HK 
: : HE : HG ; J)ence HF : HK" : : HE" : HG" : but in the 
right-angled triangle EHG (215.) the square of HE is to the 
square of HG as the segment EF is to the segn^ut FG, or as 
M is to N ; hence HP : HK" : : M : N. But HK=AB ; 
therefore the square described upon HI is to the square de- 
scribed upon AB as M is to N. 



PROBLEM. 



/3 



253. . Upon a given line to describe a polygon similar to a given 

polygon. 

Let FG be the giverf line, and AEDCB the given polygon. 

In the given poly- 
gon, draw the diagonals 3 
AC, AD ; at thp point 
F make the angle GFH \ x _,--^D 
=BAC, add at the .U-— -^-''^^^ :P' 

point G the angle FGH 
= ABC ; the lines FH, _ 

GH will cut each other in H, and FGH will be a triangle 
sinjilar to ABC. In the same manner upon FH, homologous 
to AC, construct the triangle FIH similar to ADC ; and 
upon FI, homologous lo AD, cojis^Jruct the triangle FlK simi- 
lar to ADE. The t)olygon FGHIK will be similar to 
ABCDE, as required. 

For, these two polygons' are composed of the same number 
of triangles, which are similar and similarly^situated (219.). 

14 
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PROBLEM. I U' 

254* Two 9imMar figures b^ng given^ to construct a figure whidt 
shaU be similar to one of them^ and equal to their sum or their , 
difference. 

Let A and B be two homologous sides of the given figures. 
Find a square equal to the sum or to the difference of the 
squares described upon A and B^ let X be the side of that 
square ; then will X in the figure required, be the side which 
is homologous to the sides A and B in the given figures. 
The figure itself may then be constructed on X, by the last 
problem. 

For, the similar figures are as the squares of their homolo- 
gous sides ; now the square of the side X is equal to the sum, 
or to the difference, of the squares described upon the homo- 
logous sides A and B ; therefore the figure described upon 
the side X is equal to the sum, or to the difference, of the 
similar figures described upon the sides A and B. 

PROBLEM. I ^ 

255. To construct a figure similar to a given oncy and bearing to 

itf the given ratio ofMtoN, 

Let A be side of the given figure, X the homologous side 
of the figure required. The square of X must be to the square 
of A, as M is to N ; hence X will be found by Art. 252. ; and 
knowing X, the rest will be accomplished by Art. 253. 

r 
PROBLEM. ! ''^ 

266. To construct a figure similar to the figure P and equivalent 

to the figure Q. 

Find M the side of a square 
equivalent to the figure P, and 
N the side of a square equiva- 
lent to the figure Q. Let X 
be a fourth proportional to the 
three given lines M, N, AB'; Jr- 
upon the side X, homologous 

to AB, describe a figure similar to the figure P ; it will also 
be equivalent to the figure Q. 
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For, calling Y the figure described upon the side X, we 
have P : T : ! AB^ : X* ; but by construction, AB : X : : M : 
N, or AB^ : X«: : M^ : N»; hence P : Y : : M" : N^ But by 
construction also, M'=:iP and N'=Q ; therefore P : Y : : P : 
Q ; consequently Y=Q ; hence the figure Y is similar to the 
figqre P, and equivalent to the figure Q. 



PROBLEM. 



?v 



257. To construct a rectangle equivalent td a given square^ and 
having the sum of its adjacent sides equal to a given line. 

Let C be the square, and AB equal to the sum of the sides 
of the required rectangle. 

Upon AB as a diame* 
ter, describe a semicir- 35 
cle ; draw the line DE 
parallel to the diameter, 
at a di^ance AD from it, 
equal to the side gf the JC 




I^B 



given square C ; from the point E, where the parallel cuts 
the circumference, draw EF perpendicular to the diameter; 
AF and FB will be the sides of the rectangle required. 

For their sum is equal to AB ; and their rectangle AF.FB 
is equal to the square of EF, or to the square of AD; hence 
that rectangle is equivalent to the given square C. 

258. Scholium... To render the problem possible, the dis- 
tance AD must not exceed the radius ; that is, the side of the 
square C must not exceed the half of the line AB. 



PROBLEM. 



/» 



a 

' 259. To construct a rectangle that shall he equivalent to a given 
square and the difference of whose adjacent sides shall he equql 
io a given line. 

" SuppDse C equal to the given square, and AB the differ- 
ence of the s^j^es. 
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Upon the given Ifne AB as a diame- 
ter^ describe a semicircle : at the ex- 
tremity of the diameter draw the tan- 
gent AD, equal to the side of the 
square C ; through the point D and 
the centre O draw the secant DF: then 
will D£ and DF be the adjacent sides 
of the rectangle required. 

For, first, the difierence of their 
Mdes is equal to the diameter EF or 
AB ; secondly, the rectangle DE, DF 
is equal to AD' (228.) ; hence that rectangle is equivalent to 
the given square C. 




PROBLEM. 




260. To find the common measure, if therp is onCy beiwem the 

diagonal and the side of a square. 

Let ABC6 be any square what- 
ever, and AC its diagonal. 

We must first (157.) apply CB 
upon QAf as often as it may be con- 
tained there. For this purpose, let 
the semicircle DBE be described, 
from the centre C, with the radius 
CB. It is evident that CB is con- _ 
tained once in AC, with the remain- A 
der AD ; the result of the first operation is therefore the quo- 
tient 1, with the remainder AD, which latter must now be com- 
pared with BC, or its equal AB. 

We might here take AF=AD, and actually apply it upon 
AB ; we should find it to be contained twice w|$h a remain- 
der :'but as that remainder, and those which succeed it, con- 
tinue diminishing, and would soon elude our comparisons by 
their minuteness, this w(^uld be but an imperfect mechanicfeil 
method, from which no conclusion could be obtained ^to de-? 
termine whether the lines AC, CB have or have not a com- 
mon measure. There is a very simpie way, however, of 
avoiding these decreasing lines, and obtaining the result, by 
operating only upon lines which remain always of the same 
magnitude. 

The angle ABC being right, AB is a tangent, and AE a 
secant drawn from the same point ; so thai, (228.) AD : AB 
: : AB : AE. Hence in the second operation, when AD is 
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compared with AB, the ratio of AB to AE may be taken in- 
stead of that of AD to AB ; now AB, or its equal CD, is 
contained twice in AE, with the remainder AD ; the result 
of the second operation is therefore the quotient 2 with the 
remainder AD, which must be compared with AB. 

Thus the third operation again consists in comparing AD 
with AB, and may be reduced in the same manner to the 
comparison of AB or its equal CD with AE ; from which 
there will again be obtained 2 for the quotient, and AD for 
the remainder. 

, Hence, it is evident, the process will never terminate ; and 
therefore there is no common measure between the diagonal 
and the side of a square : a truth which was already known by 
arithmetic (since these two lines are to each other : : \/2 : 1), 
but which acquires a greater degree of clearness by the geo- 
JIQetrical investigation. 

261. Scholium. The impossibility of finding numbers to 
express the exact ratio of the diagonal to the side of a square 
has now been proved ; but an approximation may be made 
to it, as near as we please, by means of the continued fraction 
which is equal to that ratio. The first operation gave us 1 
for a quotient ; the second, and all others to infinity, give two: 
thus the fraction in question is 

+ &c. to infinity. 

If that fraction, for example, i% computed to the fourth term 
inclusively, its value is found to be ] ^, or |i : so that the ap- 
proximate ratio of the diagonal to the side of a square, is : : 
41 : 29. A closer approximation to the ratio might be found 
by computing a greater number of terms. 
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REGULAB POLYGONS, AND THE MEASUREMENT OF THE CIRCLE. 



Definition. 

262. A POLYGON, which is at once equilateral and equi- 
angular, is called a regular polygon. 

Regular polygons may have any number of sides : the 
equilateral triangle is one of three sides ; the square is one of 
four. 

THEOREM. 

263. 7\eo r^ular polffgons of the same number of aides are simi- 
lar figures. 







Suppose, for example, 
that ABCDEF, abcdef 
are two regular hexagons. -^ 
The sum of all4he angles 
is the same in both figures, 
being in each equal to J^ 
eight right angles (82.) The angle A is the sixth part of that 
sum ; so is the angle a : hence the angles A and a are equal ; 
and for the same reason, the angles B and i, the angles C and 
c, and so on. ^ 

Again, since from the nature of the polygons, the sides AB, 
BC, CD, &c. are equal, and likewise the sides at, ic, cd, &tc. ; 
it is plain that AB : ab : : BC : be : : CD : cd^ &&c. ; hence 
the two iSgures in question have their angles equal, and their 
homologous sides proportional; consequently (162.) they 
-are similar. 

264. • Cor. The perimeters of two regular polygons of 
the same number of sides, are to each other as their homolo** 
gous sides, and their surfaces, as the squares of those sides 
(221.) 

■ 

265.' Scholium. The angle of a regular polygon, like 
the angle of an equiangular polygoo, is determined by the 
number of its sides (79.) 
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266. Any regular polygon may he inscribed in a ctrclcy and ctr- 

cumscribed about one. 

Let ABCDE, &c. be a regular poly- 
gon: describe a circle through the three J^ 
points A, B, C, the centre being O, and 
OP the perpendicular let fall from it, to 
the middle point of lEfC : join AO and H^ 
OD. 

If the quadrilateral OPCD be placed 
upon the quadrilateral OPBA, they will 
coincide ; for the side OP is common : 
the angle OPC=OPB, being right ; hence the side PC will 
apply to its equal PB, and the point G will fall on B : be- 
sides, from the nature of the polygon, the angle PCD= 
PBA ; hence CD will take the direction BA ; and since CD 
=BA, the point D will fall on A, and the two quadrilaterals 
will entirely coincide* The distance OD is therefore equal to 
AO ; and consequently the circle which passes through the 
three points A, B, C, will also pass through the point D* 
By the same mode of reasoning, it might be shewn, that the 
circle which passes through the three points B, C, D, will 
also pass through the point £ ; and so of all the rest: hence 
the circle which passes through the points A, B, C, passes 
through the vertices of all the angles in the polygon, which is 
therefore inscribed in this circle* 

Again, in reference to this circle, all the sides AB, BC, 
CD, &c. are equal chords ; they are therefore (109.) equally 
distant from the centre : hence, if from the point O with the 
distance OP, a circle be described, it will touch the side BC, 
and all the other sides of the polygon, each in its middle 
pmnt, and the circle will be inscribed in the polygon, or the 
polygon described about the circle. 

267. Scholium I. The point O, the common centre of 
the inscribed and circumscribed circles, may also be regarded 
3S the centre of the polygon ; and upon this principle the 
angle AOB is called the angle at the centre, being formed by 
two radii drawn to the extremities of the same side AB. 

Since all the chords AB, BC, CD, &:c. are equal, all the 
angles at the centre must evidently be equal likewise ; and 
therefore the value of each will be found by dividing four 
right angles by the number of the polygon's sides. 
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268. Scholium 2. To inscribe a regular polygon of a 
certain number of sides in a given circle, we have only ^o 
divide the circumference into as many equal parts as the poly- 
gon has sides : for the arcs being equal (see the diagram of 
271.) the chords AB, BC, CD, he. will also be equal ; hence 
likewise the triangles ABO, BOG, COD must be equal, be- 
cause they are equiangular ; hence all the angles ABC, BCD, 
CDE, &:c. will be equal ; hence the figure ABGDE, &c. 
will be a regular polygon. 






PROBLEM. 



M 



269. To inscribe a square in a given circle^ 



Draw two diameters AG, BD, cut- 
ting each other at right angles ; join 
their extremities A, B, C, D : the 
figure ABCD will be a square. For 
the angles AOB, BOC, &:c. being A 
equal, the chords AB, BC, &tc. are 
also equal : and the angles ABC, 
BCD, be. being in semicircles, are 
right. 

270. Scholium. Since the triangle BGO is right-angled 
and isosceles, we have (188.) BG : BO : : V2 : 1 ; hence 
the side of the inscribed square is to the radius^ as the square 
root of2y is to %nity^ 




PROBliEM. 






271 . In a given circle, to inscribe a regular hexagon and an equi- 
lateral triangle. 

Suppose the problem solved, 
and that AB is a side of the in- 
scribed hexagon ; the radii AO, 
OB being drawn, the triangle j^ 
AOB will be equilateral. 

For the angle AOB is the sixth 
part of four right angles ; there- 
fore, taking the right angle for 
unity, we shall have AOB-=^ 
=1 : and the two other angles ^ 
ABO, BAO, of the same trian^ 
gle, are together equal to 2 — | 
=f ; and being mutually equal, 




BOOK IV. 



07 



each of them must be equal to | ; hence the triangle ABO ig 
equilateral ; therefore the side of the inscribed bexagon it 
equal to the radius. 

Hence to inscribe a regular hexagon in a given circle^ the 
radius must be applied six times to the circumference ; which 
will bring us round to the point we set out from. 

And the hexagon ABCDEF being inscribed, the equilate- 
ral triangle ACE may be formed by joining the vertices of 
the alternate angles. 

272. Scholium, The figure ABCO W a parallelogram, 
and even a rhombus, since AB=BCs:COs3 AO ; hence (195.) 
the sum of the squares of the diagonals AC^+BO' is equal to 
the sum of the squares of the sides, that is, to 4AB^, or 
4BO^ : and taking away BO^ from both, there will remain 
AC'=3B0' ; hence AC^ BO' : : 3 : 1 , or AC : BO : :y3 : 
1 ; hence the side of the inscribed equilateral triangle is to 
the radius, as the square root of three is to unity. 
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273. In a given circle^ to inscribe a regular decagm ; then a pen* 
tagon^ and aUo a regular polygon of fifteen Me** 

Divide the radius AO in 
extreme and mean ratio (240.) 
at the point M; take the 
chord AB equal to OM the 
greater segment ; AB will be 
the side of the regular deca- 
gon, and will require to be 
appliecf ten times to the cir- 
cumference. 

For, joining MB, we have 
by construction, AO : OM : : 
OM : AM; or, since AB= 
OM, AO : AB : : AB : AM ; 
since the triangles ABO, AMB have a common angle A, in- 
cluded between proportional sides, they are similar (208.). 
Now the triangle OAB being isosceles, AMB must be isos- 
celes also, and AB=BM ; but AB=OM; hence alsoMB= 
OM ; hence the triangle BMO is isosceles. 

Again, the angle AMB being exterior to the isosceles tri- 
angle BMO, is double of the interior angle O (78.) : but the 
angle AMB=MAB ; hence the triangle OAB is such, that 
each of the angles at its base, OAB or OBA, is double of O 
the angle at its vertex ; hence the three angles of the triangle 

15 
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are together equal to five times the angle O, which conse- 
quently is the fifth part of the two right angles^ or the tenth 
part of four ; hence the arc AB is the tenth part of the cir- 
cumference, and the chord AB is the side of the regular de- 
cagon. 

274. Cor. 1. By joining the alternate corners of the regu- 
lar decagon, the pentagon ACE6I will be formed, alsl> 
regular. 

275. Cor. 2. AB being still the side of the decagon, let 
AL be the side of the hexagon ; the arc BL will then, with 
reference to the whole circumference, be ^ — y'^, or yV 5 hence 
the chord BL will be the side of the regular polygon of 
fifteen sides, or pentedecagon. It is evident, also, that the arc 
CL is the third of CB. 

276. Scholium. Any regular polygon being inscribed^ 
if the arcs subtended by its sides be severally bisected, the 
chords of those semi-arcs will form a new regular polygon of 
double the number of sides : thus it is plain, the square may 
enable us successively to inscribe regular polygons of 8, 16, 
32^ &c. sides. And in like manner, by means of the hexa- 
gon, regular polygons of 12, 24, 48, he. sides may be in- 
scribed ; by means of the decagon, polygons of 20, 40, 80, 
&c. sides ; by means of the pentedecagon, polygons of 30, 
60, 120, &c. sides.* 

! \ 

PROBLEM. ^ 

277. A regular inscribed polygon being gvoen^ to circumscribe a 

similar polygon about the same circle. 

Let ABCDE, &c. be the polygon. 



* It was long supposed, that, besides the polygons here mentioned, no 
other could be inscribed by the operations of elementary geometry, or what 
amounts to the same, by the resolution of equations of the first and second 
degree. But M. Gauss of Gottingen at leng^ proved, in a work entitled 
DitquMiUones ArUhmeticae, lApsiaey 1801, that by the method in question, 
a regular polygon of 17 sides might be inscribed, and generally a regular 
polygon of £»4.1 sides, provided 2*»-f.l be a prime number. 
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At T/ the middle 
point of the arc AB, 
apply the tangent GH, 
which (112.) will be pa- 
rallel to AB; do the 
same at the middle 
point of each of the arcs 
BC, CD, fee; those ^ 
tangents, by their inter- 
sections, will form the 
regular circumscribed 
polygon GHIK he. si- 
milar to the inscribed 
one. 

it is evident, in the first place, that the three points O, B, 
. H, lie in the same straight line ; for the right-angled trian- 
gles OTH, OHN, having the common hypotenuse OH, and 
the side OT^sON, must be equal, and consequently the angle 
TOH=HON, wherefore the line OH passes through the mid- 
dle point B of the arc TN. For a like reason, the point I is 
in the prolongation of OG ; and so with the rest. But since 
Gfi[ is parallel to AB, and HI to BC, the angle 6HI=ABC 
(67.) ; in like manner, HIK=BCD ; and so with all the 
rest : hence the angles of the circumscribed polygon are equal 
to those of the inscribed one. And further, by reason of these 
same parallels, we have GH : AB : : OH : OB, and HI : BC 
: : OH : OB ; therefore GH : AB : : HI : BC. But AB= 
BC, therefore GH=HI. For the same reason, HI=IK, &c ; 
hence the sides of the circumscribed polygon are all equal ; 
bence this polygon is regular, and similar to the inscribed ooe. 

278. Cor. 1 . Reciprocally, if the circumscribed polygon 
GHIK &c. were given, and the inscribed one ABC &c. were 
required to be deduced from it, it would only be necessary to 
draw from the angles G, H, I, &c. of the given polygon, 
straight lines OG, OH, &c. meeting the circumference in the 
points A, B, C, 8cc. ; then to join those points by the chords 
AB, BC, &c. ; which would form the inscribed polygon. 
An easier solution of this problem would be simply to join 
the points of contact T, N, P, &c. by the chords TN, NP, &c. 
which likewise would form an inscribed polygon similar to 
the circumscribed one. 

279, Cor. 2. Hence we may circumscribe about a circle 
any regular polygon, which can be inscribed within it ; and 
conversely. ^ 
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280. The area of a regular polygon is equal to its perimeter mul- 
tiplied by half the radius of the inscribed circle. 

Let there be the regular polygon 6HIK &c. (see the 
last figure). The triangle GOH will be measured by GHx 
JOT; the triangle OHl by HI XiON: butON=:OT; hence 
the two triangles taken together will be measured by (GH+ 
HI) X JOT. And, by continuing the same operation for the 
other triangles, it will appear that the sum of them all, or the 
whole polygon, is measured by the sum of the bases GH, HI, 
IK, be. or the perimeter of the polygon, multiplied into 
}0T« or half the radius of the inscribed circle. 

281. Scholium. The radius OT of the inscribed circle is 
nothing else than the perpendicular let fall from the centre on 
one of the 9ides : it is sometimes named the apoihem of the 
polygon. 
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S82. The perimeters of two regular polygons^ having the same 
numher of sides^ are to each other as the radii of the drcum- 
scribed circles, and alsoy as the radii of the inscribed circles ; 
their surfaces are to each other as the squares of those radii. 

Let AB be a side of the one poly- A. 

gon, O the centre, and consequently <^ ^ — f 

OA the radius of the circumscribed 

circle, and OD, perpendicular to AB, 

the radios of the inscribed circle; 

let aft, in like manner, be a side of 

the other polygon, o its centre, oa and 

od the radii of the circumscribed and 

the inscribed circles. The peri me te r s 

of the two polygons are to each other as the sides AB and 

ab (22 1.) : but the angles A and a are equal, being each half 

of the angle of the polygon ; so also are the angles B and b ; 

hence the triangles ABO, abo are similar, as are likewise the 

right-angled triangles ADO, ado ; hence AB : ab : : AO : 

ao : : DO : do ; hence the perimeters of the polygons are to 

each other as the radii AO, ao of the eircumscribed circles, 

and also, as the radii DO, do of the inscribed circles. 
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The surfaces of those polygons arc to each other as the 

squares of the homologous sides AB, ab ; they are therefore 

likewise to each other as the squares of AO, ao the radii of the 

circumscribed circles, or as the squares of OD, od the radii of 

' the inscribed circles. 



LEMMA. 

283. Any curve^ or any polygonal line, which envelopes a convex 
line from one end to the other, is longer than the enveloped line. 

Let AMB be the enveloped line ; then will it be less than 
the line APDB which envelopes it. 

We have already said that by 
the term convex line, we under- 
stand a line, polygonal or 
curve, or partly curve and part- 
ly polygonal, such that a 
straight line cannot cut it in -^^ 
more than two points. If in the line AMB there were any sinu- 
osities or re-entrant portions, it would cease to be convex, 
because a straight line might evidently cut it in more than 
two points. The arcs of a circle are essentially convex ; 
but the present proposition extends Xo any line which fulfils 
the required conditioif. 

This being premised, if the line AMB is not shorter than 
any of those which envelope it, there will be found among the 
latter a line shorter than all the rest, which is shorter than 
AMB, or, at most, equal to it. Let ACDEB be this en- 
veloping line : any where between those two lines draw the 
straight line PQ, not meeting, or at least only touching, the 
line AMB. The straight line PQ is shorter than PCDEQ ; 
hence if, instead of the part PCDEQ, we substitute the straight 
line PQ, the enveloping line APQB will be shorter than 
APDQB. But, by hypothesis, this latter was shorter than any 
other ; hence that hypothesis was false ; hence all of the envel- 
oping lines are longer than AMB* 
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284* ' Scholium, In the very same 
way, it might be shewn that AMB, a 
convex line returning into itself, is short* 
er than any line enveloping it on all 
sides, whether the enveloping line FH 
touch AMB in one or more points, or 
surround, without touching it. 
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285. Two concentric circles being given^ a regular polygon may 
always be inscribed within the.gfkater^ the sides of which shall 
not meet the circumference qf the less ; and likeunse, a regular 
polygon may always be described about the less, the sides of 
which shall not meet the circunference of the greater. 

Let CA, CB be 
radii of the given 
circles* At the 
point A, apply the 
tangent DE, ter- 
minating in the 
greater circumfer- 
ence at D and E : 
inscribe within this 
greater circumfer- 
ence one of the re- 
gular polygons, 
which the methods 
already explained 
enabled you to inscribe ; next bisect the arcs subtended by 
its sides, and draw the chords of those half-arcs ; a polygon 
will thus be found having twice as many sides. Continue 
the bisection, till an arc is obtained less than DBE. Let 
MBN be that arc, the middle point of it being supposed to 
lie at B : it is plain that the chord MN will be further from 
the centre than DE ; and that consequently the regular poly- 
gon, of which MN is a side, cannot meet the circumference, 
of wbich C A is the radius. 

Now, the same construction remaining, join CM and CN, 
meeting the tangent DE in P and Q ; PQ will be the side of 
a polygon described about the less circumference, similar to 
that polygon inscribed within the greater, of which the side is 
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MN. And it is evident, that this circumscribed polygon 
having PQ for its side, can never meet the greater circumfer- 
ence, CP being less than CM. 

Hence, by the same operation, a regular polygon maybe in- 
scribed within the greater circumference, and a similar one 
described about the less, both of which shall have their sides 
included between the two circumferences. 

280. Scholium. If two concentric sectors FCG, ICH be 
given, ^portion of a regular polygon may in like manner, be 
inscribed in the greater, or circumscribed about the less, so 
that the perimeters of the two polygons shall be included be- 
tween the two circumferences. For this purpose, it will be 
sufficient to divide the arc FB6 successively into 2, 4, 8, 
16, &LC. equal parts, till a part smaller than DBE is obtained. 

By the phrase, portion of a regular polygon^ we here mean 
the figure terminated by a series of equal chords inscribed in 
the arc F6, from one of its extremities to the other. This 
portion has all the main properties of regular polygons ; it 
has its angles equal, and its sides equal, it can be inscribed in 
a circle, or circumscribed about one : yet, properly speakings 
it forms part of a regular polygon only in those cases where 
the arc subtended by one of its sides is an aliquot part of the 
circumference. 



THEOREM. 



i- 



287. TTie circumferences of circles are to each other as their radiiy 
and their surfaces are to eack other as the squares of those radii. 

For the sake of brevity, let us designate the circumfer- 
ence whose radius is CA by circ. CA^ we are to show that 
eirc. CA idrc. OB : : CA : OB. 
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If this proposition is not true, CA must be to OB as ctrc. 
CA is to a fourth term less or greater than circ. OB : sup- 
pose it less ; and that, if possible, CA : OB : : circ. CA : 
ctrc. OD. 

In the circle of which OB is the radius inscribe a regular 
polygon EF6KLE, such that the sides of it shall not meet 
the circumference of which OD is the radius (285.) : inscribe 
a similar polygon, MNPST, in the circle of which AC is the 
radius. 

Then, since those polygons are similar, their perimeters 
MNPSM, EFGKE will be to each other (282.) as CA, 
OB, the radii of the circumscribed circles, that is MNPSM : 
EFGKE : : CA : OB. But by hypothesis, CA : OB : : circ. 
CA : circ. OD ; therefore MNPSM : EFGKE : : drc. CA : 
drc. OD ; which proportion is false, because (283.) the peri- 
meter MNSPM is less than circ. CA, while on the contrary 
EFGKE is greater than circ. OD : therefore it is impossible 
that CA can be to OB as circ» CA is to a circumference less 
than circ. OB; or, in. more general terms, it is impossible 
that one radius can be to another, as the circumference de- 
scribed with the former radius is to a circumference less than 
the one described with the latter radius* 

Hence, too, we conclude it to be equally impossible that CA 
can be to OB as circ. CA is to a circumference greater than 
drc. OB : for if this were the case, by reversing the ratios, 
we should have OB to CA, as a circumference greater than 
drc. OB is to circ. CA ; or, wiiat amounts to the same thing, 
as circ. OB is to a circumference less than circ. CA ; and 
therefore one radius would be to another as the circumference 
described with the former radius is to a circumference less 
than the one described with the latter radius ; a conclusion 
just shown to be erroneous. 

And since the fourth term of this proportion CA 1 OB : : 
drc. CA : x can neither be less nor greater than drc. OB, it 
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must b^ equal to ctrc. OB : consequently the circumferences 
of circles are to each other as their radii. 

By a similar construction, and a similar train of reasoning 
it could be shown, that the surfaces of circles are to each other 
as the squares of their radii. We need not enter upon any fur- 
ther details respecting this proposition, particularly as it 
forms a corollary of the next theorem. 

288. Cor. The similar 

arcs AB, DE are to each other j^j!^^^^ ^""\B 
as their radii AC, DO ; and \ /j^ ^M 

thesimilarsectorsACB, DOE \ / \ / 
are to eachother as the squares \ / \/ 

of their radii. p O 

For, since the arcs are similar, the angle C (163.) is equal 
to the angle O; but C is to four right angles (122.), as 
the arc AB is to the whole circumference described wiih 
the radius AC ; and O is to four right angles, as the arc DE 
lis to the circumference describ^u with the radius OD : hence 

^ 

the arcs AB, DE are to each other as the circumferences of 
which they form part : but thel^ circumferences are to each 
other as their radii AC, DO ; hence arc. AB : wrc. DE : : 
AC : DO. 

For a like reason, the sectors ACB, DOE are to each 
other as the whole circles; which again are as the squares of 
their radii j therefore «ec/. ACB : 9tcL DOE : AC" DO* 
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28^. The area of a circle is equal to the product of its eircum- 

ference hy Jialf the radius^ 

Let us designate the sur« 
face of the circle whose ra- 
dius is CA by surf. CA ; we 
shall have surf. CA^siCAx 
circ, CA. 

For if 4 CA X circ. CA is 
not the area of ' the circle 
whose radius is CA, it must 
be the area of a circle either 
greater or less. Let us first 
suppose it to be the area of a 
greater circle; and, if pos- 
sible, that iC Ax circ. CA= 
surf CB. 

16 
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About the circle whose radius is C A describe a regular 
polygon DEFG &c., such (285.) that its sides shall not meet 
the circumference whose radius is CB. The surface of this 
polygon will be equal (280.) to its perimeter DE+EF+ 
FG+&C. multiplied by iAC : but the perimeter of the poly- 
gon is greater than the inscribed circumference enveloped by 
it on all sides; hence the surface of the polygon DEFG &;c. 
is greater than hACx circ. AC, which by the supposition is 
the measure of the circle whose radius is CB ; thus the poly- 
gon must be greater than that circle. But in reality it is less^ 
being contained wholly within the circumference : hence it is 
impossible that iCAXcirc. AC can be greater than surf, CA; 
in other words, it is impossible that the circumference of a 
circle multiplied by half its radius can be the measure of a 
greater circle. 

In the second place, we assert it to be equally impossible 
that this product can be the measure of a smaller circle. - To 
avoid the trouble of changing our figure, let us suppose that 
the circle in question is the one whose radius isCB: we 
are to show that ^CBxctrc. CB cannot be the measure of a 
smaller circle, of the circle, (bf instance, whose radius is CA. 
Grant it to be so; and that, if possible, iCB Xcirc* CBs=^ 
$urf. CA. 

Having made the same construction as before, the surface 
of the polygon DEFG, &c. will be measured by (DE+EF 
+FG+&c.)X iCA ; but the perimeter DE+EF+FG+&;c. 
is less than circ. CB, being enveloped by it on all sides; 
hence the area of the polygon is less than hCAXcirc. CB, 
and still more is it less than ICB Xcirc. CB. Now by the sup- 
position, this last quantity is the measure of the circle whose 
radius is C A : hence the polygon must be less than the inscribed 
circle, which is absurd ; hence it is impossible that the circum- 
ference of a circle multiplied by half its radius, can be the 
measure of a smaller circle. 

Consequently, the circumference of a circle multiplied by 
half its radius is the measure of that circle itself. 
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390. Cor. 1 . The surface of a sec- 
tar is equal to the arc of that sector 
multiplied by half its radius. 

For, the sector ACB (125.) is to the 
I whole circle as the arc AMB is to the 

whole circumference ABD, or as AMB 
XiAC is to ABDxiAC. But the 
whole circle is equal to ABDxiAC; 
hence the sector ACB is measured by 
AMBxiAC. 

291. Cor. 2. Let the circumference of the circle whose 
diameter is unity be denoted by ^ : then, because circumfer- 
ences are to each other as their radii or diameters, we shall 
have the diameter 1 to<its circumference ^r, as the diameter 
2CA is to the circumference whose radius is CA, that is, 
1 :. * : : 2CA : circ, CA, therefore cire. CA=2itxCA. Mul- 
tiply both terms by iCA; we have iCAXctrc. CA^^X 
CA^ or surf . CA='jrxCA^ : hence the surface of a circle is 
equal to to the product of the square of its radius by the con- 
stant number ^r, which represents the circumference whose 
diameter is 1, or the ratio of the circumference to the diame- 
ter. 

In like manner, the surface of the circle, whose radius is 
OB, will be equal to* X OB'; but^xCA^: fl'xOB' : : CA": 
OB^ ; hence the surfaces of circles are to each other as the 
squares of their radii, which agrees with the preceding theo- 
rem. 

292. Scholium. We have already observed, that the pro- 
blem of the quadrature of the circle consists in finding a square 
equal in surface to a circle, the radius of which is known. 
Now it has just been proved, that a circle is equivalent to the 
rectangle contained by its circumference and half its radius ; 
and this rectangle may be changed into a square, by finding 
(243.) a mean proportional between its length and its breadth. 
To square the circle, therefore, is to find the circumference 
when the radius is given ; and for effecting this, it is enough 
to know the ratio of the circumference to its radius, or its 
diameter. 

Hitherto, the ratio in question has never been determined 
except approximately; but the approximation has been carried 
so far, that a knowledge of the exact ratio would afford no 
real advantage whatever beyond that of the approximate 
ratio. Accordingly, this problem, which engaged geometers 
so deeply, when their methods of approximation were less 
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perfect, is nOw degraded to the rank of those idle qaestto&S|^ 
with which no one possessing the slightest tincture of geo- 
metrical science will occupy any portion of his time. 

Archimedes shewed that the ratio of the circumference to 
the diameter is included between 3|$ and 3|f ; hence 3| or 
Y affords at once a pretty accurate approximation to the 
number above designated by ^r ; and the simplicity of this 
first approximation has brought it into very general use. 
Melius, for the same number, found th^ much more accurate 
value fH. At last the value of ^, developed to a Certain 
order of decimals, was found by other calculators to be 
3.1415926535897932, &c. ; and some have had patiencr 
enough to continue these decimals to the hundred and twenty- 
seventh, or even to the hundred and fortieth place. Such an 
approximation is evidently equivalent to perfect correctness : 
the root of an imperfect power is in no case more accurately 
known. 

The following problems will exhibit two of the simplest 
elementary methods of obtaining those approximations* 
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293. The surface of a regular inscrUfed polygon^ and that of a 
similar polygon circumscribed^ being given ; to find the surfaces 
rf the regular inscribed and circumscribed polygons having 
double the number of sides. 



:f 



Let AB be a side of the given 
inscribed polygon ; EF, parallel ^ ^^,..-^3?' 
to AB, a side of the circumscribed 
polygon ; C the centre of the 
circle. If the chord AM and 
the tangents AP, BQ be drawn, 
AM will be a side of the inscribed 
polygon, having twice the num- 
ber of sides ; and (277.) PQ, 
double of PM, will be a side of 
the similar circumscribed polygon. 
Now, as the same construction 
will take place at each of the angles equal to ACM, it will be 
sufficient to consider ACM by itself, the triangles connected 
with it being evidently, to each other as the whole polygons 
of which they form part. Let A, then, be the surface of the 
inscribed polygon whose side is AB, B that of the similar cir^ 
cumscribed polygon ; A' the surface of tjie polygon whose 
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side ifi AM| & that of tbe similar circumsoribed polygon : A 
and B are given ; we have to find A' and B'. 

First. The triangles ACD, ACM, having the common 
vertex A, are to each other as their bases CD, CM ; they are 
likewise to each other as the polygons A and A', of which 
they form part : hence A : A' : : CD : CM* Again, the tri- 
angles CAM) CME, having the common vertex M, are to 
each other as their bases CA, C£ ; they are likewise to each 
other as the polygons A' and B of which they form part : hence 
A' : B : : CA : CE. Bnt since AD and ME are parallel, we 
have CD : CM : : CA : CE ; hence A : A' : : A' : B ; hence 
the polygon A' one of those required, is a mean proportional 
between the two given polygons A and B, and consequently 

a=\/axb: 

Secondly. The altitude CM being common, the triangle CPM 

is to the triangle CPE asPM is to PE ; bnt (201.) since CP 

bisects the angle MCE, (201.) we have PM : PE : t CM : 

CE : : CD : CA : : A : A : hence CPM : CPE : : A : A; and 

consequently CPM : CPM + CPE or CME : : A : A + A'* 

But CMPA or 2CMP, and CME are to each other as the 

polygons B' and B, of which they form part : hence B' : B 

: : 2A : A + A'. Now A' has already been determined ; 

this new proportion will serve for determining B', and give us 

2A.B 
B'^-- — '■—} and thus by means of the polygons A ahd B, 

it is easy to find the polygons A' and B', which have double 
the number of sides. . 
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294. To Jind the approximate ratio of the circumfsrence to the 

diameter. 

Let the radius of tbe circle be 1 ; the side of the inscribed 

square will (270.) be ^/2f that of the circvmscribed square 

will be equal to the diameter 2 ; hence the surface of the in-* 

scribed square is 2, and that of the circumscribed square is 4. 

LfCt us therefore put As=2, and B3b4 ; by tbe last proposition, 

we shall find the inscribed octagon A'=Vd^^*8^84271, and 

16 
the circumscribed octagon B= - =3.3137085. The in- 

scribed and the circumscribed octagons being thus determined, 
we shall easily, by means of them, determine the polygons 
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having twice the number of sides. We have only in this case 
to put A=2.82.84271, B=3.313708& ; we shall find A'=: 

2A B 

VA.B=3.06 14674, and B'='^-^,=3. 1825979. These po- 

lygons of 16 sides will in their turn enable us to find the po- 
lygons of 32 ; and the process may be continued, till there 
remains no longer any difierence between the inscribed and 
the circumscribed polygon, at least so far as that place of 
decimals where the computation stops, and so far as the se- 
venth place, in this example. Bising arrived at this point, we 
shall infer that the last result expresses the surface of the cir- 
cle, which, atnce it must always lie between the inscribed and 
the circuni^(H:ibed polygon, and since those polygons agree as 
far as a certain place of decimals, must also agree with both 
as far as the same place. 

We have subjoined the computation of those polygons, car- 
ried on till they agree as far as the seventh place of decimals. 

Namber of sides. Inscribed polygon. Circumscribed polygon. 

4 2.0000000 4.0000000 

8 2.8284271 3.3137085 . 

16 3.0614674 3.1825979^ 

32 3.1214451 3.1517249 

64 ...... 3.13^5485 ...... 3.1441148 

128 3.1403311 3.1422236 

256 3.1412772 ...... 3.1417504 

512 3.14151;i8 ...... 3.1416321 . 

1024 3.1415729 3.1416025 

2048 3.1415877 3.1415951 

4096 3.1415914 3.1415933 

8192 3.1415923 3.1415928 

16384 ...... 3.1415925 3.1415927 

32768 ...... 3.1415926 3.1415926 

The surface of the circle, we infer therefore, is equal to 
3.1415926. Some doubt may exist perhaps about the last 
decimal figure, owing to errors proceeding from the parts 
omitted ; but the calculation has been carried on with an ad- 
ditional figure, that the final result here given might be abso- 
lutely correct even to the last decimal place. 

Since the surface of the circle is equal to half the circum- 
ference multiplied by the radius, the half circumference must 
be 3.1415926, when the radius is 1 ; or the whole circumfer- 
rence must be 3.1415926, when the diameter is 1 : hence the 
ratio of the circumference to the diameter, formerly expressed 
by ^^ is equal to 3.1415926. 
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295. A triangle is equivalent to an osoaceles triangle, when one of 
its angles is equal to the verticle angle of the ososceles triangle, 
and the product of the sides containing this angle equal to the 
square of onepf the equal sides of the isosceles triangle*^ And 
if tlie third side of the first triangle, is perpendicular to either 
of the other sides', then the perpendicular let fall from the vertex 
on the base of the isosceles triangle, will be a mean proportional 
between the less of these other sides, and half the ir sum. 

In the triangles DCE and BCA 
let the angle C be common, DC= 
CE, and AC.CB=DC^ or CE^^ ; 
then will the triangles DCE, BCA 
be equivalent. And if the angle A is 
right, and CF perpendicular to DE ; 

then will CF^=CAx( ^^^^° ). 

First. Because of the common 
angle C, the triangle ABC is to the 
isosceles triangle DCE,as ACxCB 
is to DC X CE or DC (2 1 6.) : hence 
those triangles will be equivalent, if 
DC»=ACXCB, or if DC is a mean 
proportional between AC and CB. 

Secondly. Because the perpendicular CGF bisects the an- 
gle ACB, we shall have AG : GB : : AC : CB (201.) ; 
and therefore, by composition, AG : AG+GB or AB : : AC 
: AC+CB ; but AG is to AB as the triangle ACG is to the 
triangle ACB, or 2CDF ; besides if the angle A is right, the 
right-angled triangles ACG, CDF must be similar, and give 
ACG : CDF : : AC^ CF^ ; or ACG : 2CDF : : AC^ : 2CF^ ; 
therefore, AC^ : 2CF' :: AC : AC+CB. 
Multiply the second pair by AC ; the antecedents will be equal, 
and consequently we shall have 2CF'=AC. f AC+CB), or 
^„, ,^/ AC+CB \ , ^ - 

l^j? =AC^ g — ^ ; hence if the angle A is right, the 

perpendicular CF will be a mean proportional between the 
side AC and the half sum of the sides AC, CB. 
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PROBLEH. *y 

296. To find a circle differing as little aiwe please from a given 

regular polygon. 

Let the square BMNP be the 
proposed polygon. From the -^ 
centre C^drawCA perpendicular 
to MB, and join CB. 

The circle described with the 
radius CA is inscribed in the 
square, and the circle described 
with the radius CB circumscribes 
this same square ; the first will in 
consequence be less than it, the 
second greater : it is now requir-? 
ed to reduce those limits. 

Take CD and CE, each equal ^N B 

to the mean proportional between CA and CB, and join 
£D ; the isosceles triangle CDE will, by the last propo- 
sition, be equivalent to the triangle CAB. Perform the 
same operation on each of the eight triangles which compose 
the square : you will thus form a regular octagon equivalent 
to the square BMNP. The circle described with the radioi^ 

CA+CB 



Ml D 


-^P B 


\ -^ 


l^y^ 


>. 


1/ 




t 




x 




\ 



CF, a mean proportional between CA and 



2 



will be 



inscribed in this octagon, and the circle whose radius is CD 
will circumscribe it. The first of them will therefore be less 
than the given square, the second greater* 

If the right-angled triangle CDF be,^ in like isianner, 
changed into an equivalent isosceles triangle, we shall by this 
means form a regular polygon of 16 sides, equivalent to the 

Eroposed square* The circle inscribed in this polygon will 
e less than the square ; the circumscribed circle will be 
greater. 

The same process may be continued* till the ratio hetweem 
the radius of the inscribed and that of the circumscribed 
circle^ approach as near to equality as we please. In that 
case, both circles may be regarded as equivalent to the 
square. 

297. Scholium. The investigation of the successive radii 
is reduced to this. Let a be the radius of the circle inscribed 
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in one of the polygons^ b the radius of the circle circumscri- 
bing the same polygon ; let a and b' be the corresponding 
radii for the next polygon, which is to have twice the num- 
ber of sides. From what has been demonstrated, b' is a meat! 
proportional between a and b, and ct is a mean proportional 

a+b , — 4^ / a+b 

between a and--r— : so that b = -/a.6, and a = v o.—^^ : 

hence a and b the radii of one polygon being known, we may 
easily discover the radii a and b' of the next polygon; and the 
process may be continued till the difference between the two 
radii becomes insensible ; then either of those radii will be the 
radius of the circle equivalent to the proposed square or po- 
lygon. 

This method is easily practised with regard to lines ; for it 
implies nothing but the finding of successive mean propor^ 
tionals between lines which are given : it is still more easily 
practised with regard to numbers, and forms one of the most 
commodious plans which elementary geometry can furnish, 
for discovering speedily the approximate ratio of the circum- 
ference to the diameter. Let the side of the square be 2 ; 
the first inscribed radius CA will be 1, and the first circum- 
scribed radius CBwili be \/2 or t.4142136. Hence, put- 
ting £«=: I, 6=1.4142136, we shall find 6 = 1.1892071, aod 
«'= 1.0^86841. These numbers will serve for computing the 
rest,\the law of their combination being known. 

Radii of tlie circumscribed circles. Radii of the inscribed circles. 

1.4142136 . 1.0000000 

1.1892071 . . 1.0986841 

1.1430500 1.1210863 

1.1320149 1.1265639 

1.1292862 : 1.1279257 

1.1286063 . 1.1282657 

m 

Since the first half of these figures is now become the same 
on both sides, it will occasion little error to assume the arith- 
metical means instead of the mean proportionals or geomet- 
rical means, which difier from the former only in their last 
figures. By this method, the operation is greatly abridged-; 
the results are : 

1.1284360 1.1283608 

1.1283934 1.1283721 

1.1283827 1.1283774 

1.1283801 1.1283787 

1.1283794 1.1283791 

1.1283792 7.1283792 

17 
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Thus 1.1283793 is very nearly the radius of a circle equal 
in surface to the square whose side is 2. From this, it is easy 
to find the ratio of the circumference to the diameter : for it 
has already been shewn that the surface of the circle is equal 
to the square of its radius multiplied by the number ^; hence 
if the surface 4 be divided by the square of 1.1283792 the 
radius, we shall get the value of ^r^ which by this computa- 
tion is found to be 3.1415926, &C.9 as was formerly deter* 
mined by another method. 
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298. A maonmum is the greatest among ail the quantities 
of the same species ; a minimum is the least. 

Thus the diameter of a circle is a mcucimum among all the 
lines joining two points in the circumference ; the perpendicu- 
lar is a minimum among all the lines drawn from a given 
point to a straight line. 

299. Isojperimetrical fgures are such as have equal peri- 
meters. 



THEOREM. \ 

300. Of all the triangles having the same base and the same pm- 
meter, the maximum is that triangle of which the two undetet'- 
mined sides are equal. 
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Suppose AC=CB, and AM+MB 
^AC+CB ; tl^en is the isosceles tri- 
angle ACB greater than the triangle 
AMB, which has the same base and 
•the same perimeter. 

From the centre C, with a radius 
CA=CB, describe a circle meeting ^^ 
CA produced in D; join DB; the 
angle DBA, inscribed in a semicircle, 
will be right (128-). Produce the 
perpendicular DB towards N, make 
MN=MB, and join AN. Lastly, 
from the points M and C, draw MP 
and CG perpendicular to DN. 

Since CB=:CD, and MN=MB, we have AC+CB=AD, 
and AM+MB=AM+MN. But AC+CB=AM+MB ; 
therefore AD=AM+MN ; therefore AD 7 AN: and since 
the oblique line AD is greater than the oblique line AN, it must 
be further from the perpendicular AB (52.) ; therefore DB 7 
BN ; therefore BG, which is half of BD, will be greater than 
BP which is half of BN. But the triangles ABC, ABM, 
having the same base AB, are to each other as their altitudes 
BG, BP; therefore, since BG7BP, the isosceles triangle 
ABC is greater than ABM, which is not isosceles, and has 
the same base and the same perimeter. 




THEOREM. 



*2, 



301 . Of all the isoperimetrical polygons having a given number 
of sidesy the maximum is the one which has its sides equal. 

For, let ABCDEF be the maximum 
polygon. If the side BC is not equal 
to CD, construct upon the base BD an p 
isosceles triangle BOD, which shall be 
isoperimetrical with BCD; this tri- 
angle BOD will (300.) be greater j» 
than BCD, and consequently the poly- 
gon ABODEF will be greater than d 
ABCDEF ; hence the latter is not the maximum of all the 
polygons having the same perimeter and the same number of 
sides, which contradicts the hypothesis. BC must therefore be 
equal to CD : for the same reasons must CD=DE, DE= 
EF, &c. ; hence all the sides of the maximum polygon are 
eqi^al. 
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302. Of aU the triangles^ having two sides given in length, and 
containing an angle which is not given jthe maximum is that trianr 
gle in which the ttdo given sides contain a right angle. 



X 



Let BAG, BAD be two trian- 
gles, in which the side AB is _ 
common, and the side AC=ADf 
if the angle BAG is right, the 
triangle BAG will be greater ^ 
than the triangle BAD, of which 
the angle A is acute or obtuse. 

For, the base AB being the IS 
same, the two triangles BAG, 
BAD are to each other as their 
altitudes AG, DE ; but the per- 
pendicular DE is shorter than S 
the oblique line AD or its equal AG ; hence the triangle 
BAD is less than the triangle BAG. 
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303. Among polygons formed of sides which are all given hut 
onCy the maximum is such that all its angles can be inscribed in 
a semicircle, of which the unknown side is the diameter. 

LetABGDEF be the 
greatest polygon which can 
be formed with the given 
sides AB, BG, GD, DE, 
£F, and the last side AF 
assumed at pleasure. Draw 
thediagonalsAD,DF. If A' 
the angle ADF were not 

right, then by making it right we should augment the trian- 
gle ADF (302.) ; and consequently augment the whole poly- 
gon, because the parts ABCD, DEF would continue exactly 
as they are. But this polygon, being already a maximum^ 
cannot be augmented ; hence the angle ADF is no other than 
a right angle. The same are ABF, AGF, AEF ; hence all 
the angles A, B, C, D, E, F of the maximum polygon are in 
a semicircumference/of which the indeterminate side AF is 
the diameter. 
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304. Scholium. This proposi- 
tion gives rise to a question : Whe- 
ther there be more ways than one 
of forming a polygon with sides 
which are all given, exce{)t the last 
side which is unknown^and is to ^ 
form the diameter of the semicir- 
cle wherein all the others are in- 
scribed f Before deciding this 
question, it will be necessary to observe, that if the same chord 
AB subtend two arcs described with different radii AC, ADy 
the central angle standing upon this chord, will be smaller in 
the circle whose radius is greater ; thus ACB^ ADB. For 
(78.), the angle ADO= AC D+ CAD; hence ACD^ADO, 
and doubling both, ACB^ADB. 
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305. There is but one way of forming a polygon' ABCDEF with 
sides which are all given^ except the last side^ which is unknown^ 
and is to form the diameter of the semicircle wherein aU the 
others are inscribed. 

For, suppose we have 
found one circle which sa- 
tisfies the conditions of the 
problem : if we take a 
greater circle, the chords 
AB, BC, CD, &c. will lie 
opposite to angles at the 
centre, which are smaller. Hence the sum of these central 
angles will be less than two right angles ; hence the extremi- 
ties of the given sides will not fall at the extremities of a dia- 
meter. The contrary error will arise, if we assume a smaller 
circle : hence the polygon in question can only be inscribed 
in one circle. 




-h 



506. Scholium. The order of the sides AB, BC, CD, &c. 
may be altered at will, the diameter of the circumscribed cir- 
cle, as well as the area of the polygon, always continuing the 
same ; for whatever be the order of the arcs AB, BC, &c., 
it is enough if their sum be a semicircumference, and the po- 
lygon will always have the same area, being always equal to 
the semicircle minus the segments AB, BC, &;c. the sum of 
which is the same in any order. 
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307. Of aU the polygons formed with given sides ^ the maximum 
is the one which can he inscribed in a circle. 

Let ABCDEFG be the inscribed 
polygon, and abcdefg the polygon 
which cannot be inscribed, both hav- !^ 
ing equal sides, AB=a6,BC=&c,8ic.; 
the inscribed polygon will be greater Ei| 
than the other. 

Draw the diameter EM ; join AM, 
MB ; upon a6=AB, coitstruct the tri- 
angle a6m equal to ABM, and join em. 

By (303.) of this Appendix, the 
polygon EFGAM, is greater than 
efgam^ unless this efgam can be in- 
scribed in a semicircle, of which the 
side em is the diameter, in which case 
the two polygons would be equal, by 
the last Proposition. For the same 
reason, the polygon EDCBM is 
greater than edcbm, saving a similar 
exception, by means of which they would be equal. Hence 
the whole polygon EFGAMBCDE is greater than efgambcde, 
unless they ai*e equal in all respects : but they are not equal in 
all respects, (161.) because the one is inscribed in a circle, and 
the other cannot be inscribed ; hence the inscribed polygon 
is greater. Take away from both respectively the equal tri- 
angles ABM, abm ; there will remain the inscribed polygon 
ABCDEFG greater than abcdefg^ which cannot be inscribed. 

308. Scholium, It might be shewn, as in the foregoing 
Proposition, that there can be only one circle, and therefore 
only one maximum polygon that will isatisfy the conditions of 
the problem ; and this polygon will always have the same 
area, in whatever order we arrange its sides. 
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309. The regular polygon is the greatest of all the polygons 
which have the same perimeter and the same number tf sides. 

For, by the second of these Theorems, the maocimum poly- 
gon has all its sides equal ; and by the last Theorem, it can 
be inscribed in a circle : hence it is a regular polygon. 
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310. JSffo angles at the centre^ measured in two different circles^ 
are to each other as their included arcs divided by their radii. 

The angle C is to the angle O 
as the quotient 777 is to the quo- 



AC 



DE 




tient _ - . ..^ 

DO VC 0> 

With a radius OF, equal to AC, describe the arc FG inclu- 
ded between the sides OD, OE produced. By reason of the 
equal radii AC, OF, (122.) we shall have C : O : : AB : FG ; 

AB FG 

hence C : O : : -ttt • ^^^t;* But by reason of the similar arcs 

AC FO ^ 

FG, DE, (288.) we have FG : DE : : FO : DO ; therefore 

FG DE 

the quotient =^ is equal to the quotient rrp-iandconsequently 

^ ^ AB DE 
C : O : : 



AC DO 
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311. Of two isoperimetrical regular polygons^ the one having the 

greater number of sides is the greater. 

Let DE be a half-side of one of those polygons, O the cen- 
tre, OE the apothem : let AB be a half-side of the other po- 
lygon, C the centre, CB the apothem. Suppose the centres 
O and C to be situated at any distance OC, and the apothems 
OE, CB, in the direction OC : thus DOE and ACB will be 




half angles at the centres of the polygons ; and because these 
angles are not equal, the lines CA, OD, if produced, will 
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meet in some point F ; from this point let fall the perpen- 
dicular FG on OC produced ; from the points O and C as 
centres, describe the arcs GI, GH, terminated by the sides 
OF, CF. 

^ GI GH 

Now, by the preceding lemma, we have O : C : :q^ : qq? 

but DE is to the perimeter of the first polygon, as the angle 
O is to four right angles ; and AB is to the perimeter of the 
second polygon, as C is to four right angles ; therefore, shice 
the perimeters of the polygons are equal, DE : AB : : O : C, 

or PE : AB : :^ : p^. Multiply the antecedents by OG, 

and the consequents by CG ; we shall have DE.OG : AB.CG 
: : GI : GH. But the similar triangles ODE, OFG give 
OE : OG : : DE : FG, whence DE.OG=OE.FG ; in like 
manner, we should find AB.CG=CB.FG ; therefore OE.FG 
: CB.FG : : GI : GH, or OE : CB : : GI : GH. Hence, if 
we can shew that the arc GI is greater than the arc GH, it 
will follow that the apothem OE is greater than CB. 

On the other side of CF, construct a figure CKo? entirely 
equal to the figure CGa?, so that CK=CG, the angle HCK= 
HCG, and the arc K.T=a:G; the curve K<rG will envelope 
the arc KHG, and (283.) be greater than it. Therefore Ga?, 
half of the curve, is greater than GH half of the arc ; there- 
fore still more is GI greater than GH. 

It follows, therefore, that the apothem OE is greater than 
CB; but (280.) the two polygons, having the same perimeter, 
are to each other as their apothems ; hence the polygon which 
has DE for a half «ide is greater than the polygon which has 
AB for its half-side ; the first has more sides, because its cen- 
tral angle is smaller ; hence of two isoperimetrical regular 
polygons, the one having more sides is greater. 
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312. The circle is greater than any polygon of the same perimeter. 

We have already shewn, that 
of all the isoperimetrical poly- A. 
gQns having the same number 
of sides, the regular polygon 
is the greatest; therefore we 
need only to compare the cir- 
cle with some regular polygon 
of the same perimeter. Let AI 
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be the half-side of this polygon ; C its centre. In the iso- 
perimetrical circle, let the angle DOE be equal to ACI, and 
consequently, the arc DE be equal to the half-side AI. The 
polygon P is to the circle C as the triangle ACI is to the sec- 
tor ODE ; hence P : C : : iAI.CI : iDE.OE : : CI : OE. 
From the point E draw a tangent EG meeting OD produced 
in G : the similar triangles ACI, GOE will give the propor- 
tion CI : OE : : AI or DE : GE ; hence P : C : : DE : GE, 
or as DE.iOE, which is the measure of the sector DOE, is 
to GE.^OE, which is the measure of the triangle GOE : now 
this sector is less than the triangle ; hence P is less than C ; 
lience the circle is greater than any isoperimetrical polygon. 



BOOK. V. 

f PLANES AND SOLID ANGLES. 

Definitions. 

^313. A straight line is perpendicular to a plane^ when it 
is perpendicular to all the straight lines (326.) which pass 
through its foot in the plane. Conversely, \iie plane is per- 
pendicular to the line. 

The foot of the perpendicular is the point at which that 
line meets the plane. 

314. A line is parallel* to a plane ^ when it cannot meet 
that plane, to whatever distance both be produced. Con- 
versely, the plane is parallel to the line. 

315. Two planes are parallel to each other, when they 
cannot meet, to whatever distance both be produced. 

316. It will be demonstrated (324.) that, the common in- 
tersection of two planes which meet each other, is a straight 
line : that granted, the angle or mutual inclination of two 
planes is the quantity, greater or less, by which they are sepa- 
rated from each other ; this quantity is measured by the angle 
contained between two lines, one in each plane, and both per- 
pendicular to the common intersection at the same point. 

This angle may be acute, or right, or obtuse. 

18 
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317. If it is right, the two planes are perpendicular to 
each other. 

318. A solid angle is the angular space included between 
several planes which meet at the same point* 

Thus, the solid angle S, (see the fig. of Art. 364.) 
is formed by the union of the planes ASB, BSC, CSD, DSA. 
Three planes at least, are requisite to form a solid angle. 
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319. A straight line cannot be partly in a plane, and partly out 

of it. 

For, by the definition of a plane, when a straight line has 
two points common with a plane, it lies wholly in that plane. 

320. Scholium. To discover whether a surface is plane, 
it is necessary to apply a straight line in different ways to that 
surface, and to observe if it touches the surface throughout its 
whole extent. 
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32 1 . Two straight lines, which intersect each other, He in the ^ame 

plane, and determine its posUion, 

* 

Let AB, AC be two straight lines which 
intersect each other in A ; a plane may be 
conceived in which the straight* line AB is 
found; if this plane be turned round AB, 
until it pass through the point C, then the ^ 
line AC, which has two of its points A and 
C in this plane, lies wholly in it ; hence the 
position of the plane is determined by the single condition of 
containing the two straight lines AB, AC* 

322. Cor. 1. A triangle ABC, or thiree points A, B, C 
not in a straight line, determine the position of a plane. 

323. Cor* 2. Hence also two ig/ 
parallels AB, CD determine the po- 
sition of a plane ; for, drawing the 
secant EF, the plane of the two 
straight lines AE, EF is that of the Q 
parallels AB, CD. 
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324. If two planes cut each other, their common intersection wili 

be a straight line. 

For, If among the points common to the two planes, there 
be three which are not in the same straight line, then the 
planes, passing each through these three points, must form 
oply one and the same plane ; which contradicts the hypo- 
thesis. 
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325. If two straight lines intersect each other , and a third line is 
perpendicular to both of them at their point of intersection , it unll 
also be perpendicular to all lines drawn through its foot and in 
the plane of the two first lines , and willy therefore^ be perpen- 
dicular to the plane of those lines. 

Let AP be perpendicular to PB, PC, at the point P, and 
NM the plane of the lines CP, BD ; then will AP be perpen- 
dicular to any line of the plane passing through P, and con- 
sequently to the plane itself (313.). 

Through any point Q in 
PQ, draw (242.) the straight 
line BC in the angle BPC, 
so that BQ=QC ; join AB, 
AQ, AC. 

The base BC being divided 
into two equal parts at the 
point Q, the triangle BPC 
(194.) will give 

PC^+PB'=2PQ^4-2QC^ 
The triangle BAC will in like 
manner give 

AC^+AB^=2AQ^+2QC^ 

Taking the first equation from the second, and observing that 
the triangles APC, APB, which are both right-angled at P, 
give AC'— PC'=AP^ and AB^— PB'=AP'; we shall have 

AP'+AP^=2AQ'— 2PQ^ 

Therefore, by taking the halves of both, wc have AP^"= 
AQ'— PQ^ or AQ'=AF+PQ' ; hence the triangle APQ is 
right-angled at P ; hence AP is perpendicular to PQ. 
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326. Scholium. Thus it is evrdent, not only that a 
straight line may be perpendicalar to all the straight lines 
which pass through its foot in a plane, but that it always must 
be so, whenever it is perpendicular to two straight lines 
drawn in the plane ^ which proves our first Definition to be 
accurate. 

327. Cor. 1 . The perpendicular AP is shorter than any 
oblique line AQ; therefore it measures the true distance from 
the point A to the plane MN. 

328. Cor, 2. At a given point P on a plane, it is im- 
possible to erect more than one perpendicular to that plane ; 
for if there could be two perpendiculars at the same point P, 
draw through these two perpendiculars a plane, whose inter- 
section with the plane MN is PQ ; then these two perpen- 
diculars would be perpendicular to the line PQ, at the same 
point, and in the same plane, which is impossible (50.). 

It is also impossible to let fall from a given point out of a 
plane two perpendiculars to that plane ; for let AP, AQ, be 
these two perpendiculars, then the triangle APQ would have 
two right angles APQ, AQP, which is impossible. 
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329. Oblique lines equally distant from the perpendicular are 
equal ; and, of two oblique lines unequally distant from the per- 
pendicular, the more distant, is the longer. 

For the angles APB, APC, 
APD, being right, if we sup- 
pose the distances PB, PC, 
PD, to be equal to each oth- p- 
er, the triangles APB, APC, 
APD, will have each an equal 
angle contained by equal sides; 
therefore they will be equal ; 

therefore the hypotenuses, or 

the oblique lines AB, AC, ^ 

AD, will be equal to each other. In like manner, if the dis- 
tance FE is greater than PD or its equal PB, the oblique 
line AE will evidently be greater than AB, or its equal AD. 

330. Cor. All the equal oblique lines AB, AC, AD, he. 
terminate in the circumference BCD, described from P the 
foot of the perpendicular as a centre ; therefore a point A 
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being given out of a plane, the point P at which the perpen- 
dicular let fall from A would meet that plane, may be found 
by marking upon that plane three points B, C, D, equally 
distant from the point A, and then finding the centre of the 
circle which passes through these points ; this centre will be 
P, the point sought. 

331. Scholium. The angle ABP is called the inclination of 
ihe oblique line AB to the^planeMN ; which inclination is evi- 
dently equal with respect to all such lines AB, AC, AD, as 
are equally distant from the perpendicular ; for all the trian- 
gles ABP, ACP, ADP, &c. are equal to each other. 
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332. If from a point unthout a plane, a perpendicular he let fall 
en the plane, and from the foot of the perpendicular a perpendi- 
cular he drawn to any line of the plane, and from the point cfvu- 
tergection a line he drawn to the first point, this latter Une will 
he perpendicular to the line of the plant. 

Let AP be perpendicular to the 
plane NM, PD perpendicular to BC ; 
then will AD also be perpendicular ;££ 
toBC. 

Take DB=DC, and join PB, PC, 
AB,AC. Since DB=DC, the oblique 
line PB=PC : and with regard to 
the perpendicular AP, since PB= 
PC, theoblique line AB=AC (329.); 
therefore the 4ine AD has two of its ^^'' 

points A and D equally distant from the extremities B and C ; 
therefore AD is a perpendicular at the middle of BC (55.). 

333. Cor. It is evident likewise, that BC is perpendicu- 
lar to the plane APD, since BC is at once perpendicular to 
the two straight lines AD, PD. 

334." Scholivmy The two straight lines AE, BC afford an 
instance of two lines which do not meet, because they are not 
situated in the same plane. The shortest distance between 
these Hnes is the straight line PD, which is at once perpendi- 
cular toHhe line AP and to the line BC. The distance PD 
is the shortest-distance between these two lines ; for if we join 
any other two points, such as A and B, we shall have AB 7 
AD, AD 7PD ; therefore AB 7PD. 
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The two lines: AE, CB, though not situatjed in \he same 
plane, ajre conceived as forming a right angle with each other, 
because AE and the line drawn through one of its points 
parallel to BC would make with each other a right an- 
gle. In the same manner, the line AB and the line PD, 
which represent any two straight lines not situated in the 
same plane, are supposed to form with each other the same 
angle, which would be formed by AB and a straiglit line pa- 
rallel to PD drawn through one of the points of AB. 
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33$. If one of two parallel lines 19 perpendicular to a plane, the 
other will also be perpendicular to the same pJ-ane. 

Let the lines ED, AP be 
parallel ; if AP is perpen- 
dicular to the plane NM, -^i- 
then will ED also be per- ^ 
pendicular to it. 

Through the parallels 
AP, DE, pass a plane ; its 
intersection with the plane 
MN will be PD ; in the 
plane MN draw BC perpendicular to PD, and join AD. 

By the Corollary of the preceding Theorem, BC is per- 
pendicular to the plane APDE ; therefore the angle BDE is 
right ; but the angle EDP is right also, since AP is perpeur 
dicular toPD, and DE parallel to AP (65.); therefore the line 
DE is perpendicular to the two straight lines DP, DB ; there- 
fore it is perpendicular to their plane MN (325). 

336. Cor. 1. Conversely, if the straight lines AP, DE 
Aire perpendicular to the same plane MN, they will be paral- 
lel ; for if they be not so, draw through the point D a line 

Sarallel to AP, this parallel will be perpendicular to the plane 
IN ; therefore through the same point D more than one per- 
pendicular might be erected to the same plane, which (3^8.) 
U impossible. 

337. Cor. 2. Two lines A and B, parallel to a third C, are 
parallel to each other ; for, conceive a plane perpendicular to 
the line C ; the lines A and B, being parallel to C, will be 
perpendicular to the same plane ; therefore, by the preceding 
Corollary, they will be parallel to each other- 



BOOK V. 



127 



The three lines tre understood not to be in the same plane ; 
otherwise the proposition (66.) would be already known. 
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338. If a straight line is parallel to a ^raight line drattn in a 
plane, it will be paraUel to that plane. 



m: 



Let AB be parallel to 
CD of the plane NM ; 
then will it be parallel to 
the plane NM. 

For if the line AB, 
which lies in the plane 
ABDC, could meet the 
plane MN, this could only 
be in some point of the line CD, the common intersection of 
the two planes : but AB cannot meet CD, since they are pa- 
rallel; hence it will not meet the plane MN; hence (314.) 
it is parallel to that plane. 
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339. T\do planes perpendicular to the same straight UnCy are .pa- 
rallel to each other. 
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Let the pllanes NM, QP be pcfr- 
pendiciilar to AB, then will they 
be parallel. 

For, if they can liieet any- 
where, let O be one of their com- 
mon points, and join OA, OB ; 
the line AB which is perpendicu- 
lar to the plane MN, is perpendi- 
cular to the straight line OA drawn through its foot in 
that plane ; for the same reason AB is perpendicular to BO ; 
therefore OA and OB are two perpendiculars let fall, from 
the same point O, upon the same straight line ; which is im- 
possible : therefore the planes MN, PQ, cannot meet each 
other ; therefore they are parallel. 
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meet in some point F ; from this point let fall the perpen- 
dicular FG on OC produced ; from the points O and C as 
centres, describe the arcs GI, GH, terminated by the sides 
OF, CF. 

r. GI GH 
Now, by the preceding lemma, we have O : C : Iqq • qqJ 

but DE is to the perimeter of the first polygon, as the angle 
O is to four right angles ; and AB is to the perimeter of the 
second polygon, as C is to four right angles ; therefore, since 
the perimeters of the polygons are equal, DE : AB : : O : C, 

GI -GH 

or PE : AB : :^^ : pp. Multiply the antecedents by OG, 

and the consequents by CG ; we shall have DE.OG : AB.CG 
: : GI : GH. But the similar triangles ODE, OFG give 
OE : OG : : DE : FG, whence DE.OG=OE.FG ; in like 
manner, we should find AB.CG=CB.FG ; therefore OE.FG 
: CB.FG : : GI : GH, or OE : CB : : GI : GH. Hence, if 
we can shew that the arc GI is greater than the arc GH, it 
will follow that the apothem OE is greater than CB» 

On the other side of CF, construct a figure CKo? entirely 
equal to the figure CGo?, so that CK=CG, the angle HCK= 
HCG, and the arc Ka:=xG; the curve Ka?G will envelope 
the arc KHG, and (283.) be greater than it. Therefore Ga?, 
half of the curve, is greater than GH half of the arc ; there- 
fore still more is GI greater than GH. 

It follows, therefore, that the apothem OE is greater than 
CB; but (280.) the two polygons, having the same perimeter, 
are to each other as their apothems ; hence the polygon which 
has DE for a half side is greater than the polygon which has 
AB for its half-side ; the first has more sides, because its cen- 
tral angle is smaller ; hence of two isoperimetrical regular 
polygons, the one having more sides is greater. 

THEOREM. '^ 

312. The circle is greater than any polygon of the same perimeter. 



We have already shewn, that 
of all the isoperimetrical poly- A. 
gqns having the same number 
of sides, the regular polygon 
is the greatest; therefore we 
need only to compare the cir- 
cle with some regular polygon 
of the same perimeter. Let AI 
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be the half-side of this polygon | C its centre. In the iso- 
perimetrical circle, let the angle DOE be equal to ACI, and 
consequently, the arc DE be equal to the half-side AI. The 
polygon P is to the circle C as the triangle ACI is to the sec- 
tor ODE ; hence P : C : : iAI.CI : iDE.OE : : CI : OE. 
From the point E draw a tangent EG meeting OD produced 
in G : the similar triangles ACI, GOE will give the propor- 
tion CI : OE : : AI or DE : GE ; hence P : C : : DE : GE, 
or as DE.40E, which is the measure of the sector DOE, is 
toGE.^OE, which is the measure of the triangle GOE : now 
this sector is less than the triangle ; hence P is less than C ; 
hence the circle is greater than any isoperimetrical polygon. 



BOOK. V, 

• PLANES AND SOLID ANGLES. 

Definitions. 

^313. A straight line is perpendicular io a plane^ when it 
is perpendicular to all the straight lines (326.) which pass 
through its foot in the plane. Conversely, ilie plane is per- 
pendicular to the line. 

The foot of the perpendicular is the point at which that 
line meets the plane. 

314. A line is parallel ^to a plane, when it cannot meet 
that plane, to whatever distance both be produced. Con- 
versely, the plane is parallel to the line. 

315. Two planes are parallel to each other, when they 
cannot meet, to. whatever distance both be produced. 

316. It will be demonstrated (324.) that, the common in- 
tersection of two planes which meet each other, is a straight 
line : that granted, the angle or mutual inclination of two 
planes is the quantity, greater or less, by which they are sepa- 
rated from each other ; this quantity is measured by the angle 
contained between two lines, one in each plane, and both per- 
pendicular to the common intersection at the same point. 

This angle may be acute, or right, or obtuse. 
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346. If three straight lines ^ not situated in t%e same plane, are 
eqnal and parallel^ the opposite triangles formed hy joining the 
extremities of these straight lines vnU be equals and their planes 
wiUbeparaUeL 

Let AB, CD, EF (see the last fig.) be the lines. 

For, since AB is equal and parallel to CD, the figure 
ABDC is a parallelogram ; hence the side AC is equal and 
parallel to BD. For a like reason the (ides A£, BF are 
equal and parallel, as also CE, DF ; therefore the two trian- 
gles ACE, BDF, are equal ; and consequently, as in the last 
Proposition, their planes are parallel. 
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547. 7W straight lines , included hetween three parallel planesp 

are cut proportumaUy. 

Suppose the line AB to 
meet the parallel planes MN, 
PQ, RS, at the points A, E, 
B ; and the line CD to meet 
the same planes at the points 
C, F, D : we are now to show 
that AE : EB : : CF : FD. 

Draw AD meeting the plane 
PQ in G, and join AC, EG, 
GF, BD ; the intersections ^ 
EG, BD, of the parallel planes 
PQ, RS, by the plane ABD, 
are parallel (340.) ; therefore AE : EB : ; AG : GD ; in like 
manner, the intersections AC, GF being parallel, AG : GD 
: : CF : FD ; the ratio AG : GD is the same in both ; hence 

AE : EB : : CF : FD. 
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348. In any quadrUaierdl^ whose side* are, or are nai^ in the same 
jiUme^ if two lines he drawn,, each dividing a pair of the oppo'^ 
site sides of the quadrilattral into proportional parts, these Unes 
wiU intersect ; and wiU divide each other \nto parts respectively 
proportional to the segments of the sides of the quadrilateral. 

In the quadrilateral ABCD, if the lines EF, GH, be drawn, 
making AE : EB : : DF : FC, and BG : GC : : AH : HD; 
the lines'EF, GH will intersect at M, and HM : MG : : AE : 
EB, and EM : MF : : AH : HD. 

Draw through AD any 
plane AiHcD, which shall 
not contain GH ; through 
the points E, B, C, F, 
draw Ec, B6, Cc, F/, 
parallel to GH, meeting 
that plane ine, 6, c,/. Be- 
cause B6, GH, Cc, are 
parallel, (196.) we have 
6H : He : : BG : GC : : 
AH : HD; therefore(208.) 
the triangles AH6, DHc are similar. Also we have A^ : A 
: : AE : EB, and D/:/c : : DF : FC ; therefore Ac : c6 : : 
DfifCf or by composition, Ae : Df: : A6 : Dc; but, because 
the triangles AH6, DHc, are similar, we have A6 : Dc : : 
AH : HD ; therefore Ae :Df: : AH : HD ; as the triangles 
AH6, HDc are similar, the angle HAc=HD/'; therefore 
(208.) the triangles AHe, DH/ are also similar ; therefore 
the angle AHe=DH/. Hence it follows that eHf is a straight 
line, and therefore the three parallels Ee, GH, F/are situated 
in the same plane, which plane will contain the two straight 
lines EF, GH ; therefore these latter must cut each other in a 
point M. Lastly, because Ee, MH, I/are parallel, we have 
EM : MF : : cH : H/: : AH : HD. 

And, by a similar construction in reference to the side AB, 
it may be shown that HM : MG : : AE : EB. 




* Maj be omitted, haviDg Ho immediate conoexion with what followi. 
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THEOREM. 

349^ The angle included between tmo planes may he measured, 
ogreeMp to our Definitiony by the angle which is fanned by tw^ 
UnrSf one being drawn in each of those planes, and both per' 
pendicular to the common intersection at the same point. 

Let the line AN of the plane MAN, and AP of the plane 
HAP be perpendicular to the common intersection AM at 
the point Aj then will the angle PAN measure the angle in- 
cluded between the planes. 

^o show the correctness of this mea- M 
surement, we must, in the first place 
prove that it is constant, or that it would 
be the same at whatever point of the 
common intersection the perpendiculars 
were drawn. 

Take any other point M ; and draw 
MC in the plane MN, MB in the plane 
MP, perpendicular tothdcommon inter- 
section AM. Since MB and AP are 
perpendicular to the same line AM, they are parallel to each 
other. For the same reason, MC is parallel to AN ; there- 
fore, (344.) the angle BMC=PAN ; therefore it is indifierent 
whether the perpendiculars be drawh at the point M or at the 
point A ; the included angle will be always the same. 

In the second place, we must prove that, if the angle of the 
two planes increases or diminishes in a certain ratio^ the 
angle PAN will increase or dkninish in the same ratio. 

la the plane PAN, from the centre A and with any radius, 
describe the arc NDP ; from the centre M and with an equal 
radius, describe the arc CEB ; draw AD to any point D of 
the arc PD: the two planes PAN, BMC, being perpen-- 
dicular to the same straight line MA, will (339.) be parallel ; 
therefore the intersections AD, ME, of these two planes with 
a third AMD, will be parallel; therefore (344.) the angle 
BME will be equal to PAD. 

Let us for a moment call the angle, which is formed by the 
two planes MP, MN, a wedge; that granted, if the angle 
DAP were equal to DAN, it is evident that the wedge DAMP 
would be equal to the wedge DAMN; for the base PAD if 
placed upon its equal DAN would exactly coincide with it, 
the height AM would be always the same ; therefore the two 
corners would coincide with each other. In like manner it 
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wmy be shown, that if the angle DAP, were contkined a cer- 
tain namber of times exactly in thd angle PAN, the wedgie 
DAMP would be contained just as many times in the wedge 
PAMN^ But from the ratio in whole numbers, the conclu*- 
sion with regard to any ratio is legitimate, and was above 
demonstrated (122.) in a case altogether similar; therefore 
whatever be the ratio of the angle DAP to the angle PAN, 
the wedge DAMP will be in that same ratio with the wedge 
PAMN ; therefore the angle NAP may be taken as the mea- 
sure of the wedge PAMN, or of the angle which is formed by 
the two planes MAP, MAN. 

3B0. Scholium. The same relation subsists between the 
angles which are formed by two planes, as between those 
which are formed by two straight lines. Thus when twd 
planes mutually cross each other, the opposite or vertical an-* 
g\ei are equal, and the adjacent angles are together equal to 
two right angles ; therefore if one plane be perpendicular to 
another, the latter is also perpendicular to the former. In like 
manner, when two parallel planes are* met by a third plane, 
the same equalities and the same properties appear, as when 
two parallel lines are met by a third line. 
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351. y a line is perpendicular to a plane^ every plane paseei 
ikrougk the perpendicular^ is also perpendicular to the plane. 

Let AP be perpendicular to the 
plane NM ; then will every plane 
passing through AP be perpendi- 
cular to NM. 

Let BC be the intersection of 
the planes AB, MN ; in the plane 
MN, draw DE perpendicular to 
BP : then the line AP, being per- 
pendicular to the plane MN, will 
be perpendicular to each of tlie 
two straight lines BC, DE ; but the angle APD, formed bf 
the two perpendiculars PA, PD to the common intersectiM 
BP, measures the angle of the two planes AB, MN ; there- 
fore (317.), since that angle is right, the two planes are per- 
pendicular to each other. 
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352. Sdiolium. When three straight lines^ Mich as AP, 
BP, DPy are perpendicular to each ot^er, each of those lines 
is perpendicular to the plane of the other two, and the three 
planes are perpendicular to each other. 

THEOREM. 

353. ff two planes are perpendicular to each other y a line drawn^ 
in one of them perpendicular to their common intersection, vnU 
be perpendicular to the other plane* 

Let the plane AB (see the last fig.) be perpendicular to 
NM ; then if AP be perpendicular to BC, it will also be per- 
pendicular to the plane NM. 

For, in the plane MN draw PD perpendicular to PB; then, 
because the planes are perpendicular, the angle APD is right; 
therefore the line AP is perpendicular to the two straight lines 
PB, PD ; therefore it is perpendicular to their plane MN. 

354. Cor* If the plane AB is perpendicular so the plane 
MN, and if at a point P of the common intersection we erect 
a perpendicular to the plane MN, that perpendicular will be 
in the plane AB ; for, if not, then, in the plane AB, we might 
draw AP perpendicular to PB the common intersection, and 
this AP, at the same time, would be perpendicular to the 
plane MN ; therefore at the same point P there would be two 
perpendiculars to the plane MN, which is impossible (338.). 



THEOREM; 

355. If two planes are perpendicular to a thirds their common 
intersection will be perpendicular to this third plane. 

Let the planes AB, AD, (see the preceding fig.) be perpen- 
dicular to NM ; then will their intersection AP be perpendi- 
cular to NM. 

For, at the point P erect a perpendicular to the plane MN ; 
that perpendicular must be at once in the plane AB and in 
the plane AD (354.) ; therefore k is their common intersec- 
tion AP. • 



BOOKT. 



13S * 



THEOBEBC. 

356. Jf a soUd angle is farmed by three plane anglesy the etim cf 
any two of theee angles unll be greater than the third. 

The proposition requires demon- 
stration only when the plane angle, 
which is compared to the sum of the 
other two, is greater than either ^of 
them. Therefore suppose the solid 
angle S to be formed by three plane 
angles ASB, ASC, BSC, whereof 
the angle ASB is the greatest ; we 
are to show that ASB^ASC+BSC. 

In the plane ASB make the angle BSD^BSC, draw the 
straight line ADB at pleasure ; and having taken SCs=SD, 
join AC, BC. 

The two sides BS, SD are equal to the two BS, SC ; the 
angle BSDi=BSG ; therefore the triangles BSD, BSC are 
equal; therefore BD=:BC. But AB/lAC+BC ; taking 
BD from the one side, and from the other its equal BC, there 
remains AD^ AC* The two sides AS, SD are equal to the 
two AS, SC ; the third side AD is less than the third side 
AC ; therefore (42.) the angle ASDZ ASC. Adding BSD 
ssBSC, we shall have ASD+BSD or ASB/lASC+BSC. 
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357. The sum of the plane angles which form a solid angle is al^ 

ways less than four right angles. 

Cut the solid angle S by any plane 
ABCDE ; from O, a point in that plane, 
draw to the several angles straight lines 
AO, OB, OC, OD, OE. 

The sum of the angles of the trian- 
gles ASB, BSC, be. formed about the 
vertex S, is equivalent to the sum of the 
angles of an equal number of triangles ^ 
AOB, BOC, be formed about the point 

O. But at the point B the angles ABO, b~ q 

OBC, taken together, make the angle ABC (356.) less than 
the sum of the angler ABS, SBC ; in the same manner, al 
the point C we have BCO+OCDilBCS+SCD ; and so 
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with all the angles of the poIygoa-ABCDE : whence it fol- 
lows, that the sum of ail the angles at the bases of the trian- 
gles whose vertex is in O, is less than the sum of the angles 
at the bases of the triangles whose vertex is in S ; hence to 
make up the deficiency, the sum of the angles formed about 
the point O, is greater than the sum of the angles about the 
point S. But the &um of the angles about the point O is 
equal to four right angles (34.) ; therefore the sum of the 
plane angles, which form the solid angle S, is less than four 
right angles. 

358. Scholium* This demonstration is founded on the 
supposition that the solid angle is convex, or that the^ plane 
of no one surface produced can ever meet the solid angle ; if 
it were otherwise, the sum of the plane. angles would no lon- 
ger be limil;ed, and mi^ht; be of any magnitude. 

THEOREM. 

359. If tim solid angles are contained biy three plane angles^ rer 
S(pectivel^ eqMol to each other^ the jplanas of tke ^qu^ <V|gI«t, 
wHl be eiq^4ilfy ukclined to each other * 

Let the angle ASC=:DTF, 
the angle ASB=DT£, and the 
angle BSC=ETF ; then will 
the inclination of the planes 
ASC, ASB, be equal to that of 
the planes DTF, DTE. 

Having taken SB at plea- 
sure, draw BO perpendicular 
to the plane ASC ;. from the point O, at which that perpen- 
dicular meets the plane, draw OA, OC perpendicular to SA, 
SC ; join AB, BC ; next take TE:=SB; draw EP perpen- 
dicular to the plane DTF ; from the point P draw PD, PF, 
perpendicular respectively to TD, TF ; lastly, join DE, EP. 

The triangle SAB is right-angled at A, and the triangle 
TDE at D (332.) ; and since the angle ASB=DTE we have 
SBA==:TED. Likewise SB^TE ; therefore the triangle 
SAB is equal to the triangle TDE ; therefore SA=TD, and 
ABssDE. In like manner it may be shown, that SC=:TF| 
and BC=sEF. That granted, the quadrilateral SAOC is 
equal to the quadrilateral TDPF : for, place the an^le ASO 
upon its equal DTF ; because SA=s:TD^ and SC=^TF, th^ 
poioi A will fall on D, and the point G ou F ; and> al tlM 
ttme thnei AQ> which is perpendicalait to BA, wsH fall cni 
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PD which is perpiendicuiar to TD, and in like manner OC on 
PF ; wherefore the point O will fall oii the point P, and AO 
will be equal to DP. But the triangles AOB» DPE, are 
right-angled at O and P ; the hypotenuse AB=DE, and the 
side AO^DP : hence (56.) those triangles are equal ; hence 
the angle OAB=PDE. The angle OAB is the inclination 
of the two planes ASB^ ASC ; and ihe angle PDE is that of 
the two planes DTE, DTF ; hence those two inclinations 
ere equal to each other. 

It must, however, be observed, that the angle A of the 
right-angled triangle OAB is properly the inclination of the 
two planes ASB, ASC, only when the perpendicular BO falls 
on the same side of SA, with SC ; for if it fell on the other 
side, the angle of the two planes would be obtuse, and joined 
to the angle A of the triangle OAB it would make two right 
angles. But in the same case, the angle of the two planes 
TDE, TDF would also be obtuse, and joined to the angle D 
of the triangle DPE, it would make two right angles } and 
the angle A being thus always equal to the angle at D, it 
would follow in the same manner that the inclination of the 
two planes ASB, ASC, must be equal to that of the two 
planes TDE, TDF. 

360. Scholium* If two solid angles are contained by three 
plane angles, respectively equal to each other, and if at the 
same time the equal or homologous angles are disposed in the 
same manner in the two solid angles, these angles will be 
equal, and they will coincide when applied the one to the 
other. We have already seen that the quadrilateral SAOC 
may be placed upon its equal TDPF ; thus placing SA upon 
TD, SC falls upon TF, and the point O upon the point P. 
But because the triangles AOB, DPE are equal, OB perpen- 
dicular to the plane ASC is equal to PE perpendicular to the 
plane TDF ; besides, those perpendiculars lie, in the same di- 
rection ; therefore the point B will fall upon the point E, 
the line SB upon TE, and the two solid angles will wholly 
coincide. 

This coincidence, however, takes. place only when we sup- 
pose that the equal plane angles are arranged in ihe same 
manner in the two solid angles ; for if they were arranged in 
an inverse order, or, what is the same, if the perpendiculars 
OB, PE, instead of lying in the same direction with regard 
. to the planes ASC, DTF, lay in opposite directions, then it 
would be Impossible to make these solid angles coincide with 
one another. It would not, however, on this account, be less 
true, as our Theorem states, that the planes containing the 

20 
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equal angles mast still be equally inclioeil to egch :Otber ; so 
thai the two solid angles would be equal in all their tenstitu-* 
ent parts, without, however, admitting of superposition. This 
sort of equality, which is not absolute, or such as admits of 
superposition, deserves to be distinguished by a partjicular 
name : we shall call it equality by symmetry. 

Thus those two solid angles, which are formed by three 
plane angles respectively equal to each other but disposed in 
an inverse order, will be called angles equal by symmetry^ or 
simply symmetrical angles* 

The same remark is applicable to solid angles, which are 
formed by more than three plane angles : thus a solid angle, 
formed by the plane angles A, B, C, D, E, and another solid 
angle, formed by the same angles in an inverse order A, £, 
D, C, Bj may be such that the planes which contain the 
equal angles are equally inclined to each other. Those two 
solid angles, likewise equal, without being capable of super- . 
position, would be called solid angles equal by symmetry^ or 
symmetrical solid armies. 

Among plane figures, equality by symmetry does not pro- 
perly exist, all figures which might take this name being abso- 
lutely equal, or equal by superposition ; the reason of which 
is, that a plane figure may be inverted, and the upper part 
taken indiscriminately for the under. This is not the case 
with solids ; in which the third dimension may be taken in 
two different directions. 

PROBLEM. 

361. 7%e three angles which form a solid angle being giten, to 
fisd by a construction on aplanCi the angle contained beiween 
two of these plqnee. 

^ Let S be the proposed solid angle, in which the three plane 
angles ASB, ASC, BSC, are known ; it is required to find 
the angle contained by two of these planes, such as ASB, 
ASC 
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Conceive the same construction to be made as in the pre- 
ceding Theorem ; the angle OAB would be the angle sought. 
It is required to find the same angle by a plane construction, 
or one performed on a plane. 

On a plane, therefore, make the angles B'SA, ASC, B''SC 
equal to the angles BSA, ASC, BSG, in the solid figure ; 
tal^e B'S and B"S each equal to BS in the solid figure ; from 
the points B' and B'\ and at right angles to SA, and SC, 
dravir B'A and B"C, which will intersect each other at the 
point O. From A as a centre, with the radius AB', describe 
the semicircle B'6£ ; at the point O, erect Ob perpendicular 
to BE, and meeting the circumference in b ; join A6 .* the 
angle EA6 will be the required inclination of the two planes 
ASC, ASB in the solid angle. 

All we have to prove is, that the triangle AOb of the plane 
figure is equal to the triangle AOB of the solid figure. Now 
the two triangles B^S A, BSA are right-angled at A; the angles 
at S are equal : hence the angles at B and B' are also equal* 
But the hypotenuse SB' is also equal to the hypotenuse SB ; 
hence these triangles are equal; therefore SA of the plane 
figure, is equal to SA of the solid figure, and likewise AB', 
or its equal A6, in the former to AB in the latter. In the 
same way, it might be shown that SC is equal in both ; hence 
it follows, that the quadrilateral SAOC must be equal in both, 
and consequently AO of the plane figure is equal to AO in 
the solid. Thus, in both figures the right-angled triangles 
AObj AOB have each the hypotenuse and a side respectively 
equal ; hence they are themselves equal ; and the angle EAft, 
found by the plane constructicm, is equal to the inclination 
of the two planes SAB, SAC in the solid angle. 
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When the point O falls between A and B^ in the plane 
figure, the angle EA( becomes obtuse, and still nieasuFes the 
true inclination of the planes. It is for this reason that EAft^ 
not OAJ, has been employed to designate the required in- 
clination, in order that the same solution might suit every 
possible case. 

362. Scholium. A question may arise, whether^ if any 
three angles be assumed at pleasure, a solid angle can be 
formed with them. 

Now, first, the sum of the three given angles must be lesa 
than four right angles, otherwise (357.) no solid angle can be 
farmed ; and further, two of these angles B'SA, ASC being 
assumed at pleasure, the third CSB'' must be such that B"C, 
perpendicular to the side SC, shall hieet the diameter B'£ 
between its extremities B' and E. Thus the limits to the 
magnitude of the angle CSB'' are such as would make the 
perpendicular B'C terminate in the points B' and E. From 
these points, draw Bl and EK at right angles to CS, and 
meeting the circumference described with the radius SB" in I 
and K ; the limits of the angle CSB" will be CSI and CSK. 

But in the isosceles triangle BSI, since the line CS pro- 
duced is perpendicular to the base Bl, we have the angle 
CSI=CSB'=ASC+ASB'. And in the isosceles triangle 
ESK, since the litie SC is perpendicular to EK, we have the 
angle CSK=CSE. Also, by reason of the equal triangles 
ASE, ASB', we have the angle ASE=ASB' ; hence CSE 
or CSK=ASC— ASB'. 

Therefore the problem is always possible, when the third 
angle CSB'' is less than the sum of ASC, ASB' the other two, 
and greater than their diiflference ; conditions agreeing with 
Theorem of Art. 356 ; according to which it was required 
that we should have CSB'Z. ASC+ASB', and also ASC/. 
CSB'+ASB, or CSB',7ASC— ASB'. 

PROBLEM. 

3C3. Two of the three plane angles which form a solid angle, and 
also the inclination of their planes, being given, to find the third 
plane angle. 

. Let ASC, ASB', (see the last figure) be the two given 
plane angles ; and suppose for a moment that CSB'' is the 
third angle required : then, employing the same construction 
as in the foregoing Problem,* the angle included between the 
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planes of the two first, ASC, ASB\ would be EA&. Now, 
as £A6 is determined by means of CSB', the other two 
being given, so likewise may CSB' be determined by means 
of E A6, which is just what the Problem requires. 

Having taken SB' of any length, at pleasure, upon SA let 
fall the indefinite perpendicular HE ; make the angle EAi 
equal to the inclination of the two given planes ; from the 
point by where the side Aft meets the circle described from 
the centre A with the radius AB', draw bO perpendicular to 
AE ; from the point O, at right angles to SC draw the in- 
definite line OCB" ; make SB"=SB' : the angle CSB" will 
be the third plane angle required. 

For, if a solid angle is formed with the three plane angles 
B'SA, ASC, CSB\ the inclination of the planes, in which are 
the given angles ASB', ASC, will be equal to the given angle 
EAb. 

364. Scholium. If a solid angle is 
quadruple^ or formed by four plane angles 
ASB, BSC, CSD, DSA, a knowledge 
of all these angles is not enough for de- 
termining the mutual inclinations of their 
planes ; for the same plane angles may 
serve to form a multitude of solid angles. 
But if one condition is added, if, for ex- 
ample, the inclination of the two planes 
ASB, BSC is given, then the solid angle 
is entirely determined, and the inclinatioa 
of any other two of its planes may be 
found, as follows : Conceive a triple solid angle to be formed 
by the three plane angles ASB, BSC, ASC ; the first two 
angles are given, as well as the inclination of their planes ; 
the third angle ASC may therefore be determined, by the 
Problem we have just solved. Now, examining the triple 
solid angle formed by the plane angles ASC, ASD, DSC ; 
those three angles are known ; hence this solid angle is en- 
tirely determined. But the quadruple solid angle is formed 
by the junction of the two triple solid angles of which we 
have now been treating \ and both these partial angles being 
known and determined, the whole angle will be known and 
determined likewise. 

The inclination of the two planes ASD, DSC may be found 
immediately by means of the second partial solid angle. As 
for the inclination of the two planes BSC, CSD, to obtain 
this, the inclination of the two planes ASC, DSC must be 
found in the one partial angle, that of the two planes ASC, 
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BSC iQ the other ; the sum of these two inclinations iiviU be 
the angle included between the planes BSC, DSC. 

In the same manner, we should find that for determining a 
quintuple solid angle, not only the five plane angles which 
compose it must be known, but also two of the mutual incli- 
nations of their planes ; three in a sextuple solid angle ; and 
so on. 
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POLYEDRONS. 

Definitions^ 

365. The name solid polyedron, or simply polyedroUf is 
given to every solid terminated by planes or plane faces ; 
which planes, it is evident, will themselves be terminated by 
straight lines. 

Solids which have a certain number of faces, receive parti* 
cular names : the solid which has four faces is named a teirae'- 
dron; that which has six, a hexaedron ; that which has eight, 
an octaedron ; that which has twelve, a dodecaedron ; that 
which has twenty, an icosaedron ; and so on. 

The tetraedron is the simplest of all poly edrons ; because at 
least three planes are required to form a solid angle, and these 
three planes leave a void, which cannot be closed without at 
least one other plane. 

366. The common intersection of two adjacent faces of a 
polyedron is called the side^ or edgt of the polyedron. 

367. A regular polyedron is one whose faces are all equal 
regular polygons, and whose solid angles are all equal to each 
other. There are five such polyedrons. (See the Appendix 
to Books VI. and VII.) 

368. The prism is a solid bounded by several parallelo- 
grams, which are terminated at both ends by equal and paral- 
lel polygons. 



i 
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To constrnct this solid, let ABODE be any polyg^on ; then 
if in a plane parallel to ABC, the lines FG, GH, HI, bx. be 
drawn eqaal and parallel to the sides AB, BC, CD, iic. thus 
forming the polygon FGHIK equal to ABODE ; if in the 
next place, the vertices of the angles in the one plane be joined 
with the homologous vertices in the other, by straight lines 
AF, BG, OH, be., the faces ABGF, BOHG, be. will be pa- 
rallelograms, and ABODEFGHlKi the solid so formed, will 
be a prism. 

369. The equal and parallel polygons ABODE, FGHIK 
are called the ba»e9 of the prism ; the paralleloi rams taken 
together constitute the lateral or convex surface of the prism; 
the equal straight lines AF^ BG, OH, be. are called the sides 
of the prism* 

370. The altitude of a prism is the distance between its 
two bases, or the perpendicular drawn from a point in the up- 
per base to the plane of the lower base. 

371. A prism is right j when the sides AF, BG, OH, be. 
are perpendicular to the planes of the bases ; and then each 
of them is equal to the altitude of the prism. In any other 
case the prism is oblique^ and the altitude less than the side. 

372. A prism is triangular^ quadrangular^ pentagonal, 
hexagonal^ be. when the base is a triangle, a quadrilateral, a 
pentagon, a hexagon, be. 

373. A prism whose base is a parallelogram, has all its 
faces parallelograms ; it is named a parallelepipedon. (See 
the diagram of Art. 390.) 

The paraUelepipedon is rectangular when all its faces are 
rectangles. 
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S74. Among fectangular paralielepipedons, we distiti- 
guish the cube^ or regular hexaedron, bounded by six equal 
squares. 

375. A pyramid (see the diagram of Art. 357.) is the so- 
lid formed by several triangular planes proceeding from the 
same point S, and terminating in the different sides of the 
same polygonal plane ABCDE. 

The polygon ABCDE is called the base of the pyramid, 
the point S its vertex ; and the whole of the triangles ASB, 
BSC, &C. form its comex or lateral surface* 

376. The altitude of a pyramid is the perpendicular let 
fall from the vertex upon the plane of the base, produced if 
necessary^ 

377. A pyramid is triangular^ quadrangular ^ &c. iaccord- 
ing as its base is a triangle, a quadrilateral, be. 

378. A pyramid is regular^ when its base is a regular po^ 
lygon, and when, at the same time, the perpendicular let fall 
from the vertex to the plane of the base passes through the 
centre of this base. That ^perpendicular is then called the 
axis of the pyramid* 

379. The diagonal of a polyedron is the straight line 
joining the vertices of two solid angles which are not adja- 
cent to each other. 

360. We shall give the name, symnnetricdl polyedr&nSf to 
any two polyedrons which having a common base, are con- 
structed similarly, the one above this base, the other beneath 
it, and so that the vertices of their homologous solid angles 
are situated at equal distances from the plane of the base, 
and in the same straight line perpendicular to that plane. 

If the straight line 
ST, for example, is 
perpendicular to the 
plane ABC, and al* 
so bisected at the 
point O, where it 

meets this plane, the S o ^ 

two pyramids SABC, TABC, which have the common base 
ABC, will be two symmetrical polyedrons. 
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381. Two triangular pyramids are mmilar^ when two 
faces in each are respectively similar, similarly placed, and 
equally inclined to each other. 



Thus, supposing the angles 
ABC=DEF,BAC=EDF,ABS 
=DET, BAS=EDT, ifibe in- 
clination of jhe planes ABS, ABC 
is likewise equal to that of their 
homologous planes DTE, DEF, 
the pyramids S ABC, TDEF will 
be similar. 



382. If a triangle is formed by joining the vertices of 
three angles taken upon the same face, or on the base of a 
polyedron, then the vertices of the different solid angles of 
the polyedron, which are situated without this base, may be 
conceived as being the vertices of so many triangular pyra- 
mids having the triangle just described for a common base ; 
and each of those pyramids will determine the position of a 
solid angle of the polyedron with reference to the base. Now, 

Two poly edrons are similar, when having similar bases, the 
vertices of their corresponding solid angles lying without 
those bases, are determined by triangular pyramids which are 
similar each to each. 

385. By the vertices of a polyedron, we mean the points 
situated at the vertices of its different solid angles. 

• Note. The only polyedrons we intend at present to treat of, 
are polyedrons with salient angles, or convex polyedrons. 
They are such that their surface cannot be intersected by a 
straight line in more than two points. In polyedrons of this 
kind, the plane of any face, when produced, can in no case 
cut the solid ; the polyedron therefore cannot be in part above 
the plane of any face, and in part below it ; it must lie 
wholly on the same side of this plane. 



THEOREM. 

384. Two polyedrons, having the same number of vertices, and 
these vertices being the same points, vnll coincide • 

For, suppose one polyedron to be already constructed : if 
a second is to be formed, having the same vertices and in the 

21 
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same number, the planes of the latter must either not all pass 
through the same points with the planes of the former, or the 
two polyedrons will not differ from each other. But if those 
planes of the latter do not all pass through the same points 
with the planes of the former, some of them must cut the first 
polyedron ; one or more of whose vertices must therefore lie 
above these planes, one or more below ; which cannot be the 
case with a convex polyedron : hence if two polyedrons have 
the same vertices' and in the same number, they must necessa- 
rily coincide with each other. 

385. The points A, B, C, K, &c. which are to be the 
vertices of a polyedron, being given, it is easy to describe 
the polyedron. 

First choose three adjacent points, D, 
£, H, such that the plane DEH shall 
pass, if need be, through the new points 
K, C, but leaving all the rest on the same 
side, all above the plane or all below it; aL 
the plane DEH or DEHKC, thus de- 
termined, will be one face of the solid. 
Through EH one of its sides, pass a. -^ 
plane, which turn round upon EH as an axis till it embraces 
a new vertex F, or several at once as F, I ; it. will give a se- 
cond face FEH or FEHI. Continue the same process, ma- 
king planes to pass through the sides successively determined, 
till the solid is bounded on all quarters : this solid will be the 
polyedron required, since there cannot be two which have the 
same vertices. 

THEOREM. 

386. In two symmetrical polygons, the homologous faces are re* 
spectively equal, and the inclination of two adjacent faces in ome 
of those solids^ is equal to the inclination of the two homologous^ 
faces in the other. 
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Let ABCDE be the common 
base of the two polyedrons ; M 
and N the vertices of any two so- • 
lid angles in the one, M' and N' 
the homologous vertices of the 
other; then (380.) the straight 
lines MM', NN', must be perpen- ^<m 
dicular to the plane ABC, and be 
divided into two equal parts at the 
points m and n, where they meet 
it. Now we are to shew that MN 
is equal to M'N'. 

For, if the trapezoid m M'N'n 
he made to revolve about mn till 
the plane of it falls upon the plane mMNn ; by reason of the 
rif^ht angles at m and n, the side mM will fall on its equal mM, 
and nN' upon nN ; hence the trapezoids will coincide, and we 
shall have MN=M'N'. 

Let P be a third vertex of the upper polyedron, and P' its, 
homologous vertex in the other ; we shall, as before, have 
MP=MF, andNP=N'F; hence Mc triangle MNP, which 
joins any three vertices of the upper polyedron^ is equal to the 
triangle M'N'P', which joins the three corresponding vertices 
of the other polyedron. 

If, among those triangles, we confine our attention to such 
as are formed at the surface of the polyedrons, we may al- 
ready conclude that the surfaces of the two polyedrons are 
each composed of the same number of triangles respectively 
equal in both. 

It is now to be shewn^ that if any of those triangles lie on 
the same plane in the upper surface, and form one and the 
saiQe poly gonal face, the corresponding triangles will lie on 
the same plane in the under surface, and there form an equal 
polygonal face. 

To prove this, let MPN, NPQ, be two adjacent triangles 
supposed to lie on the same plane ; and let MP'N', NPQ', 
be their corresponding triangles. The angle MNP=M N'P', 
the angle PNQ=PN'Q' ; and if MQ and M'Q' were joined, 
the triangle MNQ would be equal to M'N'Q' ; hence we 
should have the angle MNQ=M'NQ'. But since MPNQ is 
one single plane, the angle MNQ=MNP+PNQ : hence we 
shall likewise have M'NQ'=M'N'F+FNQ'. Now, if the 
three planes M'NP, FNQ', M'N'Q' were not all in one 
plane, those three planes would form a solid angle, and (356.) 
we should have the angle M'N'Q' ^M'N'F+ FNQ' ; which 
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conclusion not being true* the two triangles M'NP', FN'Q' are 
in one and the same plane. 

Hence each face, whether triangular or polygonal, in the 
one polyedron, corresponds to an equal face in the other po- 
l^'edron, and thus the two polyedrons are each inchided un- 
der the same number of planes respectively equal in both. 

We 'have still to shew, that the inclination of any two ad- 
jacent faces in the one polyedron is equal to the inclination of 
the two corresponding faces in the other. 

Let MPN, NPQ be two triangles formed on the common 
edge NP, in the planes of two adjacent faces ; let MPN', 
NPQ correspond to them : conceive a solid angle to be 
formed at N, by the three plane angles MNQ, MNP, PNQ ; 
and another at N', by the three MNQ', MNP', PNQ'. Now 
it has been shewn already, that those plane angles are respec- 
tively equal ; hence the inclination of the two planes MNP, 
PNQ is equal (359.) to that of their corresponding planes 
MNP, PNQ'. 

Therefore^ in synaraetrical polyedrons, the faces are equal 
each to each ; and the planes of any two adjacent faces, in 
the one solid, have the same inclination as the planes of the 
two corresponding faces in the other solid. 

387. Scholium. It may be observed, that the solid angles 
of the one polyedron are symmetrical with the solid angles of 
the other ; for as the solid angle N is formed by the plahes 
MNP, PNQ, QNR, &tc., so its corresponding angle N' is 
formed by the planes MNP', PNQ', QNR', he. The kt- 
ter appear to be arranged in the same order as the former ; 
but since the two solid angles are in an inverse position with 
regard to each other, the real arrangement of the planes 
which form the solid angle N', must be the reverse of the ar- 
rangement which occurs in the corresponding angle N. Far- 
ther, in both solids, the inclinations of the consecutive planes 
are respectively the same ; hence those solid angles are sym- 
metrical each with the other. (See Art. 360.) 

The observation we have just made proves, moreover, that 
no polyedron can have more than one polyedron symmetrical 
with it. For if upon a second base, a new polyedron were 
constructed symmetrical with the given one, the solid angle* 
of this new polyedron would still he symmetrical with those 
of the given polyedron ; hence they would be equal to those 
of the symmetrical polyedron constructed on the first base. 
Besides, the homologous faces would still be equal : hence 
those two symmetrical polyedrons constructed on the fir^t and. 
on the second base, would have their |aces equal and their 
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solid angles equal ; hence they would coincide if s^plied to 
each other ; hence they would form one and the same polye- 
dron. 



THEOREM. 



38{{. Two prisms are equal, when a solid angle in ea(:h* is con- 
tained by three planes which are respectively equal, and similarly 
placed. 

Let the base ABCDE be equal to the base abcdef the pa- 
rallelogram AB6F equal to the parallelogram abgfy and the 
parallelogram BCHG equal to bchg ; then will the prism 
ABCI be equal to the prism abci. 




For, lay the base ABCDE upon its equal abcde ; these two 
bases will coincide. But the three plane angles, which form 
ihe solid angle B, are respectively equal to the three plane 
angles, which form the solid angle 6, namely, ABC=a6c, 
ABG=a6g', and GBC=^6c; they are also similarly situated : 
bence the solid angles B and b are equal, and therefore the 
side BG will fall on its equal bg. It is likewise evident, that 
by reason of the equal parallelograms ABGF, oibg/y the side 
GF will fall on its equal g-/, and in the same manner GH on 
^A ; hence the upper base FGHIK will exactly coincide with 
its equal fghik^ and the two solids will be identical (384.) 
since their vertices are the same. 

389. Cor* Two right prisms^ which have equal bases and 
equal altitudes, are equal. For, since the side AB is equal 
to a^, and the altitude BG to bg, the rectangle ABGF will 
be equal to abgf; so also will the rectangle BGHC be equal 
to bghc; and thus the three planes, which form the solid 
angle B, will be equal to the three which form the solid angle 
i. Hence the two prisms are equal. 
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« THEOREM. 

390. In every paraUelepipedon the opposite planes are equal and 

parallel. 

By the definition of this solid, the bases 
ABCD, EFGH are equal parallela- 
grams, and their sides are parallel : it 
remains only to shovr, that the same is 
true of any two opposite lateral faces, 
such as AEHD, BFGC. Now AD is 
equal and parallel to BC, because the 
figure ABCD is a parallelogram ; for a like reason, AE is 
parallel to BF : hence (344.) the ane^le DAE is equal to the 
angle CBF, and the planes DAE, CBF are parallel; hence 
also the parallelogram DAEH is equal to the parallelogram 
CBFG. In the same way, it might be shown that the oppo- 
site parallelograms ABFE, DCGH are equal and parallel. 

391. Cor. Since the paraUelepipedon is a solid bounded 
by six planes, whereof those lying opposite to each other are 
equal and parallel, it follows that any face and the one op- 
posite to it, may be assumed as the bases of the parallelepl* 
pedon. 

392. Scholium. If three straight lines AB, AE, AD, 
passing through the same point A, and making given angles 
with each other, are known, a paraUelepipedon may bef 
formed on those lines. For this purpose, a plane must be 
passed through the extremity of each line, and parallel to the 
plane of the other two ; that is, through the point B a plane 
parallel to DAE, through D a plane parallel to BAE, and 
through E a plane parallel to BAD. The mutual intersec- 
tions of those planes will form the paraUelepipedon required. 

THEOREM. 

393. In every paraUelepipedon^ the opposite solid angles are sym- 
inetrical; and the diagonals drawn through the vertices of those 
angles bisect each other. 
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First Compare the solid angle A (see preceding figure) 
with its opposite one G. The angle EAB, equal to EFB, is 
also equal to HOC ; the angle DAE=DHE=CGF; and the 
angle DAB=DCB=HGF ; therefore the three plane angles, 
which form the solid angle A, are equal to the three which 
form the solid angle G, each to each. It is easy, moreover, 
to see that their arrangement in the one is different from their 
arrangement in the other : hence (3C0.) the two solid angles 
A and G are symmetrical. 

Secondly, Imagine two diagonals EC, AG to be drawn 
both through opposite vertices : since AE is equal and pa- 
rallel to CG, the figure AEGC is a parallelogram ; hence 
the diagonals EC, AG will mutually bisect each other. In 
the same manner, we could show that the diagonal EC and 
another DF bisect each other ; hence the four diagonals will 
mutually bisect each other, in a point which may be regarded 
as the centre of the parallelpipedon. 

THEOREM. 



394. If a plane be passed through the two edges of a parallelepi- 
pedon diagonally opposite to each other, it tnll divide the pa- 
rallelepipedon into two symmetrical triangular prisma. 

Let the plane BDHF be passed through the edges DH, 
BF of the parallelepipedon AG ; the prisms ABDE, DBCG 
are symmetrical. 

In the first place, those solids are evi- 
dently prisms ; for the triangles ABD, 
EFH, having their sides equal and pa- 
rallel, are equal ; also the lateral faces 
ABFE, ADHE, BDHF are parallelo- 
grams ; hence the solid ABDHEF is a 
prism : so likewise is GHFBCI>. We 
are now to shew that those prisms are 
symmetrical. 

On the base ABD, construct the prism 
ABDE'F'H' such that it be symmetrical 
with the prism ABDEFH. According 
to what has been already proved (386.), 
the plane ABFE' must be ^qual to 
ABFE, and the plane ADHE' to 
ADHE : but comparing the prism GHFBCD with the prism 
ABDH'ET; we find the base GHF=ABD ; the parallelo- 
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gram GHDC, which is equal to ABFE, also equal to 
ABF^'; and the parallelogram GFBC, which is equal to 
ADHE, also equal to ADH'E' : therefore the three planes 
which form the solid angle G in the prism GHFBCD are 
equal to the three planes which form the solid angle A in the 
prism ABDHE'F', each to each ; and they are similarly ar- 
ranged : hence those two prisms are equal, and might be 
made to coincide. But one of them ABDHE'F' is symmet- 
rical with the prism ABDHEF ; hence the other GHFBCD 
is also symmetrical with that prism. 



395. In evern priam, the gectiona formed by parallel planet, 
are e^ital polygoni. 

Let the prism AH he intersected by the parallel planes NP, 
SV J then are the polygons NOPQR, STVXY equal. 

For the sides ST, NO, are parallel, -^ 

being the intersections of two parallel 
planes with a third plane ABGF ; those 
same sides ST, NO, are included be- 
tween the parallel NS, OT, which are 
Bides of the prism : hence NO is equal 
to ST. For like reasons, the sides OP, 
PQ, QR, Sic. of the section NOPQR, 
are respectively equal to the sides TV, 
VX, XY, &C. of the section STVXY. 
And since the equal sides are at the same 
time parallel, it follows that the angles ■ 
NOP, OPQ, 8ic. of the first section are 
respectively equal to the angles STV, TVX of the second 
(344.). Hence the two sections NOPQR, STVXY are equal 
polygons. 

S96. Cor. Every section in a prism, if drawn parallel 
to the base, is also equal to that base. 
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THEOREM. 

397. Thetm symmetrical trumgular prUma kUo whick a parol" 
klepipedm is dinidedhy a plane passing ikrmgh Us opposUe di^ 
agonal edgesy (394.) are e^vdUni* 

Through the vertices B and F, draw B[ 

the planes Bacfc, Fehg at right angles to ^y^^^'/VK 

the side BF, the former meeting AE, ^^^ L4h\ 
DH, CG the three other sides of the pa- ^M 7/1^^ 
Allelepipedon, in the points a, d, c the / V^^^W^ilJ^ 
later in e^hfg : the sections 3adCiFehg I -^jjip / 
wilt be equal paralielogramsl They are l^^Jr^^\ l 
equal (397.), because they are formed by A^ 
planes perpendicular to the same straight ^\i / //^.^^<1^ 
line, and consequently parallel ; they are \^^:i^— --x 
parallelograms, because aB, cfc, two op- B 
posite sides of the same section, are formed by the meeting 
of one plane with two parallel planes ABFE, EKDGH* 

For a like reason, the figure BaeF is a parallelogram ; so 
also are BFg-c, cdhg^ adhe^ the other lateral faces of the solid 
3adcFehg ; hence that solid is a prism (368); and that 
prism is right, because the side BF is perpendicular to its 
base. 

This being proved, if the right prism 'Bh is divided, by 
the plane BFHD, into two right triangular prisms oBdeFh^ 
'BdcFhg ; we are now to shew that the oblique triangular 
prism ABDEFH will be equivalent to the right triangular 
prism aBdeFA. And since those two prisms have a part 
.ABDAeF in common, it will only be requisite to prove that 
the remaining parts, namely, the solids BuADd, FeEHA. are 
equivalent. 

Now, by reason of the parallellograms ABFE, aBF«, the 
sides AE, ae, being equal to their parallel BF, are equal to 
each other ; and taking away the common part Ae, there re« 
ibains AasaEe. In the same manner we could prove Ddf^H&. 
Next, to bring about the superposition of the two solids 
BaADJ, FeEHA, let us place the base Feh on its equal Bad: 
the point e falling on a, and the point h on d^ the sides eE, 
AH will fall on their equals aA, dD, because they are perpen* 
dicular to the same plane Bad. Hence the two solids in ques* 
tion will cofincide exactly with each other ; hence the oblique 
pristn BADFEH is equivalent to the right one BadFeh. 

22 
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In the same manner might the oblique prism BDCFHG be 
proved equivalent to the right prism BdcFhg. But (389») 
the two right prisms Bdc^FeA, 3dcFhg are equal, since they 
have the same altitude BF, and since their bases Baof, Bdc 
are halves of the same parallelogram. Hence the two trian- 
gular prisms BADPEH, BDCFHG, being equivalent to the 
equal right prisms, are equivalent to each other. 

398. Cor. Every triangular prism ABDHEF is half of 
the parallelepipedon AG described with the same solid angle 
A, and the same edges AB, AD, A£. 

THEOREM. * 

399. If two paralleUpipedims have a common base, and their 
upper bases in the same plane and between the same paraUelSy 
they will be equivalent. 

Let the parallelepipe- 
dons AG, AL, have the 
common base AC, and 
their upper bases EG, 
MK in thesame plane, and 
between the same parallels 
HL, EK ; then will they -q| 
be equivalent. 

There may be three ca- 
ses, according as EI is 
greater, less than, or equal to, EF ; but the demonstration is 
the same for all. In the first place, then, we shall shew that 
the triangular prism AEIDHM is equal to the triangular 
prism BFKCGL. 

Since AE is parallel to BF, and HE to GF, the angle 
AEI=BFK, HEI=GFK, and HEA=GFB. Of these six 
angles the first three form the. solid angle E, the last three 
the solid angle F ; therefore, the plane angles being respec- 
tively equal, and similarly arranged, the solid angles F and 
£ must be equal. Now, if the prism AEM is laid on the 
prism BFL, the base AEI being placed on the baseBFK will 
coincide with it because they are equal ; and since the solid 
angle E is equal to the solid angle F, the side EH will fall on 
its equal FG : and nothing more is required to prove the co- 
incidence of the two prisms throughout their whole extent, 
for (388.) the base AEI and the edge EH determine the 
prism AEM, as the base BFK and the edge FG determine 
the prism BFL ; hence these prisms are equal. 




BOOK VI. 155 

But if the prism AEM is taken away from the solid AL, 
there will remain the parallelepipedon AIL ; and if the prism 
BFL is taken away from the same solid, there .will remain 
the parallelepipedon AEG ; hence those two parallelepipe* 
dons AIL, AEG, are equivalents 

THEOREM. 

400. Two paralJelepipedons hoping the same base and the same 

altitude are equivalent. 

Let ABCD (see the next figure) be the common, base of 
the two parallelepipedons AG, AL : since they have the same 
altitude, their upper bases EFGH, IKLM will be in the same 
plane. Also the sides EF and AB will be equal and paral- 
lel, as well as IK and AB ; hence EF is equal and parallel to 
IK ; for a like reason, GF is equal and parallel to LK. Let 
the sides EF, HG be produced, and likewise LK, IM, till 
by their intersections they form the parallelogram NOPQ ; 
this parallelogram will evidently be equal to either of the 
bases EFGH, IKLM. Now if a third parallelepipedon be 
conceived, having for its lower base the same ABCD, and 
NOPQ for its upper, this third parallelepipedon will (399.) 
be equal to the parallelepipedon AG, since with the same 
lower base, their upper bases lie in the same plane and be- 
tween the same parallels GQ, FN. For the same reason, 
this third parallelepipedon will also be equivalent to the pa- 
rallelepipedon AL ; hence the two parallelepipedons AG, AL, 
which have the same base and the same altitude, are equiva- 
lent. 

THEOREM. 

40 1 • Any parallelepipedon may be changed into an equivalent rec- 
tangular parallelepipedon having the same aUitude and an equi- 
valent base. 
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Let AG be the paraU 
lelepipedoD proposed. 
From the points A, B, 
C, D, draw AI, BK, 
CL,DM, perpendicular 
to the plane of the base; 
yoa will thus form the 
parallelepipedon AL 
equivalent to AG, and 
having its lateral faces 
AK, BL,&c. rectangles. 
Hence if the base 
4IBCD i$ a rectangle, 
AL will be a rectangular parallelepipedon equivalent to AG, 
and consequently, the pars^llelepipedon required. Biit if 
ABCD is not a rectangle, draw AO and ^9 : ^^ 
BN perpendicular to CD, and OQ ^nd NP " 
perpendicular to the base ; you will then 
have the solid ABNOIKPQ,which will be a 
j^ectangular parallelepipedon : for by con- 
struction, the bases ABNO, and IKPQ are 
rectangles; so also are the lateral faqef, 
the edges AI^ pQ, Sic. being perpendicular 
U>. the plane of the base; hence the solid ^V;?j" 
j^P is a rectangular parallelepipedon. But ^ 
the two parallelepipedons AP, AL may be 
conceived as having the same base ABKl and the same aki-^ 
tude AQ ; hence the parallelepipedpn AG, which was j^t ^1^ 
thanged into ah equivalent parallelepipedon AL^ is a^ia 
changed into an equivalent rectangular parallelepipedon APi 
having the same altitude AI, and a base ABNO equivalent 
to the base ABCD. 




THEOHEM. 

40$. Two rectangular parallelepipedons 9 n>hick have the same 
hase^ are to each other as their altitudes. 

Let the parallelepipedons -AG, AL have the same base 
BD ; then will thev be to each other as their altitudes AE> 
AI. 



v 
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First, suppose the altitudes AE, AI, to be £ 



H 



tc^ ^fh ptber:flis twp whole numbers^ us lr5 i .|\~ 
is to 8, for example. Divide AE into 15 XP 
equal parts; whereof AI will contain 8; and ().. 
through X, y, z^ Stc. the points of division, ^^ 
draw planes parallel to the base* These 
planes will eut the solid AG into 15 partial 
pay^llelepipedons, all equal to each other, ^ - 
^use they have equal bases and equal $- 



« 



i& 
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titudes, — equal bases, since (396*) ev^ety -^ 
section MiKL, made parallel to the liato 
ABCD of a prism, is equal to that base,*-~ 3 C 

equal altitudes, because these altitudes are eqiial divisiotiil 
Aa?, an/y yz, &c. But of those 15 equal parallele^ip^don^, 8 
are contained in AL ; hence the solid AG is to the solid AL 
as 15 is to 8, or generally, as the ahitude AE is to the alti- 
tude Al. 

Again, if the ratio of AE to AI cannot be expressed in 
numbers, it is to be shown, that notwithstanding, we sfadf hav^ 
9olid.^ AG : solid* AL : : AE : AL ^ For, if this propdrtioh 
is not correct, suppose we have ^oL AG : soL AL : : AE i 
AO^ greater than AI. Divide AE into equal parts, &uch that 
each shall be less than OI ; there will be at least one point 
of division m, between O and I. Let P be the parallelepipe* 
don, whose base is ABCD, add altitude Am ; since the alti* 
tudieaAE, Am are to 'e^eh other as the two whole nuD^bets, 
we shall have $oL AG : F^ : : AE : Am. But by hypothesis, 
we have soL AG : soh AL : : AE : AC ; therefore sol. AL : 
P : : AG : Am. But AO is greater than Am; hence if the 
propofftton i& correct, the solid AL must be greater than P. 
Oh the contrary, however, it is le^s: hence the fourth term 
of this proportion soL AG : sol. AL : : AE : Xy cannot pos- 
sibly be a line greater than AI. By the same mode of rea- 
soning, it might be shown that the fourth term cannot be less 
than AI ; therefore it is equal to ^I ; hence rectangular pa- 
rallelepipedons having the siime base are to each other as 
their altitudes. 
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403. Two reetangularparaildepipedcM, hmng the same aUitude, 

are to eoM oilier as their bases. 
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Let the parallelepipedons AG, AK have the same altittide 
AE ; then will they be to each other as their bases AC, AN. 

Having placed the two I 
solids by the side of each 
other, as the figure repre- 
sents, produce the plane 
ONKLtillit meets the plane 
DCGH in PQ; you will y 
thus have a third parallele- 
pipedon AQ, which may be 
compared with each of the 
parallelepipedons AG, AK. 
The two solids AG, AQ, 
having the same base AEHD 
are to each other as their 
altitudes AB, AO ; in like 
manner, the two solids AQ, 
AK, having the same base 
AOLE, are to each other as their altitudes AD, AM. Hence 
we have the two proportions, 

sol AG : sol AQ : : AB : AO, 
sol. AQ : sol. AK : : AD : AM. 

Multiplying together the corresponding terms of those pro- 
portions, and omitting in the result the common multiplier 
sol. AQ ; we shall have 

sol. AG : sol. AK : : ABx AD : AOxAM. 

But ABx AD represents the base ABCD ; and AOx AM re- 
presents the base AMNO : hence two rectangular parallele- 
pipedons of the same altitude are to each other as their bases. 




THEOREM. 

> 

404. Any two rectangtOar paraUekpy^edons are to each other as 
the products of their bases by their dUitudes, that is to say, as 
the products of their three dimensions. 

For, having placed the two solids AG, AZ, so that their 
surfaces have the common angle BAE, produce the planes 
necessary for completing the third parallelepipedon AK, 
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having the Seme altitude with the parallelepipedon AG. By 
the last proposition, we shall have 

sol. AG : sol AK : : ABCD : AMNO. 

But the two parallelepipedons AK, AZ having the same base 
AMNO, are to each other as their altitudes AE, AX ; hence 
we have 

soL AK : soL AZ : : AE : AX. 

Multiplying together the corresponding terms of those pro- 
portions, and omitting in the result the common multiplier 
sol. AK ; we shall have 

sol. AG : sol. AZ : : ABCDx AE : AMNOx AX. 

Instead of the bases ABCD and AMNO, put ABx AD and 
AOxAM; it will give 

sol. AG : sol. AZ : : ABxADxAE : AOxAMxAX. 

Hence any two rectangular parallelepipedons are to each 
other, &c. 



405. Scholium. We are consequently authorised to as- 
sume, as the measure of a rectangular parallelepipedon, the 
product of its base by its altitude, in other words, the product 
of its three dimensions. 

In order to comprehend the nature of this measurement, it 
is necessary to reflect, that by the product of two or more 
lines is always meant the product of the numbers which re«^ 
present them, those numbers themselves^ being determined by 
the linear unit, which may be assumed at will. Upon this , 
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principle, the product of the three dimensions of a paralleled ^^^ 
pipedon is a number, which signiBes nothing of itself, and 
would be different if a different linear unit had been assumed. 
But if the three dimensions of another parallelepipedon are 
valued according to the same linear quit, and multiplied to-* 
gether in the same manner, the two products will be to each 
other as the solids, and will serve to express their relative 
magnitude. 

The magnitude of a solid, its volume or extent, form what 
is called its solidity ; and this word is exclusively employed 
to designate the measure of a solid : thus we say the solidity 
of a rectangular parallelepipedon is equal to the product of 
its base by its altitude, or to the product of its three dimen- 
sions. 

As the cube has all its three dimensions equal, if the side 
is 1; the solidity will be 1X1X1 = 1: if the side is 2, the so* 
lidity will be 2 X 2 X 2=8 ; if the side is 3, the solidity will be 
3x3x3=27 ; and so on : hence, if the sides of^a series of 
cubes are to each other as the numbers, 1, 2, 3, Sic. the cubes 
themselves or their solidities will be as the numbers 1, 8, 27, 
(iLc. Hence it is, that in arithmetic, the cvbe of a number is 
the name given "to a product which results from three factors, 
each equal to this number. 

If it were proposed to find a cube double of a given cube, 
the side of the required pube would have to be to that of the 
given one, as the cube^root of 2 is to unity. Now, by a ge« 
ometrical construction, it is easy to find the square^^root of 2 ; 
but the cube-root of it cannot be so found, at least not by the 
simple operations of elementary geometkry, which consist in 
employing nothing but straight lines, two points of which are 
known, and circles whose centres and radii are determined. 

Owing to this difficulty the problem of the duplication of 
the cube became celebrated among the ancient geometers, as 
well as that of the trisection of an angle^ which is nearly of 
the same species. The solutions of which such problems are 
susceptible, have however long since been discovered ; and 
though less simple than the constructions of elementary geo* 
metry, they are not, on that account, less rigorous or less 
satisfactory. 
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, THEOREM. 

406. The solidity of a jparalUlepipedon^ and generally of any 
prism i is equal to the product of its base by its altitude. 

For, in the first place, any parallelepipedon (401.) b equi- 
valent to a rectangular parallelepipedon, having the same &!<• 
titude and an equivalent base. Now the solidity of the latter 
is equal to its base multiplied by its height ; hence the soli* 
dity of the former is, in like manner, equal to the product 
of its base by its altitude. 

In the second place, any triangular prism (397.) is half of 
the parallelepidon so constructed as to have the same altitude 
and a double base. But the solidity of the latter is equal to 
its base multiplied by its altitude ; hence that of a triangular 
prism is also equal to the product of its base (half that of the 
parallelepipedon) multiplied into its altitude. 

In the third place, any prism may be divided into as many 
triangular prisms of the same altitude, as there are triangles 
eapable of being formed in the polygon which constitutes its 
base. But the solidity of each triangular prism is equal to 
its base muhlplied by its altitude ; and since the altitude is 
the same for all, it follows that the sum of all the partial 
prisms must be equal to the sum of all the partial triangles, 
which constitute their bases, multiplied by the common alti- 
tude. 

Hence the solidity of any polygonal prism is equal to the 
product of its base by-its altitude. 

407. Cor. Comparing two prisms, which have the same 
altitude, the products of their bases by their altitudes will be 
as the bases simply ; hence two prisms of the same altitude 
are to each other as their bases. For a like I'eason, two prisms 
of the same base are to each other as their altitudes. 



IjEMMA. 

408. If a pyramid is cut by a plane parallel to its base. 

First, The edges and the altitude toiU be divided proportionally. 

Secondly) The section toiU be a polygon similar to the base. 

23 
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Let the pyramid SABCDE, S 

of which SO is the altitude, 
be cut by the plane abcde ; 
then will Sfl : SA : : So : SO, 
and (he same for the other 
edges: zai the polygon abcde, 
will be similar to the base 
ABCDE. 

First. Since the planes 
ABC, abc are parallel, their 
intersections AB, ab, by a 

third plane SAB will also be parallel (340.) ; hence the tri- ■ 
angles SAB, Sab are similar, and we have SA : Sa : : SB : 
Si ; we might also have SB : S& : : SC : Sc; and so oit. 
Hence all the edges SA, SB, SC, kc. are cut proportionally 
in a, b, c, tie. The altitude SO is likewise cut in the same 
proportion, at the point o ; for BO and bo are parallel, there- 
fore we have SO : So : : SB : Sb. 

Secondly. Since ab is parallel to AB, be to BC, rd to CD, 
&c. the angle afic isequal to ABC, theanglefccrf to BCD, and 
so on. Also, by reason of the similar triangles SAB, Sab, 
we have AB : ab : : SB : Sb; and by reason of the similar 
triangles SBC, S6c, we have SB : S6 : : BC : Be ; hence AB 
:ab : : BC ; &c ; we might likewise have BC : &c : : CD : cd^ 
and so on. Hence the polygons ABCDE, abcde have their 
angles respectively equal and their homologous sides propor- 
Uooal ; hence they are similar. 

409. Cor. I. Let SABCDE, SXYZ be two pyramids, hav- 
ing a common vertex and the same altitude, or having their 
bases situated in the Game plane ; if those pyramids are cut 
by a plane parallel lo the plane of their bases, and the sec- 
tions abcde, xyz result from it, then will the section* abode, xyz 
be to each other as thebases ABCDE, XYZ. 

For, the polygons ABCDE, abcde being similar, their sor- 
faces are as the squares of the homologous sides AB, ab ; but 
AB : at : : SA ; Sa ; hence ABCDE : abcde : : SA" : Sa». 
For the same reason, XYZ : xyx : : SX' : Sx'. But since 
abcxndxyz are in one plane,we have likewise SA : So : ; SX : 
Sx ; hence ABCDE : abcde : : XYZ ; xyz ; hence the sections 
abcde, xyz are (o each other as the bases ABCDE, XYZ. 

410. Cor. 2. If thebases ABCDE, XYZ are equivalent, 
any sections abede, xyz, made at equal distances from those 
bases, will be equivalent likewise. 



41 1, Two triangular pyramids, having equivalent haset and equal 
aUitudet, are equivalent, or equal in tolidUjf. 




JUet SABC, Sabc be those two pyramids ; let their equiva- 
lent bases ABC, abc be situated ia the same plane, and let 
AT be their common altitude. If they are not equivalent, 
let Sabc be the smaller ; and suppose An to be the altitude of 
a prism, which having ABC for its base, is equal to their dif- 
ference. 

Divide the altitude AT into equal parts Ax, xy, yz, &C. 
each less than An, and let k be one of those parts ; through 
the points of division pass planes parallel to the plane of the 
bases ; the corresponding sections formed by these planes in 
the two pyramids will be respectively equivalent by the last 
Corollary, namely, DEF to def, GHl toghi, he. 

This being granted, upon the triangles ABC, DEF, GHI, 
Inc. taken as bases, construct exterior prisms having for edges 
the parts AD, DG, GK, &tc. of the edge SA ; in like man- 
ner, on the bases def, ght, klm, be. in the second pyramid 
construct interior prisms having for edges the corresponding 
parts of sa. It is plain that the sum of all the exterior prisms 
of the pyramid SABC will be greater than this pyramid ; and 
also that the sum of all the interior prisms of the pyramid 
aabc will be less than this. Hence the difierence, between the 
sam of all the interior prisms and the sum of all the interior 
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^ones, must be greater than the difference between the two py- 
ramids themselves. 

Now, beginning with the bases ABC, abc, the second ext^- 
tior prism DEFG is equivalent to the first interior prism 
rfe/rt, because they have the same altitude k, and their bases 
DEF, def, are equivalent ; for like reasons, the third exterior 
prism GHIK and the second interior prism ghik are equiva- 
lent ; the fourth exterior and the third interior ; and so on, to 
the last in each series. Hence all the exterior prisms of the 
pyramid SABC, excepting the first prism DABC, have equi- 
valent corresponding ones in the interior prisms of the pyra- 
mid sabc : hence the prism DABC is the difference between 
the sura of all the exterior prisms of the pyramid SABC, and 
the sum of all the interior prisms of the pyramid Sabc. But 
the difference between those two sets of prisms has already 
been proved to be greater than that of the two pyramids ; 
which latter difference we supposed to be equal to the prism 
nABC : hence the prism DABC must be greater than the 
prism a ABC. But in reality it is less ; for they have the same 
base ABC, and the altitude Ax of the first is less than Aa the 
altitude of the second. Hence the supposed inequality be- 
tween the two pyramids cannot exist ; hence the two pyra- 
mids SABC, sabcj having equal altitudes and equivalent bases» 
are themselves equivalent. 

THEQREM. 

412. Every triangular pyramid is a third part of the triangular 
prism having the same base and the same altitude. 

Let FABC be a triangular py- jj 
ramid, ABCDEF a triangular 
prism of the same base and the 
same altitude ; the pyramid wi41 
be equal to a third of the prism. 

Cut off the pyramid FABC 
from theprism,by the plane FAC; 
there will remain the solid 
FACDE, which may be consi- . 
dered as a quadrangular pyra- -^^ 
mid, whose vertex is F, and 
whose base is the parallelogram 
ACDE. Draw the diagonal CE; 
and pass the plane FCE, which ■" 

will cut the quadrangular pyramid into two triangular ones^ 
FACE, FCDE. These two triangular pyramids have for 
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their common altitude the perpendicular let fall from F on 
the plane ACDE ; they have equal bases, the triangles ACE, 
CDE being halves of the same parallelogram; hence (411.) 
the two pyramids FACE, FCDE are equivalent. But the 
pyramid FCDE and the pyramid FABC have equal bases 
ABC, DEF ; they have also the same altitude, namely, the 
distance of the parallel planes ABC, DEF ; hence the two 
pyramids are equivalent. Now the pyramid FCDE has al- 
ready been proved equivalent to FACE ; hence the three py- 
ramids FABC, FCDE, FACE, which compose the prism 
ABCD are all equivalent. Hence the pyramid FABC is the 
third part of the prism ABCD, which has the same base and 
the same altitude. 

413. Cor. The solidity of a triangular pyramid is equal 
to a third part of tiie^roduct of its base by its altitude. 

414. The solidities of triangular pyramids of equal bases 
are to each other, as their altitudes. 

415. The solidities of triangular pyramids of equal alti- 
tudes are to each other as their bases. 



418. Evaypt/ramid ig measured by the third part of the pvdwt 
of itt base by its altitude. 

For, pass the planes SEB, SEC through 
the diagonals EB, EC; the polygonal pyra- 
mid SABCDE will be divided into several 
triangular pyramids all having the same al- 
titude SO. But (4l3.)each of these pyra- 
mids is measured by multiplying its base 
ABE, BCE, or CDE, by the third part of 
its altitude SO ; hence the sum of these tri- 
angular pyramids, or the polygonal pyra- 
mid SABCDE will be measured by the sum 
of the triangles ABE, BCE, CDE, or the "r 

polygon ABODE, multiplied by one third of SO; hence 
every pyramid is measured by a third part of the product of 
its base by its altitude. 

4t7. Cor. 1. Every pyramid is the third part of the 
prism which has the same base and the same altitude. 

418. Cor. 3. Two pyramids having the same altitude are 
to each other as their bases. 
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419. Scholium. The solidity of any polyedral body may 
be computed, by dividing the body into pyramids ; and this 
division may be accomplished in various ways. One of the 
simplest is to make all the planes of division pass through the 
vertex of one solid angle ; in that case, there will be formed 
as many partial pyramids as the polyedron has faces, minus 
those faces which form the solid angle whence the planes of 
division proceed. 

THEOREM. 

420. Two symmetrical polyedrons fire equivalent^ or equal in 

solidity. 

For, in the first 
place, two symme- 
trical triangular py- 
ramids, such as 
SABq, TABC, are 
both measured by 
the product of their 

base ABC and the ^ O 

third part of their altitude SO or TO ; hence these pyramids 
are equivalent. 

In the second place, if one of the two symmetrical polye- 
drons is divided in any way into triangular pyramids, the 
other may always be divided in the same way into as many 
symmetrical triangular pyramids ; and these symmetrical py- 
ramids are equivalent each to each ; hence the whole polye- 
drons are equivalent, or equal in solidity. 

421. Scholium. This Theorem might seem to result im- 
mediately from Art. 380., where it was shewn that, in two sym- 
metrical polyedrons, all the constituent parts of the one solid 
are respectively equal to the constituent parts of the other : 
but it appeared necessary, notwithstanding, to demonstrate 
this truth in a rigorous manner. 

THEOREM. 

422. If a pyramid he cut by a plane parallel to its base^ the frus- 
tum that remains when the small pyramid is taken away^ is 
equal to the sum of three pyramids hamng for their common al- 
titude the altitude of the frustum, and for baseSy the lower 
base of thefrustum, the upper one, and- a mean proportional be- 
tween the two bases. 
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Let S ABODE be a pyra- 
mid cut by the plane abd^ pa- 
rallel to its base ; letTFGH 
be a triangular pyramid 
fvhose base and altitude are 
equal or equivalent to those 
of the pyramid SABCDE. A^ 
The two bases may be re- 
garded as situated in the same 
plane ; in which case, the plane abd^ if produced, will form 
in the triangular pyramid a section ^A, situated at the same 
distance above the common plane of the bases ; and therefore 
(408.) the section fgh will be to the section abd as the base 
FGH is to the base ABD, and since the bases are equivalent^ 
the sections will be so likewise. Hence the p^'ramids SabcdCf 
T^fgh are equivalent, for their altitude is the same and their 
bases are equivalent. The whole pyramids SABCDE, TFGH 
are equivalent for the same reason ; hence the frustums 
ABDdab, FGRhfg are equivalent : hence if our proposition 
can be proved in the single case of the frustum of a triangu- 
lar pyramid, it will be true of every other. 

Let FGUhfg be the frustum of a tri- ^ J^ 

angular pyramid, having parallel bases : 
through the three points F, g, H, pass 
the plane Fg-H ; it will cut off from the 
frustum the triangular pyramid g-FGH* 
This pyramid has for its base the lower 
base FGH of the frustum ; its altitude 
likewise is (hat of the frustum, because 
the vertex g lies in the plane of the up- 
per base fgh. 

This pyramid beitig cut off, there will G- 

remain the quadrangular pyramid g/AHF, whose vertex is^, 
and^base /AHF. Pass the plan« ^H through the three 
points/, g, H ; it will divide the quadrangular pyramid into 
t^^ triangular pyramids ^F/H, gfhH. The latter has for 
itB|se the upper h^segfh of the frustum ; and for its alti- 
tuW, the altitude of the frustum, because its vertex H lies in 
the lower base. Thus we already know two of the three py- 
ramids which compose the frustum. 

It remains to examine the third gFfK. Now, ifgK be 
drawn parallel to /F, and if we conceive a ri^Wspjramid 
KfyH, having K for its vertex and f/H for its base, these 
two pyramids will have the same base lyH ; they will also 
have the same altitude, because their vertices g and K lie in 
the line^K, parallel to* Fjf, and consequently parallel to the 
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plane of the base : hence these pyramids are equivalent. Bat 
the pyramid KF/*H may be regarded as having its vertex in 
jf, and thus its altitude will be the same as that of the frustum ; 
as to its base FKH, we are now tx> shew that this is a mean 
proportional between the bases FGH zuifgh., Now, the tri« 
angles FHK, fgh have each an equal angle, F=/, and an 
equal side, FK==^ ; hence (216.) we have FHK :^A : : 
FH :/A. We have also, FHG : FHK : : FG : FK or fg. 
But the similar triangles FGH,^A give FG ifg : : FH :/A ; 
hence FGH : FHK : : FHK ijgh ; or the base FHK is a 
mean proportional between the two bases FGH,^A. Hence 
the frustum of a triangular pyramid is equivalent to three 
pyramids whose common altitude is that of the frustum, and 
whose bases are the lower base of the frustum, the upper base» 
and a mean proportional between the two bases. 



THEOREM. 

423. If a triangular prism he cut hy a plane inclined to the plane 
of its base, the solid included between this plane and the plane of 
the base, is equivalent to three pyramids having the base of the 
prism for a common base, and the three points in which the edgc$ 
of the prism pierce the inclined plane, for vertices. 

Let ABCDEF be a solid formed by intersecting a trtan« 
gular prism, by a plane DEF inclined to the plane of the 
£ase ABC ; then will this solid be equivalent to the three 
pyramids having ABC for a common base, and the points 
F, D, E for vertices. 

Through the three points F, 
A, C, pass the plane FAC ; it 
will cut off, from the truncated 
prism ABCDEF, the triangular 
pyramid FABC : this pyramid 
has ABC for its base, and the 
point F for its vertex. 

This pyramid being cut off, 
there will remain the quadran- Jik 
gular pyramid FACDE, whose 
vertex is F, and whose base is 
ACDE. Through the three 
points F, E, C, draw another B 

plane FEC ; it will divide the quadrangular pyramid into 
two triangular pyramids FACE, FCDE. 




'A 
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The pyramid FACE, which Jias for its bate tfie triaogle 
AEC and for its vertex. the point F, is equivalent lo a pyr(^ 
mid BAEC having AEC for its base and tor its vertes^ |be 
point B. For, these two pyramids have the same base ; they 
have also the same altitude, becaose the line BF, parallel to 
each of the lines AE, CD, is parallel to 4heir plane ACE : 
hence the pyramid FAEC is equivalent to tbe pyramid 
BAEC ; which latter may be considered as having ABC for 
its base, and the point £ for its vertex. 

Again, the third pyramid FCDE may in the first place be 
changed into AFCD ; for these two pyramids have tlie same 
base FCD ; they have also the same altitude, A£ being pa- 
rallel to the plane FCD ; hence the pyramid EFCD is equl*- 
valent to the pyramid AFCD. In the second place« the 
pyramid AFCD may be changed into BACD : for these two 
pyramids have the common base ACD ; ihey iiav6 the same 
altitude, since their vertices F and B lie in a line parallel tQ 
the {»laiie etf the base. Hence the pyramid EFCD, equiva^ 
lent t# AFCD, is also equivalent to BACD ; which latter 
may be regarded as having ABC for its base» and tbe point 
D ifor its vertex. 

Hence finally, the truncated prism ABCDEF is equal to 
the sum of three pyramids whose common base is ABC, and 
whose vertices tune respectively the points D, E, F. 

424. Cor. if the edges A£, BF, CD are perpeadtcular 
to the plane of the base, they will at the same time be the 
altitudes of the three pyramids which compose the truncated 
prism : S9 that the solidity of the truncated prism will be ex« 
pressed by i ABCxAE+ ^ ABCxBF4- iABCxOD^^, 
which is the same thing, by ^ ABCx ,(AE+BF^CD}« 

THEOREM. 



4d6. Two Hmilar itiangtdar pgravMs hwoe their homologou$ 
faces similar J and their solid angles^ equal. 



24 



no 



GEOMETRY. 




By tbe Definition, (381.) the 
two triangular pyramids SABC, 
TDEF are similar, when the 
two triangles SAB, ABC are 
similar to the two TDE, DEF, 
and similarly placed, that is to 
say,when the angle ABS=DET, 
BAS=EDT, ABC=DEF, 
BAC=EDF, and when also the 
inclination of the planes SAB, 
ABC is equal to that of the 
planes TDE, DEF. This being granted, we are to show 
that these^pyramids have all their faces similar each to each, 
and their homologous solid angles equal* 

Take BG=ED, BH=EF, BI=ET ; and join GH, GI, 
IH. The pyramid TDEF is equal to the pyramid IGBH ; 
for, the sides GB, BH being made equal to the sides DE, 
EF, and the angle GBH being equal to ihe angle DEF 
1)y hypothesis, the triangle GBH must be equal to DEF ; 
hence, to bring about the superposition of the two pyramids, 
the base DEF may in the first place be laid on its equal 
GBH ; then, because the plane DTE is inclined to DEF as 
much as the plane SAB to ABC, it is evident that the plane 
DET will fall indefinitely on the plane ABS. But, by hy- 
pothesis, the angle DET^GBI ; therefore ET will fall on its 
equal BI : and since the four points D, E, F, T, coincide 
with the four G, B, H, I, it follows (384.) that the pyramid 
TDEF coincides with the pyramid IGBH. 

Now, by reason of the equal triangles DEF, GBH, we 
have the angle BGH=EDF=BAC ; hence GH is parallel 
to AC. For a like reason, Gl is parallel to AS ; hence 

i344.) the plane IGH is parallel to SAC. It follows, there- 
ore, (347.) that the triangle IGH or its equal TDF is si- 
milar to SAC, and the triangle IBH or its equal TEF to 
SBC; hence the two similar triangular pyramids SABC, 
TDEF have their four faces similar each to each. We are 
now to show that the homologous solid angles are equal. 

The solid angle E has already been applied to its homo- 
logous one B ; and tbe same thing might be done with any 
other two homologous solid angles : but it is clear of itself 
that any two homologous solid angles, T and S for example, 
are equal, because they are formed by three plane angle8> 
which are respectively equal and similarly placed. 
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Hence two similar triangular pyramids have their homolo* 
gons faces similar, and their homologous solid angles equal. 

426. Cor. 1. The similar triangles in the two pyramids 
furnish the proportions, AB : DE : : BC : EF : : AC ; DF 
: : AS : DT : : SB : TE : : SC : TF ; hence, in similar tri- 
angular pyramids^ the komalogous edges are proportionaL 

427. Cor* 2. And since the homologous solid angles are 
equal, it follows, that the inclination of any two faces of a 
pyramid^ is equal to the inclination of the two corresponding 
faces in a similar pyramid. (359.) 

426. Cor. 3. If the triangular pyramid SABC is cut by 
a plane GIH parallel to SAC one of its faces, the partial 
pyramid IGBH will be similar to the whole pyramid SABC : 
for, the triangles BGl, BGH are similar to the triangles 
BAS, BAC, each to each, and similarly placed ; the inclina- 
tion of their planes is the same in both ; hence the two pyra- 
mids are similar. 

429. Cor. 4. In general, (see the fig. of 408.) if any 
pyramid SABCDE is cut by a plane abcde parallel to the 
base^ the partial pyramid Sabcde mil be similar to the whole 
pyramid SABCDE. For the bases ABCDE, ctbcde are si- 
milar ; and joining AC, ac, we have just proved that the tri- 
angular pyramid SABC must be similar to the pyramid 
So^c; hence (382.) the point S in reference to the base ABC, 
is determined exactly as it is in reference to the base abcy 
hence the two pyramids SABCDE, Sabcde are similar. 

430. Scholium. Instead of the five data required by the 
Definition to determine the similarity of two triangular pyra- 
mids, five other data might be substituted according to various 
combinations^ and there would result as many theorems aS 
combinations. Among these, the following deserves to be 
specially noticed : Two triangular pyramids are similar when 
they have their hoiinologous edges proportional. 

For (see the figure of the Proposition), if we have the pro-r 
portions AB : DE : : BC : EF : : AC : DF : : AS : DT : : 
SB : TE : : SC : TF, which includes five conditions, the tri- 
angles ABS, ABC will be respectively similar to the trian- 
gles DET, DEF, and similarly placed. The triangle SBC 
will be similar to TEF ; hence the three plane angles which 
form the solid angle B will be equal to the plane angles which 
form the solid angle E, each to each ; hence the inclination 
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of the planes SAB, ABC is equal to that of iberr bomoli^us 
planes TDE, DEP ; hrace the two p^raroidt are Bimifar. 



THEORBH. 

431. Twaeimilar pidt/fdrvna kaee tkeir homologout faces HmQoTf 
and their hamologout tolid angles e^al. 

Let ABCDE be 
the base of a poJye- 
dron, let M and N be 
the vertices of two 
solid angles without 
this base, and deter* 
Alined by Ibe triangu- 
lar pyramids M ABC, 
NABC, whose com- 
mon base is ABC ; 
let abcde hi the other 
polyedron be the base 
homologous or simi- 
lar to ABCDE ; m and n the vertices homologous to M and 
N, atid determined by the pyramids inabc, nabc, similar to the 
pyramids MABC, NABC : we are lo show, first, jhat the 
distances MN, mn, are proportional to the homologous sides 
AB, «». 

The pyramids MABC, male being similar, the inclination 
of the planes MAC, BAC is equal lo that of the planes mae, 
bac ; in like manner, the pyramids NABC, nabc being liroilar, 
the inclinMion nf the planes NAC, BAC is equal to that of 
the planes nac, bac : and taking away the two former inclina- 
tions front the two latter, there will remain the inclinatioa of 
the plan** NAC, MAC equal to that of the planes nac, mac. 
But further, since these same pyramids are similar, the trian- 
^e MAC ii similar lo mac ; and the triangle NAC to nac .* 
heac« the IwO triangular pyramids MNAC, mnac have two 
ftwet id each respectively similar, similarly placed, and 
equally inclined ; hence (425.) titese Iwo pyramids are simi- 
lar ; and thdr homologous edges give tbe proportion MN : 
mn : ; AM : «m. Besides, AM ; am i : AB : ab; hence MN 
: mn : : AB : «ft. 

Let P and p be two other homologous vertices of tbe same 
palyedrons, we shall i» like tnanoer have PN : pn i : AB : ab, 
and PH : jm : : AB : ab. Hence MN : mn : PN :;m : : PM 
: pM. Hme the triangle PNM, wkick joins unjr three verticet 
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of tJ^ ime pciyedron, is simlat to the triangle fjua vAithjoim 
the three homologou$ ^rtkt$ of the other. 

Again, let Q and q he two bomologous vertices ; and the 
triangle PQN will be similar to pqn. We assert farther, that 
the inclination of the planes PQN, PMN is equal to that of 
the planes pgn^ pmn. 

For, joining QM and 9m, we shall still have the triangle 
QNM similar to qnm, and therefore the angle QNM equal to 
qnm. Imagine a solid angle to be formed at N, by the three 
plane angles QNM, QNP, PNM ; and another solid angle to 
be formed at n, by the three plane angles qnm^ qnp, pnm^ 
Since these plane angles are respectively equal, the solid an- 
gles must be equal also. Hence the inclination of the two 
planes PNQ, PNM is equal to that of their homologous 
planes|i»j, pnm (359.); hence, if the two triangles PNQyPNM 
were in the same plane, in which case, the angle QNM would 
be equal to QNP+PNM, we should likewise have the angle 
jni^ equal to qnp+pnmf and the two triangles 9np,|mfl», would 
also be in the same plane. 

All that we have now proved is true, whatever be the value 
of the angles M, N, P, Q, compared with their corxespcmding 
ones m, n, pj q.. 

Let us next suppose the surface of one of the polyedrons 
to be divided into triangles ABC, ACD, MNP, NPQ, &c. ; 
the surface of the other polyedrons will evidently contain an 
equal number of triangles abc^ acd, mnp, npq^ ^c, similar 
and similarly placed ; and if several triangles, as MNP, NPQ, 
&c. belong to one face, and lie in the- same plane, their corres- 
ponding triangles mpn, npq^ <^c. will likewise lie in one plane. 
Hence every polygonal face in the one polyedron will corres- 
pond to a similar polygonal face in the other polyedron ; 
hence the two polyedrons will be terminated by the same num- 
ber of planes similar, and similarly placed. We assert far- 
ther, that their homologous solid angles will be equal. 

For, if the solid angle N, for example, is formed by the 
plane angles QNP, PNM, MNR, QNR, the corresponding 
solid angle n will be formed by the plane angles qnp^ pnm^ 
mnrj qnr. But these plane angles are equal each to each ; 
and the inclination of any two adjacent planes is equal tt> that 
of the two which correspond to them : hence the two solid 
angles are equal, because they would exactly coincide. 

Hence, finally, two similar polyedrons have their homolo- 
gous faces similar and their homologous solid angles equal. 

432 Cor* From the preceding demonstration, it follows, 
that if a triangular pyramid were formed witl^four vertices of 
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ooe polyedron, and a second with the four eorrespondiof^verr 
tices of a similar polyedron, these two pyramids (480.) would 
be similar, because their homologous edges would be pro- 
portional. 

It is also evident that two homologous diagonals (157.), as 
AN, an^ are to each other as two homologous sides AB, ab. 



THEOREM. 



433. Two similar pciyedrtms may be divided into the same num- 
ber of triangular pyramids, similar each to each, and similarly 
placed. 

For, it has already been shewn, that the surfaces of two po* 
lyedrons may be divided into the same number of triangles 
similar each to each, and similarly placed. Consider all the 
triangles of the one polyedron, except those which form the 
solid angle A, as the bases of so many triangular pyraNiids 
having their common vertex in A ; those pyramids taken to- 
gether will compose the whole polyedron. Divide the other 
polyedron,' in the same manner, into pyramids having for their 
common vertex the angle a, homologous to A : the pyramid, 
which joins four vertices of the one polyedron, will evidently 
be similar to the pyramid which joins the four homolo- 
gous vertices of the other polyedron. Hence two similar 
polyedrons, &c. 
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434. Two similar pyramids are to each other as the cubes of their 

homologous sides. 

For two pyramids being similar,the small- 
er may be placed within the greater, so that 
the solid angle S shall be common to both. 
In that position, the bases ABODE, abode 
will be parallel ; because, since (423.) the 
homologoCis faces are similar, the angle Sa& 
is equal to SAB, and Sbc to SBC ; hence 
(344.) the plane ABC is parallel to the plane 
abc. This granted, let SO be the perpendi- '^^ 
cular drawn from the vertex S to the plane 
ABC, and o the point where thi^ perpendi- 
cular meets the plane abc : from what has already been shewn 
(406.), we shall have SO : So : : SA : Sa : : AB : a6 ; and 
consequently, 
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iSO : iSo : : AB : 06. 

But the bases ABGDE, abede being similar figures, we have 

ABCUE -.abede : : AB" i 06". (aSI.) 
Multiply the corresponding terms of these two proportioDS ; 
there resulis the proportion, 

ABCDEx JSO : abede X jSo : : Aff : a^. 
Now ABCDE X ^SO is the solidity of the pyramid 
SABCDE. and abede X iSo is that of the pyramid Sofccde 
(413.) ; hence two similar pyramids are to each other aa the 
cubes ol' their homologoas sides. 



435. Two nmiiar pdyedrotu are to each other aa the aihet of 
their htmeii^o^t ndet. 

Fortwosimilarpo- 
lyedrona may (433.) 
be divided, each into 
the same number of 
triangular pyramids 
respectively similar. 
Now, the two similar 
pyramids APNM, 
a;>nniare to eachnth- 
erasthe cubes of their 
homologous sides 
AM, am, or as the 
cubes of their homo- 
logous sides AB, cA. The same ratio exists hetween''^every 
other pair of homologous pyramids: hence the sum of all 
the pyramids which compose the one polyedron, or ital poly- 
edron itself, is lo the other polyedron, as the cube of any one 
side in the first is to the cube of the homologous side in the 
second. 

General Scftolnm. 

436. The chief propositions of this Book relating to the 
solidity of polyedrons, may be exhibited in algebraical terms, 
and so recapitulated in the briefest manner possible. 

Let B represent the base of a prism; H its altitude: the 
solidity of (he prism will be BxH, or BH. 

Let B represent the base of a pyramid ; H its altitude : the 
solidity of the pyramid-will be BX^H, orHxfB, or 0H. 
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Let H represent the altitnde of the frustum of a pyramid^ 
haTiog parallel bases A and B ; V AB will be the meaa pro* 
tional between those bases ; and the solidity of the frustum 
willbe iHx<A+B+ VAB). 

Let B represent the base of the fruBium of a triangular 
prism ; H, H « H ' the altitudes of tts three upper vertices : the 
toUdity of the truncated prism will be |Bx(H-f H>H'> 

Ift fiue, let P and p represent the solidities of tvoo similar 
poly^oms ; A and a two homologous edges or diagonals ef 
these polyedrons : we shall have P : p : : A' : ir'. 



BOOK yii. 

THE SPHERE. 

Definitions, 

437, The sphere is a solid terminated by a curve surfacet 
all the points of which are equally distant from a point within, 
called the centre, 

D 



The sphere may be 
conceived to be gene- 
rated by the revolution 
of a semicircle DAE 
about its diameter DE ; 
for the surface descri- Al 
bed in this movement, 
by the curve DAE, will 
have all its points equal- 
ly distant from the cen- 
tre C. 




438. The radius of a sphere is a straight line drawn from 
ibe centre to any point of the surface ; the diameter oriira is 
a line pasung through tius centre^ and terminated Dn both 
sides by the surface. 

All the radii of a sphere are equal ; all the diameters are 
equfldi and «acb double of the radSnis. 
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439. It will be shewn (452.) that every section of the 
sphere, made hy a plane, is a circle : this granted, a great 
circlf! is a section which passes through the centre ; a small 
circle one which does not pass through the centre. 

440. A plane h tangent to a sphere, when their surfaces 
have but one point in common. 

441. The pole of a circle of a sphere is a point in the sur- 
face equally distant from all the points in the circumference 
of this circle. It will be shown (464.) that every circle, 
great or small, has always two poles. 

442. A spherical triangle is a portion of the surface of a 
sphere, bounded by three arcs of great circles. 

Those arcs, named the sides of the triangle, are always 
supposed to be each less than a semicircumference. The an- 
gles, which their planes form with each other, are the angles 
of the triangle. 

443. A spherical triangle takes the name of right-angled, 
isosceles^ equilateral^ in the same cases as a rectilineal triangle. 

444. A spherical polygon is a portion of the surface of a 
sphere terminated by several arcs of great circles. 

445. A lune is that portion of the surface of a sphere, 
which is included between two great semicircles meeting in a 
common diameter. 

446. A spherical wedge or urigula is that portion of the 
solid sphere, which is included between the same great semi- 
circles, and has the lune for its base. 

447. A spherical pyramid is a portion of the solid sphere, 
included between the planes of a solid angle whose vertex is the 
centre. The base of the pyramid is the spherical polygon 
intercepted by the same planes. 

448. A zone is the portion of the surface 6f the Sph^re^ 
included between two parallel planes, which form its bases. 
Qne of those planes may be tangent to the sphere ; in which 
case, the zone has only a single base. 

449. A spherical segment is the portion of,the solid sphere, 
inclnded between two parallel planed which form its bases. 

^5 
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One of these planes may be tangent to tbe sphere ; in which 
case, the segment has only a single base. 

450. The altitude of a zon& or of a segment is the dis- 
tance between the two parallel planes, which form the bases 
of the zone or segment. 

461. Whilst the semicircle DAE (437.) revolving round 
its diameter DE, describes tbe sphere ; any circular sector, 
as DCF or FCH, describes a solid, which is named a spherical 
sector, 

m 

TBEORBU. 

v.. 

452. Every section of a sphere^ made by a plane j is a circlcy 

Let AMB be a section, made by 
a plane, in the sphere whose centre is 
C. From the point C, draw CO ^^ 
perpendicular to the plane AMB ; 
and different lines CM, CM to differ- 
ent points of the curve AMB, which 
terminates the section. 

The oblique lines CM, CM, CA 
are equal, being radii of the sphere ; 
hence (329.) they are equally distant from the perpendicular 
CO ; therefore all the lines OM, MO, OB are equal ; conse- 
quently the section AMB is a circle, whose centre is 0« 

453. Cor* 1.. If the section passes through the centre of 
the sphere, its radius will be the radius of the sphere ; hence 
all great circles are equal. 

454. Cor. 2. Two great circles always bisect each other; 
jfor their common intersection, passing through the centre, is 
a diameter. 

455. Cor. 3. Every great circle divides the sphere and its 
surface into two equal parts : for, if the two hemispheres were 
separated, and afterwards placed on tbe common base, with 
their convexities turned the same way, the two surfaces would 
exactly coincide, no point of the one being nearer jthe centre 
than any point of the other. 

456. Cor. 4. The centre of a small circle, and that of 
the sphere, are in the same straight line, perpendicular to the 
pl^ne of the small circle. 
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457. Cor. 5. Small circles are the less the farther they 
lie from the centre of the sphere ; for the greater CO is, the 

less IS the chord AB, the diameter of the small circle AMB. 

« 

458. Cork 6. An arc of a great circle may .always be 
made to pass through any two given points of the surface 
of the sphere ; for the two given points, and the centre of the 
sphere make three points which determine the position of a 
plane. But if the two given points were at the extremities of 
a diameter, these two points and the centre would then lie in 
one straight line, and an infinite number of great circles might 
be made to pass through the two given points. 

THEOREM. 

459. In every spherical triangle^ any side is less than the sum of 

the other two. 

Let O be the centre of the sphere, and A^ 
ACB the triangle ; draw the radii OA, 
OB, OC. Imagine the planes AOB, 
AOC, COB to be drawn ; those planes 
will form a solid angle at the centre O; 
and the angles AOB, AOC, COB will be 
measured by AB, AC, BC, the sides of 
the spherical triangle. But (356.) ^ach 
of the three plane angles forming a solid 
angle is less than the sum of the other O 
two (356*) ; hence any side of the triangle ABC is less than 
the sum of the other two. 



THEOREM. 

460. The shortest path from one point to another ^ on the surface 
of a sphere^ is the arc of the great circle which joins the two 
given points. 
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Let ANB be the arc of the great circle which 
joins the points A and B ; and without this line, if 
possible, let M be a point of the shortest path be- 
tween A and B. Through the point M, draw MA, 
MB, arcs of great circles; and take BN=MB. \* 

By the last theorem, the arc ANB is shorter 
than AM+MB; take BN=BM respectively from ^/ J]sr 
both ; there will remain ANz AM. Now, the dis-' 
tance of B from M, whether it be the same with th« 
^rc BM or with any other Hue, i$ equal to the dis- 
tance of B from N ; for by makijig the plane of the 
great circle BM to revolve about the diameter "^ 
which passes through B, the point M may be brought into the 
position of the point N ; and the shortest line between M and 
B, whatever it may be, will then be identical with that be- 
tween N and B : hence the two paths from A to B, one pass- 
ing through M, the other through N, have an equal part in 
each, the part from M to B equal to the part from N to B. 
The first path is the shorter, by hypothesis ; hence the dis- 
tance from A to M must be shorter than the distance from 
A to N ; which is absurd, the arc AM being proved greater 
than AN ; hence no poidt of' the shortest line from A to B 
can lie out of the arc ANB ; hence this arc is itself the short- 
est distance between its two extremities. 



THjgOilEM. 



46 1 . The sum of the three sides of a sphericartriangle is less than 

the circumference of a great circle. 



Let ABC be any spherical tri- 
angle ; produce the sides AB, AC 
till they meet again in D. The 
arcs ABD, ACD will be semicir- 
cjumferences, since (464.) two 
great circles always bisect each j^ 
other. But in the triangle BCD, 
we have(459.) the side BCZ.BD 
+CD ; add AB+AC to both ; 
we shall have AB+AC+BCZ 
ABD+ ACD, that is to say, less 
than a circumference. 
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462. The sum of all the aides of any spherical polygon is less 
than the circumference of a great circle. 

Take the pentagon ABCDE, for 
example. Produce the sides AB, 
DC tilt they meet in F ; then since 
BC is less than BF+CF, the peri- 
meter of the pentagon ABCDE 
will be less than that of the quadri- 
lateral AEDF. Again, produce 
the sides AE, FD, till they meet in G; we shall have EDZ 
EG-I-DG ; hence the perimeter of the quadrilateral AEDF 
is less than that of the triangle AFG ; which last is itself less 
than the circumference of a great circle ; hence, for a still 
stronger reason, the perimeter of the polygn ABCDE is less 
than this same circumference* 

463. Scholium, This proposition is fundamentally the 
same as (Art.* 357.); for, O being the centre of the sphere, a 
solid' angle may be conceived as formed at O by the plane 
angles AOB, BOC, COD, Slc, and the sum of these angles 
must be less than four right angles ; which is exactly the pro- 
position we have been engaged with. The demonstration 
here given is different from that of Art. 357. ; both, however, 
suppose that the polygon ABCDE is convex, or that no aide 
produced will cut the figure. 



THEOREM. 

464. The poles of a great circle of the sphere'^ are the extremities 
of that diameter of the sphere which is perpendicular to this circle; 
and these extremities are also the poles of all small drcUs pa- 
rallel to it. 
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Let ED be perpendi- 
cular to the great circle 
AMB; then will E and 
D be its poles ; as also 
the poles of the paral- 
lel small circles HPP, 
FNG. 

For, DC being per- . | 
pendicular to the plane 
AMB, is perpendicular 
to all the straight lines 
CA, CM, CB, &c., 
drawn through its foot 
in this plane; hence all 
the arcs DA, DM, DB, 
&;c. are quarters of the 
circumference. So likewise are all the arcs EA, EM, 
EB, &c. ; hence the points D and E are each equally dis- 
tant from all the points of the circumference AMB ; hence 
(441.) they are the poles of that circumference. 

Again, the radius DC, perpendicular to the plane AMB, is 
perpendicular to its parallel FNG ; hence (4li6.) it passes 
through O the centre of the circle FNG ; hence, if the oblique 
lines DF, DN, DG be drawn, these obliaue fines will diverge 
equally from the perpendicular DO, and will themselves be 
equal. But, the chords being equal, the arcs are equal ; hence 
the ppint D is the pole of the small circle FNG ; and for like 
reasons, the point E is the other pole. 

465. Cor. 1. Every arc DM, drawn from a point in the 
arc of a great circle AMB to its pole, is a quarter of the cir- 
cumference, which for the sake of brevity, is usually named 
a quadrans or quadrant : and this quadrant at the same time 
makes a right angle with the arc AM. For (351.) the line 
DC being perpendicular to the plane AMC, every plane DMC 
passing through the line DC is perpendicular to the plane 
AMC ; hence the angle of these planes, or (442.) the angle 
AMD, is a right angle. 

466. Cor. 2. To find the pole of a given arc AM, draw 
the indefinite arc MD perpendicular to AM ; take MD equal 
to a quadrant ; the point D will be one of the poles of the 
arc AM : or thus, at the two points A and M, draw the arcs 
AD and MD perpendicular to AM ; their point of intersec- 
tion D will be the pole required. 
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467* Cor. 3. Conversely, if the distance of the point D 
from each of the points A and M is equal to a quadrant, the 
point D will be the pole of the arc AM, and also the angles 
DAM, AMD will be right. 

For, let C be the centre of the sphere ; and draw the radii 
CA, CD, CM. Since the angles ACD, MCD are right, the 
line CD is perpendicular to the two straight lines CA, CM ; 
hence it is perpendicular to their plane (325.) ; hence the point 
Dis the pole of the arc AM ; and consequently the angles. 
DAM, AMD are right. 

468. Scholium* The properties of these poles enable us 
to describe arcs of a circle on the surface of a sphere, with 
the same facility as on a plane surface. It is evident, for in- 
stance, that by turning the arc DF, or any other line extend- 
ing to the same distance, round the point D, the extremity F 
will describe the small circle FN6 ; and by turning the qua- 
drant DFA round the point D, its extremity A will describe 
the arc of the great circle AM. 

If the arc AM were required to be produced, and nothing 
were given but the points A and M through which it was to 
pass, we should first have to determine the pole D, by the 
intersection of two arcs described from the points A and M 
as centres, with a distance equal to a quadrant ; the pole D 
being found, we might describe the arc AM and its prolon- 
gation, from D as a centre, and with the same distance as 
before. 

In fine, if it is required from a given point P to let fall a 
perpendicular on the given arc AM ; produce this arc to S, 
till the distance PS be equal to a quadrant ; then from the 
pole S, and with the same distance, describe the arc PM, which 
will be the perpendicular required. 



THEOREM. 

469. Every plane perpendidular to a radius at its extremity is 

tangent to the sphere. 

Let FAG (see the next figure) be a plane perpendicular to 
the radius OA, at its extremity A. Any point M in this plane 
being assumed, and OM, AM being joined, the angle 0AM 
will be right, and hence the distance OM will be greater than 
OA. Hence the point M lies without the sphere ; and as the 
same can be shewn for every other point of the plane FAG, 
this plane can have no point but A common to it and the sur- 
face of the sphere ; hence (440.) it is tangent. 
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' 470* Scholium. In the same way it may be shewn, that two 
spheres have but one point in common, and therefore touch 
each other, when the distance between their centres is equal to 
the sum, or the difference of their radii ; in which case, the 
centres and the point of contact lie in the same straight line. 




THEOREM. 

471. The angle formed by two arcs of great circlest is equal to 
the (tkgle formed by the tangents of these arcs at their point of 
intersection, and is measured by the arc described from this point 
of intersection^ as a pole^ and limiied by the sidess, produced if 
necessary. 

Let the angle BAC be formed by the A. 
two arcs AB, AC ; then will it be equal to 
the angle FAG formed by the tangents 
AF, AG, and be measured by the arc DC, 
described about A as a pole. 

For the tangent AF, drawn in the plane 
of the arc AB, is perpendicular to the ra- 
dius AO ; and the tanf^ent AG, drawn in 
the plane of the arc AC, is perpendicular 
to the same radius AO. Hence (349.) the 
angle FAG is equal to the angle contained 
by the planes OAB, OAC ; which is that 
of the arcs AB, AC, and is named BAC. 

In like manner, if the arcs AD and AE are both quadrants, 
the lines OD, OE will be perpendicular to AO, and the angle 
DOE will still be equal to the angle of the planes AOD, 
AOE ; hence the arc DE is the measure of the angle con- 
tained by these planes, or of the angle CAB. 

472. Cor. The angles of spherical triangles may be com- 
pared together, by means of the arcs of great circles de- 
scribed from their vertices as poles and included between their 
sides : hence it is easy to make an angle of this kind equal to 
a given angle. 

473. Scholium. Vertical angles, such as ACO and BCN 
(see the figure of Art. 499.) are equal ; for either of them is 
still the angle formed by the two planes ACB, OCN. 

It is farther evident, that, in the intersection of two arcs 
ACB, OCN, the two adjacent angles ACO, OCB taken toge- 
ther, are equal to two right angles. 
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THEOREM. 

474. If from the vertices of the three angles of a spherical tri-^ 
(tnglCy as poles^ three arcs he descrU^ forming a second trian^ 
gle, the vertices of the angles of this second triangle^ tDtU be re* 
speetively poles of the sides of the poles. 

From the vertices A, B, C, 
as poles, let the arcs EF,FD, 
ED be described, forming on 
the surface of the sphere, the 
triangle DFE ; then will the 
points D, E, and F be re- 
spectively poles of the sides -ki^ 
BC, AC, AB. 

For, the point A being the 
pole of the arc EF, the dis- 
tance AE is a quadrant ; the 
point C being the pole of the arc DE, the distance CE 4s 
likewise a quadrant: hence the point E is removed the 
length of a quadrant from each of the points A and C ; 
hence (467.) it is the pole of the arc AC. It might be shewn, 
by the same method, that D is the pole of the arc BC, and F 
that of the arc AB. 

475. Cor. Hence the triangle ABC may be described by 
means of DEF, as DEF is described by means of ABC. 

THEOREM. 

476. The same supposition continuing as in the last Theor^n^ 
each angle in the one of the triangles, will he measured by the 
semicircumference minus the side lying opposite to it in the other 
triangle. 

Produce the sides (see the preceding figure) AB, AC, if 
necessary, till they meet EF, in 6 and H. The point A being 
the pole of the arc GH, the angle A will be measured by that 
arc. But the arc EH is a quadrant, and likewise GF, E be- 
ing the pole of AH, and F of AG ; hence EH+GF is equal 
to a semicircumference. Now, EH+GF is the same as EF 
+GH ; hence the arc GH, which measures the angle A, is 
equal to a semicircumference minus the side EF. In like 
manner, the angle B will be measured by i circ— DF : the 
angle C, by i circ. — DE. 

26 
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And this property must be reciprocal in the two triangles, 
since each of them is described in a similar manner by means 
of the other. Thus we shall find the angles D, E, F of the 
triangle DEF to be measured respectively by ^ circ. — BC, 
J eirc. — AC, ^ circ. — AB. Thus the angle D, for example, 
is measured by the arc MI ; but MI+BC=MC+BI=|ctVc.; 
hence the arc Ml, the measure of D, is equal to ^ circ. — BC ; 
and so of all the rest. 

477. Scholium, It must further be observed, that besides 
the triangle DEF, three others might be formed by the inter- 
section of the three arcs DE, EF, DF. 
But the proposition immediately before 
us is applicable only to the central 
triangle, which is distinguished from /^\ ^^N/e 
the other three by the circumstance c. 
(see the figure in the last page) that 
the two angles A and D lie on the ^^^ 

same side of BC, the two B and E on ^ 

the same side of AC, and the two C and F on the same side 
ofAB. 

Various names have been given to the triangles ABC, 
DEF ; we shall call them polar triangles. 

THEOREM. 

478. y around the vertices of the two angles of a gtoen spherical 
triangle^ as poles, the circumferences of two circles be described 
which shall pass through the third angle of the triangle ; if then, 
through the other point in which those circumferences intersect 
and the two first angles ofJhe triangle^ the arcs of great circles 
he drawn, the triangle thus forfned will have all its parts equal 
to those of tJ^e first triangle. 

Let ABC be the given triangle, CED, DFC the arcs de- 
scribed about A* and J3 as poles ; then will the triangle ADB 
have all its parts equal to those of ABC. 
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For, by construction, the side AD= 
AC, DB=BC, and AB is common ; 
hence those two triangles have their sides 
equal, each to each. We are now to 
show, that the angles opposite these equal 
sides are also equal. 

If the centre of the sphere is supposed 
to be at O, a solid angle may be conceiv- 
ed as formed at O by the three plane an- 
gles AOB, AOC, BOC ; likewise 
another solid angle may be conceived as formed by the three 
plane angles AOB, AOD, BOD. And because the sides of 
the triangle ABC are equal to those of the triangle ADB, 
the plane angles forming the one of these solid angles, must 
be equal to the plane angles forming the other, each to each. 
But in this case we have shown ( ^59.) that the planes, in 
which the equal angles lie, are equally inclined to each other ; 
hence all the angles of the spherical triangle DAB are re- 
spectively equal to those of the triangle CAB, namely, DAB 
*:BAC, DBA=ABC, and ADB=ACB ; hence the sides 
and tbe angles of the triangle ADB are equal to the sides atid 
the angles of the triangle ACB. 

479. Scholium. The equality of those triangles is not, 
however, an absolute equality, or one of superposition ; for 
it would be impossible to apply (hem to each other exactly, 
unless they were isosceles. The equality meant here is what 
we have already named an equality by symmeiry; there- 
fore we shall call the. triangles ACB, ADB, symmetrical 
triangles. 



/■ 



THEOREM. 



480. Two triangles on the same sphere^ or an equal spheres, are 
equal in aU their parts, when they hawe each an equal angle tn^ 
eluded bettoeen equal sides. 

Suppose the side AB=EF, the 
side AC=EG, and the angle BAC 
SP.FEG ; the triangle EFG may be 
placed on the triangle ABC, or on 
ABD symmetrical with ABC, just 
as two rectilineal triangles are 
placed upon each other, when they 
have an equal angle included be- 
tween equal sides. Hence all the 
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parts of the triaugle EFG will be equal to all the parts of the 
trkngle ABC ; that is, besides the three parts equal by hy- 
pothesis, we shall have the side BC^FG, the augle ABC^ 
EFG, and the angle ACB=:EGF. 



THEOREIIf. 

481. Two triangles on the same sphere, or on equal spheres, are 
equal in all their parts, when two angles and the included side of 
the one are respectively equal to two angles and the included side 
of the other. 

For, one of those triangles, or the triangle symmetrical with 
it, may be placed on the other, as is done in the correspond- 
ing case ofrectilinealtriangles (38.). 

THEOREM* 

482. If two triangles an the same sphere^ or on equal spheres^ 
haoe all their sides respectively equal, their angles will likewise 
he all respectively equal, the equal angles lying opposite the equal 
sides. 

This truth is evident from (Art. 478.), 
where it was shewn that, with three 
given sides AB, AC, BC, there can only 
be two triangles ACB, ABD, differing 
as to the position of their parts, and equal 
as to the magnitude of those parts. 
Hence those two triangles, having all ^' 
their sides respectively equal in both, 
must either be absolutely equal, or at 
least symmetrically so ; in both of which -^ 

cases, their corresponding angles must be equal, and lie op* 
posite to equal sides. 

THEOREM. 

4Bd. In every isosceles spherical triangle, the angles opposite ike 
equal sides are equal ; and conversely, if two angles of a sphe- 
rical triangle are equals the triangle is isosceles. 




BOOK VII. 



m 




First. Suppose the side AB=AC ; we 
shall have the angle 0=6. For, if the arc 
AD be drawn from the vertex A to the mid- 
dle point D of the base, the two triangles 
ABD, ACD will have all the sides of the 
one respectively equal to the corresponding 
sides of the other, namely, AD common, 
BD=DC, and AB=AC : hence by the last 
Proposition, their angles will be equal ; 
therefore B=C. 

Secondly. Suppose the angle B=C ; we shall have the 
side AC=AB. For, if not, let AB be the greater of the iw ; 
take BO=AC, and join OC. The two sides BO, BC are 
equal to the two AC, BC ; the angle OBC, contained by the 
first two is equal to ACB contained by the second two. 
Hence (480.) the two triangles BOC, ACB have all their 
other parts equal ; hence the angle OCB=: ABC : but by hy- 
pothesis, the angle ABC=ACB ; hence we have OCB= 
ACB, which is absurd ; hence it is absurd to suppose AB 
different from AC ; hence the sides AB, AC, opposite to the 
equal angles B and C, are equal. * 

484. Scholium. The same demonstration proves the an- 
gle BAD=:DAC, and the angle BDA=ADC. Hence the 
two last are right angles ; hence the arc drawn from the ver* 
tex of an isosceles spherical triangle to the middle of the base, 
is at right angles to that bascy and bisects the vertical angle. 



THEOREM. 

485. In any spherical triangle, the greater side is opposite the 
greater angle ; and conversely, the greater angle is opposite the 

greater side. 

> 

Let the angle A be greater than the angle B, then will BC 
be greater than AC ; and conversely, if JBC is greater than 
AC, then wilLfthe angle A be greater than B. 

First. Suppose the angle 
A7B ; make the angle BAD 
=B: then (483.) we shall 
haveAD=DB: butAD+DC b 
is greater than AC ; hence, 
patting DB in place of AD, 
we shall have PB+DC, or BC7AC. 
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Secondly. If we suppose BC7AC, the angle BAG will 
be greater than ABC. For, if BAG were equal to ABG, we 
should have BC=AC ; if BAG were less than ABG, we 
should then, as has just been shown, find BGil AC. Both 
these conclusions are false : hence the angle BAG is greater 
than ABC. 



THEOREM. 

4^Q. If two aides of a spherical triangle are respecHvely equal 
to two' sides of another triangle drawn upon an equal sphere ; 
and if at the same time the contained angle cf the^ first triangle 
is greater than the contained angle of the second triangle^ then 
mil the third side of the first triangle be greater than the third 
side of the second. 

Let AB, AC be respectively equal to DE, DF, and the 
angle A greater than D j then will BC be greater than EF. 




The demonstration is every way similar to that of (Art. 42.) 



THEOREM. 



487. If two triangles on the same sphere^ or o^ equal spheres^ are 
mujtually equiangular, they wUl also be mufually equilaferah 

Let A and B be the two given triangles ; P and Q their 
polar triangles^ Since the angles are equal in the triangles 
A and B, the sides will be equal in the polar triangles P and 
Q (476,) : but since the triangks P and Q are mutually equi- 
lateral, they must also (482.) be mutually equiangular ; aDd, 
lastly, the angles being equal in the triangks P and Q, it fol- 
lows (476.) that the sides are equal in their polar triangles A 
and B. Hence the mutually equiangular triangles A and B 
are at the same time mutually equilaterak 
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This proposition may also be demonstrated, without the aid 
of polar triangles, as follows : 

LetABC,DEF 

be two triangles 
mutually equian- 
gular, having A 1< 
=D, B=E, C= 
F ; we are to shew 
that AB=DE, 
AC=DF, BC=EF. 

On the prolongations of the sides AB, AC, take AG=DE, 
and AH=DF ; join GH ; and produce the arcs BC, GH, 
till they meet in I and K. 

The two sides AG, AH are equal, by construction, to the 
two DF, DE ; the included an^le GAH=BAC=EDF ; 
hence (480.) the triangles AGH, DEF, are equal in all their 
parts; hence the angle AGH=DEF=ABC, and the angle 
AHG=DFE=ACB. 

In the triangles IBG, KBG, the side- BG is common ; the 
angle IGB^sGBK ; and, since IGB+GBK is equal to two 
right angles, and likewise GBK+IB6, it follows that BGK 
=IBG. Hence (481.) the triangles IBG, GBK are equal ; 
hence IG=BK, and Ifif=:GK. 

In tike manner, the angle AHG being equal to ACB, we 
can shew that the tria igles ICH, HCK have two angles and 
the interjacent side in each equal ; hence they are themselves 
equal ; hence IH^^CK, and HK^IC. 

Now, if the equals CK, IH be taken away from the equals 
BK, IG, the remainders BC, GH, will be equal. Besides, 
the angle BCA=AHG, and the angle ABC==AGH- Hence 
the triangles ABC, AHG have two angles and the interjacent 
side in each equal ; hence they are themselves equal. But 
the triangle DEF is equal in all its parts to AHG ; hence it 
is also equal to the triangle ABC, and we have AB=DE, 
AC=DF, BC=EF 5 hence if two spherical .triangles are 
mutually equiangular, the sides opposite their equal angles 
will also be equal. 

488. Scholium, Thi^ Proposition is not applicable to rec- 
tilineal triangles ; in which, equality among the angles indi- 
cates only proportionality among the sides. Nor is it difficult 
to account for the difference observable, in this respect, be- 
tween spherical and rectilineal triangles. In the Proposition 
now before us, as well as in Articles 480, 481, 4&2, 486, 
which tr^t of the. comparison of triangles, it is expressly re- 
quired that the arcs be traced on the same sphere, or on equal 
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spheres. Now similar arcs are to each other as their radii ; 
hence, on equal spheres, two triangles cannot be similar with- 
out being equal. Therefore it is not strange that equality 
among the angles should produce equality among the sides. 
The case would be different, if the triangles were drawn 
upon unequal spheres ; there, the angles being equal, the tri- 
angles would be similar, and the homologous sides would 
be to each other as the radii of their spheres. 



V THEOREM^ 

4B9. The wtm of all the angles in any spherical tnamgle is less- 
than six right angles^ and greater than tteo. 

For, in the first place, every angle of a spherical triangle 
is less than two right angles (see the following Scholium) ; 
hence the sum of all the three is less than six right angles. 

Secondly, the measure of each angle of a spherical triangle 
(476.) is equal to the semi circumference mentis the corres- 
ponding side of the polar triangle ; hence the sum of all the 
three, is measured by three semicircumferences minus the sum 
of all the sides of the polar triangle. Now (461.), this latter 
sum is less than a circumference ; therefore, taking it away 
from three semicircumferences, the remainder will be greater 
than one semicircumference, which is the measure of two 
right angles ; hence, in the second place, the sum of all the 
. angles in a spherical triangle is greater than two right angles. 

490. Cor. 1. The sum of all the angles of a spherical 
triangle is not constant, like that of all the angles of a rectili- 
neal triangle ; it varies between two right angles and six, 
without ever arriving at either of these limits. Two given 
angles therefore do not serve to determine the third. 

491. Cor. 2. A spherical triangle may have two, or even 
three angles, right, two, or three obtuse. 

If thf triangle ABC is bi-rectangular^ in 
other words, has two right angles B and C, 
ihe vertex A will (467.) be the pole of the 
base BC ; and the sides AB, AC will be qua- 
drants. 

If the angle A is also right, the triangle -^^ 
ABC will be trirrectangular ; its angles will 
all be right, and its sides quadrants. The tri-rectangular tri- 
angle is contained eight times in the surface of the sphere ; 
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as is evident from the figure o£ Art. 499, suppos^pg th^ fire 
MN to be a quadrant. 

492. Scholium. In all the preceding observations, w^ haye 
supposed, in conformity with (Art. 442,), that our sph^ricsi) 
triangles have always each of their sides less than a seroieir- 
cumference ; from which it follows that any one of their an* 
gles is always less than two right apgles. For (see fig. to 
Art. 461.) if the side AB is less than a semicircumference, api) 
AC is so likewise, both those arcs will require to be produced 
before they can meet in D. Now the two angles ABC, CBP, 
taken together, are equal to two right angles ; hence the ma^ 
gle ABC itself, is less than two right angles. 

We may observe, however, that some spherical triangles dp 
exist, in which certain of the sides are greater than a sennit 
circumference, and certain of the angles greater than two 
right angles. Thus, if the side AC is produced so as to form 
a whole circliroference ACE, the part which remains, aller 
subtracting the triangle ABC from the hemisphere, is a new 
triangle also designated by ABC, and having AB, BC, 
AEDC for its sides. Here, it is plain, the side AEDC U 
greater than the semicircumference AED ; and, at the same 
time, the angle B opposite to it exceeds two right angles, by 
the quantity CBD. 

The triangles whose sides and angles are so large, have been 
excluded from our Definition ; but the only reason was, that 
the solution of them, or the determination of their parts, is al- 
ways reducible to the solution of such triangles as are com- 
prehended by the Definition. Indeed, it is evident enough, 
that if the sides and angles of the triangle ABC are knpirn, 
it will be easy to discover the angles and sides of the triangle 
which bears the same name, and is the difierence between ^ 
hemisphere and the former triangle. 

THEOREM. 

493. The surface of a lune is to the sutfaee of the spkere^ as the 
angle of this lune, is to four right angles^ or as the arc which 
measures that angle, is to the circumference* 
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Let AMBN be a lune ; then will its 
surface be to the sorface of the sphere, 
as the angle NCM to four right an^ 
gles, or as the arc NM to the circum- 
ference of a great circle. 

Suppose, in the first place, the arc 
MN to be to the circumference MNPQ 
as some one rational number is to ano- 
ther, as 5 to 48, for example. The 
circumference MNPQ being divided 
into 48 equal parts, MN will contain 5 of them ; and if the 
pole A were joined with the several points of division, by as 
many quadrants, we should in the hemisphere AMNPQ have 
48 triangles, all equal, because all their parts are equal. 
Hence the whole sphere must contain 96 of those partial tri- 
angles, the tune AMBNA will contain 10 of them ; hence 
the lune is to the sphere as 10 is to 96, or as 5 to 48, in other 
words, as the arc MN is to the circumference. 

If the arc MN is not commensurable with the circumference, 
we may still shew, by a mode of reasoning frequently exem- 
plified already, that in this case also, the lune is to the sphere 
as MN is to the circumference. 



494. Cor. 1 • Two lunes are to each other as their respec- 
tive angles. 

495. Cor. 2. It was shewn above (491 .) that the whole 
surface of the sphere is equal to eight tri-rectangular trian- 
gles ; hence, if the area of one such triangle is taken for 
unity, the surface of the sphere will be represented by 8. 
This granted, the surface of the lune, whose angle is A, will 
be expressed by 2A (the angle A being always estimated from 
the right angle assumed as unity), since 2A : 8 : : A : 4. 
Thus we have here two difierent unities ; one for angles, be- 
ing the right angle ; the other for surfaces, being the tri-rec- 
tangular spherical triangle, or the triangle whose angles are 
all right, and whose sides are quadrants. 

496. Scholium, The spherical ungula, bounded by the 
planes AMB, ANB, is to the whole solid sphere, as the angle 
A is to four right angles. For, the lunes being equal, the 
spherical ungulas will also be equal ; hence two spherical un- 
gulas are to each other, as the angles formed by the planes 
which bound them. 
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THEOREM. 

497. Two symmetrical spherical triangles are equal in surface* 

Let ABC, DEF be two symme- j^ 

trical triangles, that is to say, two ^ 

triangles having their sides AB= 
DE, AC=DF, CB=EF, and yet 
incapable of coinciding with each j j \q p / 
other : we are to shew thcu the sur- 
face ABC is equal to the surface 
DEF. ^ 

Let P be the pole of the small 
circle passing through the three points A, B, C ;* from this 
point draw (464.) the equal arcs PA, PB, PC ; at the point 
F, make the angle DFQ=ACP, the arc FQ=CP; and join 
DQ, EQ. 

The sides DF, FQ are equal to the sides AC, CP ; tlie 
angle DFQ=ACP : hence (480.) the two triangles DFQ, ' 
ACP are equal in all their parts ; hence the side DQ>=:AP, 
and the angle DQF==APC. 

In the proposed triangles DFE, ABC, the angles DFE, 
ACB, opposite to the equal sides DE, AB, being equal (481.), 
if the angles DFQ, ACP which are equal by construction, be 
taken away from them, there will remain the angle QFE, 
equal to PCB. Also the sides QF, FE are equal to the sides 
PC, CB; hence the two triangles FQE, CPB are equal in 
all their parts ; hence the side QE^PB, and the angle FQE 

=:CPB. 

Now, the triangles DFQ, ACP, which have theip sides 
respectively equal, are at the same time isosceles, and 
capable of coinciding, when applied to each other; for 
having placed PA on its equal QF, the side PC will fall on 
its equal QD, and thus the two triangles will exactly coincide : 
hence they are equal ; and the surface DQF=APC. For 
a like reason, the surface FQE=CPB, and the surface DQE 
=APB ; hence we have DQF+FQE— DQE=APC+CPB 
— APB, or DFE=ABC ; hence the two symmetrical trian- 
gles ABC,' DEF are equal in surface. 



"^^ The circle which passes through the three points A, B, C, or which 
circumscribes the triangle ABC, can only be a small circle of the sphere ; 
for if it were a g^eat circle, the three sides AB, BC, AC would lie in one 
plane, and the triangle ABC would be reduced to one of its sides. 
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498. Scholium. The poles P and Q might lie within the 
triangles ABC, DEF : in which case it would be requisite to 
add the three triangles DQF, FQE, DQE together, in order 
to make up the triangle DEF ; and in like manner, to add 
the three triangles APC, CPB, APB together in order to 
make up the triangle ABC : in all other re>pects^ the demon- 
stration and the result would still be the same. 



THEOREM. 

499. If the circumferences of two great circles intersect each 
other on the surface of a hemisphere ^ the sum of the opposite 
triangles thusformed.is equivalent to the surface of a lune whose 
angle is equal to the ungle formed by the circles. 

Let the circumferences AOB, COD, in- 
tersect on the hemisphere OACBD; then 
will the opposite triangles AOC, BOD be 
equal to the lune whose angle is BOD. 

For, producing the arcs OB, OD on 
the other hemisphere, till they meet in 
N, the arc OBN will be a semicircum- 
ference, and AOB one also ; and taking 
OB from both, we shall have BN=AO. For a like reason, 
we have DN=CO, and BD:=AC. Hence the two triangles 
AOC, 6DN have their three sides respectively equal ; besides, 
they are so placed as to be symmetrical ; hence (496.) they 
are equal in surface, and ihe sum of the triangles AOC, BOD 
is equivalent to the lune OBNDO whose angle is BOD. 

500. Scholium. It is likewise evident that the two spheri- 
cal pyramids, which have the triangles AOC, BOD for bases, 
are together equivalent to the spherical ungula whose angle 

is 60D. 



TfiEORBM. 

501. The surface of a spherical triangle is measured hy ihe ex- 
cess of the sum of its three angles above two right angles. 





BOOK VII. 19' 

Let ABC be the proposed triangle : 
produce its sides till they meet the great 
circle DEFG drawn at pleasure without the 
triangle. By tb# last Theorem^ the two 
triangles ADE, AGH are tog<^ther equi- 
valent to the luiie whose angle is A, and 
which is measured (496.) by 2A. Hence 
we have ADE+AGH=^A ; and for a 
like reason, BGF+B1D= B, and CIH+ 
CFE3=2C. But the sum of those six triangles exceeds the 
hemisphere by twice the triangle ABC, and the hemisphere is 
represented by 4 ; therefore twice the triangle ABC is equal 
to 2A+2B+2C— 4 ; and consequently, once ABC=A+B+ 
C — 2 ; hence every spherical triangle is measured by the 
sum of all its angles tninui two right angles. 

602. Cor. I. However many right angles there be con- 
tdned in this measure, just so many tri-rectangular triangles, 
or eighths of the sphere, which (494 ) are the unit of surface, 
will the proposed triangle contain. If the angles, for example, 
are each equal to | of a right angle, the three angles will 
amount to 4 right angles, and the proposed triangle will be 
represented by 4 — 2 or 2 ; therefore it will be equal to two 
tri-rectangular triangles, or to the fourth part of the whole 
surface of the sphere. 

603. Cor. 2. The spherical triangle ABC is equivalent 

to the lune whose angle is^ — 1; likewise the spheri- 

cal pyramid, which has ABC for its base, is equivalent to the 

spherical ungula whose angle is — 1. 

2 

504. Scholium. While the spherical triangle ABC is 
compared with the tri-rectangular triangle, the spherical 
pyramid, which has ABC for its base, is compaired with the 
tri-rectangular pyramid, and a similar proportion is found to 
subsist between them. The solid angle at the vertex of the 
pyramid is, in like manner compared with the solid angle at 
the vertex of the tri- rectangular pyramid. These compari- 
sons are founded on the coincidence of the corresponding 
piirts. If the bases of the pyramids coincide, the pyramids 
thiemselves will evidently coincide, and likewise the solid 
angles at their venires. From this, some consequences are 
deduced. 
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First. Two triangular spherical pyramids are to each 
other as their bases : and since a polygonal pyramid may 
always be divided into a certain number of triangular ones, it 
follows that any two spherical pyramids ar^'to each other, as 
the polygons which form their bases. 

Second, The solid angles at the vertices of those pyramids 
are also as their bases ; hence, for comparing any two solid 
angles, we have merely to place their vertices at the centres 
of two equal spheres, and the ^olid angles will be to each 
other as the spherical polygons intercepted between their 
planes or faces. 

The vertical angle of the tri-rectangular pyi*amid is formed 
by three planes at right angles to each other : this angle, 
which may be called a right solid angle ^ will serve as a very 
natural unit of measure for all other solid angles. And if so, 
the same number, that exhibits the area of a spherical poly- 
gon, will exhibit the measure of the corresponding solid an- 
gle. If the area of the polygon is |, for example, in othet 
words, if the polygon is | of the tri-rectangular polygon, theii 
the corresponding solid angle Vitl also be | of the right solid 
angle. 

THEOREM. 

505. The sufface of a spherical polygon is measured by the sum 
of all its angles J minus two right angles multiplied by the num- 
ber of sides in the polygon less two^ 

Flora one of the vertices A, let di- 
agonals AC, AD be drawn to all the 
other vertices ; the polygon ABCDE 
will be divided into as many triangles 
minus two as it has sides. But the 
surface of each triangle is measured 
by the sum of all its angles minus two 
right angles ; and the sum of the an- 
gles in all the triangles is evidently the same as that of all the 
angles in the polygon ; hence the surface of the polygon is 
equal to the sura of all its angles diminished by twice as 
many right angles as it has sides minus two. 

506. Scholium. Let s be the sum of all the angles in a 
spherical polygon, n the number of its sides ; the right angle 
being taken for unity, the surface of the polygon will be me^- 
syred by s — 2 (n — ^2), or 5 — in+4. 




THE THREE ROUND BODIES, 



Definitions. 



Q07. A cylinder U the soRd generated by (iie revolution of 
it rectangle ABCD, conceived to turn about the immoveable 
side AB. 

In this movement, the sides AD, BC, con- 
tinuing always perpendicular to AB, de- 
scribe equal circles DHP, CGQ, which are 
called the baset of the cj/Iinder, the side CD 
at the same time describing the convex tur- 
face. 

The immoveable line AB is called the 
axis of the cylinder. 

Every section KLM, made in the cylinder, 
at right angles to the axis, is a circle equal 
to either of the bases ; for, whilst the rectangle ABCD 
turns about AB, the line KI, perpendicular lo AB, describes 
a circle, equal to the ase. and this circle is nothinK^^Ue than 
the section made perpendicular to the axis at the point I. 

Every section PQGH, made through the aiis, is a rectan- 
gle double of the generating rectangle ABCD. 

508' A cone is tbe solid generated by the revolution of a 
right-angled triangle SAB, conceived to turn about the im- 
moveable side SA. 

In this movement, tbe side AB describes 
a circle BDCE, named the biue of the 
cone; the hypotenuse SB describes its 
convex surface. 

The point S is named the vertex of the 
cone, SA the axit or tbe altitude, and SB 
tbe tide or the apolhem. 
■ Every section HKFI, at right angles to . 
the axiB, is a circle ; every section SDE, 
through the axis, is an isosceles triangle ~ 

double of the generating triangle SAB. 
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509. If from the cone SCDB, the cone SFKH be.col off 
by a Geclion parallel to the base, the remaining solid CBHF 
is called a truncated cone, or the frustum of a cone. 

We may conreive it to be generated by the revolution of a 
trapei(»id ABHG, whose angles A iinii G are right, aboul the 
side AG. The immoveable line AG is called the axu or alti- 
tttde of the frmlum, the circles BDC, HFK, are its bases, 
and BH is iisiufe. 

510. Two cylinders, or two cones, are nmilar, when their 
axes are to each other as the diameters of their bases. 

' 511. If in the circle ACD, which -^.^ ■;g^ 
forms the b^ise of a cylinder, a polygon 
ABODE is inscribed, a right prism, con- T 
sirucled on this base ABCDE, and equal 
in altitude to the cylinder, is said to be 
interibed in the cylinder, or the cylin- 
der to be circumscribed nbnvt the prism. 

The edges AF, BG, CH, 8ic. of the 
prism, being perpendicular to the plane 
of the base, are evidently included in the 
convpi surface of the cylinder ; hence a 
the prism and the cylinder (ouch one 
another along these edges. 

612. -Jn like manner, if ABCD is a 
polygon, circumscribed about the base of 
a cylinder, a rieht prism, constructed on 
this base ABCD, and equal in altitude 
to the cylinder, is said lo be circumscribed 
aboul the cylinder, or the cylinder to be 
inscribed in the prism. 

Let M, N, 8tc. be the points of contact 
in the sides AB, BC, Esc; and through . 
^e points M, N, Szc. let MX, NY, Uc. 
be drawn perpendicular to the plane of 
the base: those perpendiculars will evi- 
dently lie both in the surface of the cylinder, and id thtf &f 
the circnmscribed prism ; hence they will be lh«ir lines of 
contact. 

ffote. The Cylinder, iba Cone, and the Sphere, are the 
three round bodies treated of in the Elenents of Geometry. 
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PRELIMINARY LEMMAS CONCERNING SURFACES. 

513 A plane' surface OABDC is less than any other surface 
PA BCD terminated hy the same 'perimeter ABCD. 

This proposition is almost evident enough 
to be ranked in the class of axioms ; for 
the plane may be regarded among surfaces, 
as being what the straight line is among A/ 
lines ; the straight line is the shortest dis- 
tance between two given points; and so 
also, It may easily be conceived, is the plane the least of all 
the surfaces halving the same perimeter. Yet, since it is ad- 
visable to reduce the number of axioms as far as possible, we 
have subjoined a demonstration, which will remove all doubt 
concerning this truth. 

A surface being extended in length and breadth, one surface 
cannot be imagined to be greater than another, unless the 
dimensions of the first, in some direction, exceed those of th« 
second : and if it should happen that the dimensions of one 
surface were, in all directions, less than the dimensions of 
another, the first surface would evidently be the less of the 
two. Now, in whatever direction we pass the plane BPD 
to cut the plane surface in BD, and the other surface in BPD, 
the straight line BD will always be less than BPD ; hence 
the plane surface GABCD is less than the surface PABCD, 
which envelopes it. 

514. Every convex surface is less tfian any other surface en- 
veloping it, and resting on the same perimeter. 

We shall here repeat, that, by convex 
surface^ we understand a surface which 
cannot be cut by a straight line in more 
than two points : a straight line, how- 
ever, may in some cases be capable of ^ 
applying itself exactly in a certain! direc- 
tion to a convex surface ; examples of this are to be seen iii 
the surfaces of the cone and the cylinder. We m^y further 
observe, that the name convex surfacSi is not litnited to curve 
surfaces alone ; it includes polyedral surfaces, or surfaces 
composed of several planes, and likewise surfaces partly curved 
and partly polyedral. 

This being settled, if the surface GABCD, which is the 
enveloped surface^ is not less than all those which envelope 
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it, there mast be among the latter a surface PABCD, less 
than all the rest, and at most, equal to OABCD. Through 
any point O, pass a plane, touching the surface OABCD, 
without cutting it ; this plane will meet the surface 
PABCD, and (513.) the part which it cuts off from this sur- 
face will be greater than the plane which is terminated in the 
same boundary : hence, retaining the rest of the surface 
PABCD, we might substitute the plane instead of the part 
cut off from it, and so have a new surface, still enveloping 
OABCD, and less than PABCD. 

But by hypothesis, PABCD is the least of all ; hence the 
hypothesis was false ; hence the convex surface OABCD is 
less than any other surface enveloping it, and terminating in 
the same contour ABCD. 

515. Scholium. By a mode of reasoning entirely similar,^ 
we could show, 



1. That, if a convex surface terminated 
by two perimeters ABC, D£F, is enveloped 
by any other surface, terminated by the 
same perimeters, the enveloped surface will 
be the smaller of the two. 



2. That, if a convex sur- 
face AB, is enveloped on all 
sides by another surface MN, Q^ 
whether they have any points, 
lines, or planes, in common, 
or have no point at all in 
common, the enveloped sur- 
face will always be less than 
the surface which envelopes it. 

For, among the enveloping surfaces, there cannot be any 
one less than all the rest : because in every case a plane CD 
may be drawn so as to touch the enveloped convex surface, 
and (513.) this plane will always be less than the surface 
CMD ; whence the surface CND would be less than MN ; 
which is contrary to the supposition of MN being the least 
of all. Hence the convex surface ABJ is less than all those 
wbid^ cnveljipe it. 
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THEOREM. 

516. The solidity of Cylinder is equal to the product of its base 

by its altitude. 

Let CA be a radius of the 
given cylinder's base ; H the 
altitude ; let surf C A, repre- 
sent the area of the circle 
whose radius is CA: we are 
to show that the solidity of 
the cylinder is surf. CAxH. 
For, if surf CAxH is no.t 
the measure of the given cyl- 
inder, it must be the measure 
of a greater cylinder, or of a 
smaller one. Suppose it first 
to be the measure of a smaller one ; of a cylinder, for exam* 
pie which has CD for the radius of its base, H being the com- 
mon altitude. 

About the circle whose radius is CD, circumscribe a regu- 
lar polygon GHIP (285.), the sides of which shall not meet 
the circumference whose radius is CA. Imagine a right prism 
having the regular polygon GHIP for its base, and H for its 
altitude ; this prism will be circumscribed about the cylinder, 
whose base has CD for its radius. Now, (406.) the solidity 
of the prism is equal to its base GHIP, multiplied by the 
altitude H; the base GHIP is less than the circle, whose 
radius is CA ; hence the solidity of the prism is less than 
surf CA X H. But by hypothesis, surf CA X H is the solidity 
of the cylinder inscribed in the prism ; hence the prism must 
be less than the cylinder : whereas in reality it is greater, be«- 
cause it contains the cyKnder ; hence it is impossible that 
surf CAxH can be the measure of the cylinder whose base 
has CD for its radius, H being the altitude ; or in more gene- 
ral terms, the product of the base, by the altitude of a cylinder, 
cannot measure a less cylinder. 

We must now prove that the same product cannot measure 
a greater cylinder. To avoid the necessity of changing our 
figure, let CD be a radius of the given cylinder's base ; and^ 
if possible, let surf CDxH, be the measure of a greater cyl- 
inder, for example, of the cylinder, whose base has CA for its 
radius, H being the altitude. 

The same construction being performed as in the first 
case, the prism, circumscribed about the given cylinder, Y^jll 



284 GEOMETRY. 

have-GHIPxH for its measure: the area GHIP is greater 
thao surf, CD; hence the solidity of this prism is greater than 
surf. CDxH : hence the prism must be greater than the cyl- 
inder having the same altitude, and ^fj^f CA for its base. 
But on the contrary, the prism is less than the cylinder, being 
contained in it : hence the base of the cylinder^ multiplied by 
its altitude^ cannot be the measure of a greater cylinder. 

Hence finally, the solidity of a cylinder is equal to the pro- 
duct of its base by its altitude. 

517. Cor, 1. Cylinders of the same altitude are to each 
other as their bases ; and cylinders of the same base are to 
each other as their altitudes. 

518. Cor. 2. Similar cylinders are to each other as the 
cubes of their altitudes, or as the cubes of the diameters of 
their bases. For the bases are as the squares of ^heir diame- 
ters ; and the cylinders being similar, the diameters of their 
bases (510.) are to each other as the altitudes : hence the 
bases are as the squares of the altitudes ; hence the bases, 
multiplied by the altitudes, 6r the cylinders themselves, are 
as the cubes of the altitudes. 

519. Scholium. Let R be the radius of a cylinder's 
base; H the altitude: the surface of the base (291.) will be 
fl^R^ ; and the solidity of the cylinder will be atR^ x H, or 
*R^H. 



LEMMA. 

520. The convex surface of a right prism is equal to the perime- 
ter of its base multiplied by its altitude. 

For this surface is equal to* th^ sum of the rectangles 
AFGB, BGHC, CHID, &c. (see fig. of Art. 512.) which 
compose it. Now the altitudes AF, BG, CH, &c. of those 
rectangles, are equal to the altitude of the prism ; their bases 
AB, BC, CD, fcc. taken together, make up the perimeter of 
the prism's base. Hence the sum of these rectangles, or the 
convex surface of the prism, is equal to the perimeter of its 
base, multiplied by its altitude. 

521. Cor. If two right prisms have the same altitude, 
their convex surfaces will be to each other as the perimeters 
of their bases. 
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LEMMA. 

522. The convex surface of a cylinder is greater than the convex 
surface of any inscribed prism, and less than the convex surface 
of any circumscribed prism. 

For (see the fig. of Art. 511.), the convex surface of the 
cylinder and that of the prUin may be con<^idered ab having 
the same length, since every section made in either parallel to 
AF is equal to AF ; and if these surfaces he cut, in order to 
obtain the breadths of them, by planes parallel to the base, 
or perpendicular to the edge AF, the one section will be equal 
to the circumference of the base, the other to the perimeter of 
the polygon ABCDE, which is less than that circumference : 
hence, with an equal length, the cylindrical surface is broader 
than the prismatic surface ; hence the former is greater than 
the latter. 

By a similar demonstration, the convex surface of the cyl- 
inder might be shown to be less than that of any circum- 
scribed prism BCDKLH. (See the fig. of Art. 512.) 

THEOREM. 

523. The convex surface of a cylinder is equal to the drcumfer- 

ence of its base multiplied by its aJiitude. 



Let CA be the radius of the 
given cylinder's base, H its 
ailtitude ; the circumference 
whose radius is CA, being re- 
presented by circ> CA, we are 
to show that circ. CAxH 
will be the convex surface of 
the cylinder. For, if this 
proposition is not true, then 
circ. CAxH must be the sur- 
face of a greater cylinder, or 
of a less one. Suppose it first 
to be the surface of a less cylinder ; of the cylinder, for ex- 
ample, the radius of whose base is CD, and whose altitude is 
H. 

About the circle whose radius is CD, circumscribe a regu- 
lar polygon GHIP9 the sides of which shall not meet the cir- 
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cle whose radius is CA ; conceive a right prism having H 
for its altitude, and the polygon GHIP for its base. The 
convex surface of this prism vvill be equal (520.) to the peri- 
meter of the polygon GHIP multiplied by the altitude H: 
this perimeter is less than the circumference whose radius is 
CA ; hence the convex surface of this prism is less than circ. 
CAxH. But, by hypothesis, circ. CAxH is the convex 
surface of the cylinder whose base has CD for its radius ; 
which cylinder is inscribed in the prism : hence the convex 
surface of the prism must be less than that of the inscribed 
cylinder. On the other hand (522.) it is greater; conse- 
quently, our hypothesis was false : first, therefore, the cir^ 
cumference of a cylinder's base multiplied by its altitude cannot 
be the measure of the convex surface of a smaller cylinder. 

We are next to show that this product cannot be the measure 
of the convex surface of a greater cylinder. For, retaining the 
present figure, let CD be the radius of the given cylinder's base; 
and, if possible, let circ. CDxH be the convex surface of the 
cylinder, which with the same altitude has for its base a greater 
circle, the circle, for instance, whose radius is C A. The same 
construction being performed as above, the convex surface of 
the prism will again be equal to the perimeter of the polygon 
GHIP multiplied by the altitude H. But this perimeter is 
greater than circ. CD ; hence the surface of the prism imst 
be greater than circ. CD xH, which, by hypothesis, is the 
surface of a cylinder having the same altitude, and CA for 
the radius of its base. Hence the surface of the prism must 
be greater than that of the cylinder. But even though this 
prism were inscribed in the cylinder, its surface (522.) would 
be less than that of the cylinder ; still further is it less when the 
prism does not reach so far as to touch the cylinder. Hence 
our last hypothesis also was false ; hence, in the second 
place, the circumference of the base of a cylinder multiplied by 
the altitude, cannot measure the surface of a greater cylinder. 

Hence, finally, the convex surface of cylinder is equal to the 
circumference of its base, multiplied by the altitude. 
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524. The solidity of a cone is equal to the product of its base hy 

the third of its altitude. 

Let SO be the altitude of 
the given cone, AO the radius 
of its base ; the surface of the 
base being designated by surf 
AO, we are to show that surf 
AO X ^SO is equal to the so- B 
lidity of the cone. 

Suppose, first, that surf. 
AOx|SO, is the solidity of a 
greater cone ; for example, of 
the cone whose altitude is 
^till SO, but whose base has OB, greater than AO, for its 
radius* 

About the circle whose radius is AO, circumscribe a re- 
gular polygon MNPT (285.), so as not to meet the circum- 
ference whose radius is OB ; imagine a pyramid having this 
polygon for its base, and the point S for its vertex. The 
solidity of this pyramid (416.) is equal to the area of the po- 
lygon MNPT multiplied by a third of the altitude SO. But 
the polygon is greater than the inscribed circle represented 
by surf AO ; hence the pyramid is greater than surf AO 
X^SO, which, by hypothesis, measures the cone having S 
for its vertex and OB for the radius of its base : whereas, in 
reality, the pyramid is less than the cone, being contained in 
it; hence, first, the base of a cone multiplied by a third of its 
altitude cannot be the measure of a greater cone. 

We are next to show that this same product cannot be the 
measure of a smaller cone. For, retaining the present figure, 
let OB be the radius of the given cone's base : and, if possi- 
ble, let surf OBx^SO be the solidity of the cone having SO 
for its altitude, and for its base the circle whose radius is AO. 
The same construction as above being made, the pyramid 
SMNPT will have for its measure the area MNPT multiplied 
by 1 SO. But the area MNPT is less than surf OB ; 
hence the measure of the pyramid must be less than suff. OB 
X I SO, and consequently it must be less than the cone whose 
altitude is SO and whose base has AO for its radius. But, 
on the contrary, the pyramid is greater than the cone, because 
the cone is contained in it ; hence in the second place, the 
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base of a cone multiplied by a third of its altitude cannot be 
the measure of a smaller cone. 

Heuce, finally, the solidity of a cone is equal to the pro- 
duct of its base by the third of its altitude. 

I 

525* Cor. A cone is the third of a cylinder having the 
same base and the same altitude ; whence it follows, 

1. That cones of equal altitudes are to each other as their 
bases ; 

2. That cones of equal bases are to each other as their 
altitudes ; ^ 

3. That similar cones are as the cubes of the diameters of 
their bases, or as the cubes of their altitudes. 

526. Scholium. Let R be the radius of a cone's base, H 
its altitude; the solidity of the cone will be ^'R^X^H, 
or i^R H. 



THEOREM. 

527. Ute solidity of the frustum of a cone is equivalent to the 
sum of the solidities of three cones ^ whose common altitude is 
the altitude of the frustum^ and whose bases are^ the upper base 
of the frustum, the lower base of thefrustumy and a mean pro* 
portional between them. 

Let ADEB be the frustum of 
a cone ; then will its solidity be 
equivalent to iff.OP.(AO''+DP^ 
+ AO.DP). 

LetTFGH be a triangular 
pyramid having the same alti- 
tude as the cone SAB, and a 
base FGH equivalent to the 
base of the cone. These two ^ 
bases may be conceived as pla- 
ced on the same plane ; in which 
case, the vertices S and T will be equally distant from the 
plane of the bases, and the plane EPD produced will form in 
the pyramid a section IKL. Now this section IKL is equi- 
valent to the base DE : for (287.) the bases AB, DE are to 
each other as the squares of the radii AO, DP, or as the 
squares of the altitude SO, SP ; the triangles FGH, IKL 
(407.) are to each other as the squares of these same alti- 
tudes ; hence the circles AB, DE are to each other as the 
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triaoigl^s F6H, IKL. But by hypothesis, the triangle FGH 
is equivalent to the circle AB : hence the triangle IKL is 
equivalent to the circle DE. 

Now/ the base AB multiplied by |S0 is the solidity of the 
cone SAB ; and the base FGH multiplied by |SO is the soli-' 
dity of the pyramid TFGH ; hence, by reason of the equi- 
valent bases, the solidity of the pyramid is equivalent to that of 
the cone. For alike reason, the pyramidTIKL is equivalent to 
the cone SDE ; hence the frustum ADEB is equivalent to the 
frustum FGHIKL. But the base FGH, being equivalent to 
the circle whose radius is AO, has for its measure ^X AO' ; 
the base IKL has likewise for its measure w'xDP'; and the 
mean proportional between flrx AO* and *xDP^ is «fxAOx 
DP ; hence (422.) the solidity pf the frustum of the pyra- 
mid, or of the frustum of the cone, is measured by ^OPx 
(^rx AO'+fl-XDP^+flTX AOXDP), or, which is the same thing, 
by ^^xOPxCAO'+DP'+AOxDP). 

THEOREM. 

528. Tke convex surface of a cmie is equal to the circumference 
of its base multiplied by half its side. 

Let AO be a radius of the 
given cone's base, S its vertex, 
and SA its side : the surface 
will be circ. AOX 4 SA. For, 
if possible, let circ. AOx 4SA 
be the surface of a cone having -^ 
S for its vertex, and for its base 
a circle whose radius OB is 
greater than AO. 

About the smaller circle 
describe a regular polygon 
MNPT, the sides of which 
shall not meet the circle whose radius is OB ; and let SMNPT' 
be the regular pyramid, having this polygon for its base and 
the point S for its vertex. The triangle SMN, one of those 
which' compose the convex surface of the pyramid, has fof 
measure its base MN multiplied by half its altitude SA, or 
half the side of the given cone ; and since this altitude is the 
same in all the other triangles SNP, SPQ, be, the convex 
surface of the pyramid must be equal to the perimeter 
MNPTM multiplied by iSA. But the perimeter MNPTM is 
greater than circ* AO ; hence the convex surface of the pyra- 
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mid is greater than circ. AOX iSA, and consequeDtly greater 

than the conviex surface of the cone having the same vertex 

$ and the circle whose radius is OB for its base. On the con* 

trary, however, the surface of this cone is greater than that 

of the pyramid ; because, if two such pyramids are adjusted 

to each other, base to base, and two such conesj base to base, 

the surface of the double cone will envelope on all sides that 

of the double pyramid, and therefore (614.) be greater than 

it; hence the surface of the cone is greater than that of the 

pyramid. The reverse of this resulted from our hypothesis ; 

hence that hypothesis was false ; hence, in the first place, the 

circumference of the cone's base multiplied by half the side 

cannot measure the surface of a greater cone. 
. • •■ . . ' ' . ■ 

We are next to shew that it cannot measure the surface of a 
smaller cone. Let BO be the radius of the given cone's 
base ; and, if possible, let circ. BOXiSB be the surface of a 
cone having S for its vertex, and AO less than OB, for the 
radius of its base. 

The same construction being made as above, the surface 
of the pyramid SMNPT will still be equal to the perimeter 
MNPTX^SA. Now this perimeter MNPT is less than circ. 
OB ; likewise SA is less than SB : hence, for a double rea- 
son, the convex surface of the pyramid is less than ctrc. 
OBx^SB, which, by hypothesis, is the surface of the cone- 
having OA for the radius of its base ; hence the surface of 
the pyramid must be less than that of the inscribed cone. On 
the contrary, however, it is greater ; for, adjusting two such 
pyramids to each other base to base, and two such cones base 
to base, the surface of the double pyramid will envelope that 
of the double cone, and (514.) will be greater than it. Hence, 
in the second place, the circumference of the given cone's 
base multiplied by half the side cannot be the measure of the 
surface of a smaller cone. 

Hence finally, the convex surface of a cone is equal to the 
circumference of its base multiplied by half its side. 

529. Scholium* Let L be the side of a cone, R the ra- 
dius of its base ; the circumference of this base will be S^rR^ 
and the surface of the cone will be S^Rx^L, or ^rRL. 
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630. The convex surface of the frustum of a cone is equal to its 
side multiplied by the half sum of the circumferences of Us two 
bases. 

Let ADEB be a frustum of a cone ; then will its convex 

^ , , ^ ^ , / circ. AO+drcDC \ 
surface be equal to ADa I g )• 

In the plane SAB which passes through the axis SO, draw 
the line AF perpendicular to SA, and equal to the circum- 
ference having AO for its radius ; join SF ; and draw DH 
parallel to AF. 

By reason of the similar triangles SAO, SDC, we shall 
have AO : DC : : SA : SD ; and by reason of the similar 

jr.. M , J* 
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triangles SAF, SDH, we shall have AF : DH : : SA :,SD J 
hence AF : DH : : AO : DC, or (287.) as circ. AO is to ctVc. 
DC. But by construction, AF=ctVc.AO ; hence DH^circ. 
DC. This being granted^ the triangle SAF, measured by 
AFX^SA, is equal to the surface of the cone SAB, which i$ 
measured by circ. AOx jSA.. For alike reason, the triangle 
SDH is equal to the surface of the cone SDE. Hence the sur- 
face of th«frustum ADEB is equal to that of the trapezoid 

ADHF. The latter (178.) i« measured by ADx ( g— *- ) ; 

hence the surface of the frustum ADEB is equal to its side 
AD multiplied by half the sum of the circumferences of its 
two bases. / ' 

631. Cor, Through I, the middle point of AD, draw 
IKL parallel to AB, and IM parallel to AF ; it may be shewn 
as above that IM =circ. IK. But the trapezoid ADHF= 
AD X IM= AD X ctVc.lK. Hence it may also be asserted, that 
the surface of a frustum of a cone is equal to its side multi- 
plied by the circumference of a section at equal distcmces from 
the two bases. 
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532. Scholium. If a line AD, lying wholly on one side of 
the line OC, and in the same plane, make a revolution around 
OC, the surface described by AD will have for its measure 

ADX ( 2 jj or ADXctrc. IK ^ the lines AO, 

DC [K being perpendiculars, let fall from the extremities and 
from the middle of the axis OC. 

For, if AD and OC are produced till they meet in S, the 
surface described by AD is evidently the frustum of a cone 
having AO and DC for the radii of its bases, the vertex of 
the whole cone being S. Hence this surface will be measured 
as we have said. 

This measure will always hold good, even when the point D 
falls on S, and thus forms a whole cone ; and also when the 
line AD is parallel to the axis, and thus forms a cylinder. In 
the first case DC would be nothing ; in the second, DC would 
be equal to AO and to IK. 



LEMMA. 

533. If any portion of a regular polygoUy lying on the same side 
of a diameter, be supposed to make an entire resolution ahout 
this diameter, the surface which the perimeter describes vnU be 
equal to the distance between the two parallels drawn through its 
extremities perpendicular to the line about which it reoolvest rnid- 
tipliedby the circumference of the inscribed circle. 

Let the portion ABCD of a regu- 
lar polygon be supposed to revolve 
about 6F ; the surface described by 
ABCD will have for its measure 
MQXaVc.OI ; OI being the radius 
of the inscribed circle. 

The point I being the middle of 
AB, and IK a perpendicular let fall 
from the point I upon the axis, the ^ 
surface dea^ribed by AB will (532.) 
have for its measure ABXciVc.lK. 
Draw AX parallel to the axis ; the 
triangles ABX, OIK will have their 
sides perpendicular each to each, 
namely, 01 to AB, IK to AX, aqd 
Ott to BX ; hence these triangles 
are similar, and give the proportion 
AB ; AX, or MN;; 01 :IK, or as 
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circ. 01 to eirc. IK ; hence AB X ctrc. IK=sMNXctre.OL 
Whence it is plain that the surface described by the partial 
polygon ABCD is mea>ured by (MN+NP+PQ)Xcirc.OI, 
or, by MQXctrc.OI ; hence it is equal to the altitude multi- 
plied by the circumference of the inscribed circle. 

534. Cor* If the whole polygon has an even number of 
sides, and if the axis FG passes through two opposite vertices 
F and G, the whole surface described by the revolution of the 
half-polygon FACG will be equal to its axis FG multiplied 
by the circumference of the inscribed circle. This axis FG 
tvill at the same time be the diameter of the circumscribed 
circle. 



TnBOREM. 

535. The surface of a sjfhere is equal to the product of Us dia- 
meter by the circuttference of a great circle. 

We shall first shew, that the diameter of a 
sphere multiplied by the circumference of its 
great circle cannot measure the surface of a 
larger sphere. If possible, let ABx ctrc. AC 
be the surface of the sphere whose radius is 
CD. 

About the circle whose radius is CA, cir- 
cumscribe a regular polygon having an even 
number of sides, so as not to meet the circum- 
ference whose radius is CD : let M and S be 
the two opposite vertices of this polygon ; and 
about the diameter MS let the half-polygon IVIPS be made to 
revolve. The surface described by this polygon will be mea- 
sured (534.) by MS X circ. AC : but MS is greater than AB ; 
hence the surface described by this polygon is greater than 
ABx arc. AC, and consequently greater than the surface of 
the sphere ^ose radius is CD. Now, on (he contrary, the 
surface of^ me sphere is greater than the surface described by 
the polygon, since the former envelopes the latter on all sides. 
Hence, in the first place, the diameter of a sphere multiplied 
by the circumference of its great circle cannot measure the 
surface of a larger sphere. 

We shall now shew that this same product cannot measure 
the surface of a smaller sphere. For, if possible, let DEX 
circ. CD be the surface of that sphere vihose radius is CA. 
The same construction being made as in the former case, the 
surface of the solid generated by the revolution of the half- 
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polygon will still be equal to MS X arc. AC. But MS is less 
than DE, aud circ. AC is less than c^c. CD ; hetice, for these 
two reasons, the surface of the solid described hy the polygon 
must be less than DEXcirc.CD, and therefore less than the 
surface of the sphere whose radius is AC. Now, on the con* 
trary, the surface described by the polygon is greater than 
the surface of the sphere whose radius is AC, because the for- 
mer envelopes the latter ; hence, in the second place, the dia- 
meter of a sphere multiplied by the circumference of its great 
circle cannot measure the surface of a smaller sphere. 

Hence the surface of a sphere is equal to its diameter mul- 
tiplied by the circumference of its great circle. 

536. Cor. The surface of the great circle is measured by 
multiplying its circumference by half the radius, or by a 
fourth of the diameter ; hence the surface of a sphere is four 
times that of its great circle. 

537. Scholium. The surface of the sphere being thus de- 
termined, and compared with plane surfaces, it will be easy to 
find the absolute value of the various lunes and spherical tri- 
angles whose ratio to the surface of the whole sphere has 
been determined above. 

First, the lune having A for its angle, is to the surface of 
the sphere (493.) as the angle A is to four right angles, or 
as the arc of the great circle which measures the angle A is 
to the circumference of that great circle. But the surface of 
the sphere is equal to the same circumference multiplied by 
the diameter ; hence the surface of the lune is equal to the 
arc, which measures the angle of that lune, multiplied by the 
diameter. 

In the second place, every spherical triangle is equal to the 
lune whose angle is half the excess of its three angles above 
two right angles. (503.) Let P, Q, R, be the three arcs of a 
great circle which measure the three angles of the triangle ; 
let C be the circumference of a great circle, D hs diameter; 
the spherical triangle will be equivalent to the lune whose an- 

P+Q+R— iC 

gle is measured by ; and consequently its sur- 



face will be DX 



2 
/ P+Q+R— iC v 

V 2 /• 



Thus in the case of the tri-rectangular triangle, each of the 
arcs P, Q, R being equal to ^C, their sum will be |C, the 
excess of that sum above hC will be ^C, and half of that ex- 
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cess \C ; hence the surface of the tri-rectangular triangle 
is tCXD, the eighth part of the whole surface of the sphere. 
The measurement of spherical pplygons follows imnudi- 
ately from that of triangles ; indeed it is entirely deiermii ed 
by Art. 505., since the unit of measure, or the tri-rectangular 
triangle, has now been estimated as a plane surface. 
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638. The surface of any spherical zone is equal to its altitude 
multiplied by the circumference of a great circle. 

Let EF be any arc less or greater than a quadrant ; and 
let FG be drawn perpendicular to the radius EC : the zone 




with one base, described by the revolution of the arc EF 
about EC, will be measured by EGXaVc. EC. 

For, suppose first, that this zone is measured by something 
less ; if possible, by EGxc»Vc. GA. In the arc EF, inscribe 
a portion of a regular polygon EMNOPF, whose sides shall* 
riot reach the circumference described with the radius CA ; 
and draw CT perpendicular to EM. B> (533.) the surface 
described by the polygon EMF turning about EC will be 
measured by EGx circ. CI. This quantity is greater than 
EGXcirc. AC, which by hypothesis is the measure of the 
zone described by the arc EF. Hence the surface described 
by the polygon EMNOPF must be greater than the surface 
described by EF the circumscribed arc ; whereas this latter 
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surface is greater than the former, because it envelopes it on 
ail sides ;^ hence, in the first place, the measure of any spherical 
zone with one base cannqt be less than the altitude multiplied 
by the circumference of a great circle. 

We are now to shew that the measure of this zone cannot 
be greater than its* altitude multiplied by the circumference of 
a great circle. For suppose the zone described by the revo- 
lution of the arc AB about AC to be the proposed one ; and, 
if possible, let zone AByADXctrc. AC. The whole surface 
of the sphere composed of the two zones AB, BH is measured 
by AHXcirc. AC (535.), or by ADXcirc. AC+BHxcirc 
AC; hence if we have zone AByADXciVc. AC, we must 
also have zone BH^DHXcirr. AC ; which cannot be the 
case, as we have shown above. Hence, in the second place, 
the measure of a spherical zone with (me base cannot be 
greater than the altittde of this zone multiplied by the cir- 
cumference of a great circle. 

Hence, finally, every spherical zone with one base is mea« 
sured by its altitude multiplied by the circumference of a 
great circle. 

Let us now examine X> 

«iny zone with two bases, 
described by the revo- 
lution of the arc FH 
about the diameter DE. 
Draw FO, HQ perpen- 
dicular to this diame- 
ter. The zone describ- A 
ed by the arc FH is the 
difference of the two 
zones described by the 
arcs DH and DF ; the 
latter are respectively 
measured by DQX 
(Arc. CD and DOX 
circ. CD ; hence the zone described by FH has for its mea- 
sure (DQ— DO)X circ, CD, or OQx drc. CD. 
^ Hence any spherical zone, with one or two bases, is mea- 
sured by its altitude multiplied by the circumfereoce of a 
great circle. 

539. Cor. Two zones, taken in the same sphere or in. 
equal spheres, are to each other as their^ altitudes ; and any 
zone is t6 the surface of the sphere as the altitude of that 
zone is to the diameter. 
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540. If a triangle and a rectangle, having the same base and the 
same altitude^ turn simultaneously about the common base, t^e 
solid described by the revolution of the triangle wUl be a third of 
the cylinder described by the revolution of the rectangle. 

Let ACB be the triangle, and BE the rectangle. 

On the axis, let fall the perpen- ^ 
dicular AD : the cone described by 
the triangle ABD is the third part 
of the cylinder described by the 
rectangle AFBD (524.) ; also the 
cone described by the triangle ADC 
is the third part of the cylinder de- 
scribed by the rectangle ADCE ; hence the sum of the two 
cones, or the solid described by ABC, is the third part of the 
two cylinders taken together, or of the cylinder described by 
the rectangle BCEF. 

If the perpendicular AD falls without 3?, E A 

the triangle; the solid described by ABC 
will, in that case, be the difference of 
the two cones described by ABD and 
ACD ; but at the same time, the cylin- ■:^ 
der described by BCEF will be the difference of the two cyl- 
inders described by AFBD and AECD. Hence the solid^ 
described by the revolution of the triangle, will still be a 
third part of the cylinder described by the revolution of the 
rectangle having the same base and the same altitude* 

541. Scholium. The circle of which AD is radius has 
for its measure ^xAD^; hence ^xAD^xBC measures the 
cylinder described by BCEF, and^xAD^x^C measures 
the solid described by the triangle ABC. 




PROBLEl)!. 



542, If a trianglebe supposed to perform a revolution about a line 
drawn at will without the triangle, but through its vertex, required 
to find the measure of the solid so produced. 
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Let CAB be the triangle, and CD the line about whieb it 
revolves. 

Produce the side AB till it 
meets the axis CD in D ^ from 
the points A and B, draw AM, 
BN perpendicular to the axis. 

The solid described by the 
triangleCADis measured (540.) C" iOOf *D 

by ^irxAM^xCD ; the solid described by the triangle CBD 
is measured by ^XBN^XCD ; hence the difference of those 
solids, or the solid described by ABC, will have for its mesL- 
sure^AM'— BN')><CD. • 

To this expression another form may be given. From I, 
the middle point of AB, draw IK perpendicular to CD ; and 
through B, draw BO parallel to CD : we shall have AM4- 
BN=21K(178.), and AM— BN=AO; benee (AM+BN) 
X(AM— NB), or AM'— BN'=2lKXAO (184.)- Hence the 
measure of the solid in question is expressed by ftrXlKX AG 
XCD. But if CP is drawn perpendicular to AB, the tri- 
angles ABO, DCP will be similar, and give the proportion 
AO : CP : : AB : CD ; hence AO X CD = CPx AB ; but 
CPxAB is double the area of the triangle ABC ; hence 
we have A0xCD=2ABC ; hence the solid described by 
the triangle ABC is also measured by fir X ABC X IE, or 
which is the same thing, by ABC X|ctrc. IK, circ. IK being 
equal to S^rXlK. Hence the solid described by the resolution 
of the triangle ABC, has for its measure the area of this tri- 
angle multiplied by two thirds of the circumference traced by 
I, the middle point of the base. 

543. Cor. If the side 
ACr=CB, the line CI will 
be perpendicular to AB, the 
area ABC will be equal to 
ABXiCI, and the solidity 
^XABCXIK will become 
frXABxIKxCI. But the 
triangles ABO, CIK are si- q* 
milar, and give the propor- 
tion AB : BO or MN : : CI : IK ; hence ABxIK=MNx CI ; 
hence the solid described by the isosceles triangle ABC will 
have for its measure firxMNxCF. 

544. Scholium. The general solution appears to include 
the supposition that AB produced will meet the axis ; but the 
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results would be equally true, though AB were parallel to 
the axis. 

Thus, the cylinder described by 
AMNB is equal to «'• AMMVIN 5 the cone 
described by ACM is equal to ^ir.AM*. 
CM, and the cone described by BCN 
to ^flT.AMHDN. Add the first two solids 
and take away the third ; we shall have (^ 
the solid described by ABC equal to at. 
AM^(MN+'3CM^iCN): and since CN— CM=MN, this 
•expression is reducible to <. AM'.f MN, or f^'-CP^MN ; which 
agrees with the conclusion ibund above. 




THEOKEM. 

^46. If from the centre of a regular polygon lines he drawn to the 
two extremities of any portion <f the perimeter terminated at two 
angular points of the polygon, and through the centre any dia* 
Meter be drawn leaving the whole of this polygontd sector on the 
^ame side of U; then, ^ the sector he supposed to perform a 
revolution about this diameter, the solid so descrUfed wiU he equi- 
valent to a cone, whose base is the inscribed circle, and altitude 
double the distance between the perpendiculars let faU from the 
extremities of the polygonal line, on the diameter. 

Let the polygonal sector ADD, 
«f the regular polygon FAB, be, 
be revolved about FG ; if 10 be the 
radius of the inscribed circle, the so* 
lid described will be equivalent to 
fir.IO'MQ ; or, A'r.IO\2MQ. 

For, since the polygon is regular, 
^11 the triangles AOB, BOC, be. 
are equal and isosceles. Now, by 
the last Corollary, the solid pro- 
duced by the isosceles triangle AOB 
iias for its measure f^.OP.MN ; the 
solid described by the triangle BOC 
has for its measure |^ . OI^ NP ; 
and the solid described by the tri*- 
angle COD has for its measure %ie. 
OP.PQ : hence the sum of those so- 
lids, or the whole solid described by 

the polygonal sector AOD; will have for its measure f^^.OI^ 
(MN+NP+IQ); or, f^OP.MQ; ar,i*0P.3MQ; or equal 
to a cone whose base is surf. OI and altitude 2MQ. 
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546^. Etery gphertcal sector is measurisd hy the zone which form^ 
Us base multiplied by the third ef the radius ; and the whoUr 
sphere has for its measure a third of the radius^ multiplied tjr 
its sutface. 

Let ABC be the circular sector, which, by its revalutioa 
about AC, describes the spherical sector :. the zone described 
by AB being AD Xcirc. AC, or 2*.AC^AI), we are to shew 
that this zone multiplied by \ of AC^ w that f^.AC^ABi 
will lueasure the sector. 




First, suppose, if possible, that l*. AC^.AD is the measnrir 
df a greater spherical sector, say of the spherical sector des- 
cribed by the circular sector ECF similar to ACB- 

In the arc £F, inscribe a portion of a regular polygon, 
EMNOPf such that its sides shall not meet the arc AB ; then 
imagine the polygonal sector ENFC to turn about EC, at 
the same time with the circular sector ECF»^ Let Ci be a 
radius of the circle inscribed in the polygon ^ and let F6 be 
drawn perpendicular to EC. The solid described by the po-^ 
lygonal sector will (545.) have for its measure |CF • EG ; 
but CI is greater than AC by construction f and EG is greater 
than AD ; for joining AB, EFf'the similar triangles EFG, 
ABD give the proportion EG : AD : : FG : BD t : CF : CB ; 
hence EG 7 AD. 
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For this double reason, |«'CP. EG is greater than f^.CA-. 
AD. The first is the measure of the solid described by the 
polygonal sector ; the second, by hypothesis, is that of the 
spherical sector described by the circular sector GCF : hence 
the solid described by the polygonal sector must be greater 
than the spherical sector ; whereas, in reality, it is less, being 
contained in the latter : hence our hypothesis was false ; hence, 
in the first place, the zone or base of a spherical sector multi- 
plied by a third of the radius, cannot measure a greater sphe- 
rical sector. 

We are next to shew that it cannot measure a less spherical 
sector. Let CEF be the circular sector, which, by its revo- 
lution, generates the given spherical sector ; and suppose, if 
possible, that fr.CE^EG is the measure of some smaller sphe- 
rical sector, say of that produced by the circular sector ACB. 

The construction remaining as above, the solid described 
by the polygonal sector will still have for its measure fflr.CP. 
EG. But CI is less than CE : hence the solid is less than 
l^r.CE^.EG, which, according to our supposition, is the mea- 
sure of the spherical sector described by the circular sector 
ACB. Hence the solid described by the polygonal sector 
must be less than the spherical sector described by ACB ; 
whereas, in reality, it is greater, the latter being contained in 
the former. Hence, in the second place, it is impossible that 
the zone of a spherical sector, multiplied by a third of the 
radius, can be the measure of a smaller spherical sector. 

Hence, every spherical sector is measured by the zone 
which forms its base, multiplied by a third of the radius. 

A circular sector ACB may increase till it becomes equal 
to a semicircle : in which case, the spherical sector described 
by its revolution is the whole sphere. Hence the solidity of a 
sphere is equal to its surface multiplied by a third of the ra- 
dius. 

547. Cor. The surfaces of spheres being as the squares 
of their radii, these surfaces being multiplied by the ^radii, 
shews their solidities to be as the cubes of the radii. Hence 
the solidities of two spheres are as the cubes of their radii^ or 
as the cubes of their diameters. 

548. Scholium, Let R be the radius of a sphere, its sur- 
face will be 4*R2; its solidity 4'rR-X^R, or Jflr.R\ If the 
diameter is named D, we shall have R=iD, and R'=:|D'' ; 
hence the solidity may likewise be expressed by 4flI'XiD^ 
or i^D\ 



'22-2 



GEOMETRY. 



•* 




THEOREM. 

J)49. The surface of a sphere is to the whole surface of the cir- 
cumscribed cylinder {including its bases), as 2 is to 3. The so- 
lidities of these two bodies are to each other in the same ratio. 

Let MPNQ he a great circle of 
the sphere ; AliCDthe circumscribed x) 
square : if the semicircle PMQ amd 
the half square PADQ are at *the 
same time made to revolve about the 
diameter PQ, the semicircle will ge- ^ 
neratetfae sphere, while the half-square 
will generate the cylinder circum- 
scribed about that sphere. A 

The altitude AD of that cylinder is 
6qual to the diameter PQ ; the base 
of the cylinder is equal to the great circle, its diameter AB 
being equal to MN ;' hence (523.), the convex surface of the 
cylinder is equal to the circumference of the great circle mul- 
tiplied by its diameter. This measure (535.) is the same as 
that of ihe surface of the sphere : hence the surface of the 
sphere is equal to the convex surface of the circumscribed cylin* 
der. 

But the surface of the sphere is equal to four great circles; 
hence the convex surface of the cylinder is also equal to 
four great circles : and adding the two bases, each equal to 
a great circle, the total surface of the circumscribed cylinder 
will be equal to j^ix great circles ; hence the surface of the 
sphere is to the total surface of the circumscribed cylinder as 
4 is to 6, or as 2 is tv, 3 ; which was the first branch of our 
Proposition. 

In the next place, since the base of the circumscribed cylin- 
der is equal to a great circle, and its altitude to the diameter, 
the solidity of the cylinder (516.) will be equal to a great 
circle multiplied by its diameter. But (54G.), the solidity of 
the sphere is equal to four great circles multiplied by a third 
of the radius, in other terms, to one great circle multiplied 
by ^ of the radius, or by | of the diameter ; hence the sphere 
is to the circumscribed cylinder as 2 to 3, and consequently 
the solidities of these two bodies are as their surfaces. 

550. Scholium. Conceive a polyedron, all of whose faces 
touch the sphere ; this polyedron may be considered as form- 
ed of pyramids, each having for its vertex the centre of the 
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sphere, and for its base one of the polyedron's faces. Now 
it is evident that all these pyramids will have the radius of 
the sphere for their common altitude ; so that each pyramid 
will be equal to one face of the polyedron multiplied by a 
third of the radius : hence the whole polyedron will be equal 
to its surface multiplied by a third of the radius of the in- 
scribed sphere. 

It is therefore manifest, that, the solidities of polyedrons 
circumscribed about the sphere are to each other as the sur- 
faces of those polyedrons. Thus the property, which we 
have shown to be true with regard to the circumscribed cyl- 
inder, is also true with regard to an infinite number of other 
bodies. 

We migiit likewise have observed, that the surfaces of poly- 
gons, circumscribed about the circle^ are to each other as 
their perimeters. 

PBOBLEIff. 

55 1 . If a pireular eegment he suppowd to make a revohUion ahoui 
a diameter exlerior to it^ required the viUue of the solid so pro- 
duced. 

Let the segm^ BMD revolve about AC. 

On the axis, let fall the perpendiculars 
BE, DF ; from the centre C, draw CI 
perpendicular to the chord BD ; also 
draw the radii CB, CD. 

The solid described by the sector BC A 
is equal to fflr. CS.'A^ (546.) ; the solid 
described by the sector DCAssI*. CB.' 
AF; hence the diierence of these two C 

solids, or the solid described by the sector DCBss|«r. CB^ 
(AF— AE)5=:|ir. CB .EF. But the solid deacribed by tlie 
isosceles triangle DCB (543.) has for its measure ^^r.Ci'.EF; 
hence the solid described by the segment BMD3s|4r. £F« 
(CB^ — CP). Now, in the right-angled triangle CBi, we 
have CB'— CP=BP=:lBD'; hence the solid described by 
the segment BMD will have for its measure f^r. £F. |BD', 
or^ir, BD\ EF. 

552. Scholium. The solid described by the segment 
BMD is to the sphere, which has BD for its diameter, as i^. 
Biy. EF is to ift. BD^ or as EF to BD* 
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o5^. Every segment of a ephere^ included between tvfo paraUd 
planes^ is measured by the half'Sum of its bases multiplied by its 
altitude, plus the solidity of a sphere whose diameter is this same 
altitude. 

Let BE, DF (see the preceding figure), be the radii of 
the segment's two bases, £F its altitude, the segment 
being produced by the revolution of the circular space 
BMDFE about the axis FE. The solid described by the 
segment HMD is equal lo J^r.BD EF (552.); and (527.) the 
truncated cone described by the trapezoid BDFE is equal 
to i^r.EF. (BE^+DF'+BE.DF) ; hence the segment of the 
sphere, which is the sum of those two solids, must be equal to 
iir. EF. (2BE=+2DF'+iBE-DF+Biy). But, drawing BO 
parallel to EF, we shall have IX)=DF— BE, hence (182.) 
DO-=DF— 2 DF.BE+BE'; and consequently BD^=BO» 
+DO'=EF +DF^— 2 DF.BE+BE^ Put this value in 
place of BD^ in the expression for the value of the segment, 
omitting .the parts which destroy each other; we shall obtain 
for the solidity of the segment, * 

^*EF. (3 BE-+3 DE+EF'), 
an expression which may be decom[Msed into two parts ; the 

one, i^.EF. (3 BE^+3 DF^), or EF. ( j being 

the half-sum of the bases multiplied by the altitude ; while 
the other i*. EF^ represents (548.) the sphere of which EF is 
the diameter : hence every segment of a sphere, &;c. 

554. Cor. If either of the bases is nothing, the segment 
in question becomes a spherical segment with a single base ; 
hence any spherical segment^ with a single base, is equivalent 
to half the cylinder having the same base and the same altitude, 
plus the sphere of which this altitude is the diameter. 

General Scholium, 

655. Let R be the radius of a cylinder's base, H its alti- 
tude : the solidity of the cylinder will be atR^xH, or flrR'H. 

Let R be the radius of a cone's base, H its altitude : the 
solidity of the cone ^111 be ^Wx^U, or^R'H. 
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Let A and B be the radii of the bases of a truncated cone» 
H its altitude : the solidity of the truncated cone will be ^'ar.H. 
<A'+B»+AB). 

Let R be the radius of a sphere ; its solidity will be.|^B^» 

Let R be the radius of a spherical sector, H the altitude of 
the zone^ which Yorms its base : the solidity of the sector will 
bef^R^H- 

Let P and Q be the two bases of a spherical segment, H its 

P.+Q 

altitude: the solidity of the segment will be— =- — .H+^-s'^H'*. 

If the spherical segment has but one ba^e, the other being 
nothing, its solidity will be JPH+ J^H'. 
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OF SPHERICAL ISOPERIMETRICAL POLYGONS. 



THEOREM. 

^56. Let S be the number of solid angles in a polyedron^ H the 
number of Us faces ^ A the number of its edges ; then in all cases 
tre ^Aa2if Aaee S^-H=A4-2. 

Within the polyedron, take a point, from which draw 
straight lines to the vertices of all its angles ; conceive next, 
that from the same point as a centre, a spherical surface is 
described, meeting all these straight lines in as many points i 
join these points by arcs of great circles, so as to form on the 
surface of the sphere polygons corresponding in position and 
number, with the faces of the polyedron. Let ABODE be 
one of these polygons, n the number of its sides ; its surface 
will be s — 274+4, s being the sum of the angles A, B, C, D, E. 
(506.). If the surface of each polygon is estimated in a simi* 
lar manner, and afterwards the whole are added together, we 
shall find their sum, or the surface of the sphere, represented 
by 8, to be equal to the sum of all the angles in the polygons 
minus twice the number of their sides, plus 4, taken as many 
times as there are faces. Now, since all the angles which 
lie round any one point A are equal to four right angles, the 
sum of all the angles in the polygons must be equal to 4 taken 
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as many times as tbere are solid angles ; it is therefore equal 
to 4S. Also, tvi^ice the number of sides AB, BC, CD, be* 
is equal to four times the number of edges, or to 4A ; be- 
cause* the same edge is always a side in two^faces. Hence 
we have 8=4S— 4A+4H ; or dividing ail by 4, we have 
2==S— A+H ; hence S+H=A+2- 

£57. Cor. From this it follows, that the turn of aU the 
plane angles^ tvhich form the solid angles of a polyedron^ is 
equal to Is many times four right angles as there are units in 
S — 2y S being the nundfer of solid angles in the polyedron. 

For, examining a face the number of whose sides is n« the 
sum of the angles in "this face (79.) will be 2n — 4 right an- 
gles. But the ^um of all these 2fi'tf, or twice the number of 
sides of all the faces will be 4A ; and 4 taken as many times 
as there are faces, will be 4H : hence the sum of the angles in 
all the faces is 4A — 4H. Now, by the Theorem just demon- 
strated, we have A — ^H=S — ^2, and consequently 4A — 4H=:4 
(S — 2), Hence the sum of all the plane angles^ fyc* 

THBOBBM. 

d58. CfaU the spherical triangles formed with two given sides ^ and 
a third assumed at jrieof tire, the greatest is the one in which the 
angle contained hy the given sidesy ia equal to the sum of the tw0 
other, angles of the triangle. 

\ax A'C, CB, be the given sides, and C the contained angle. 

Produce the 
two sides A'C, 
AB till they 
meet in D'; you ^ 
will have a sphe- 
rical triangle 
BCD', in which 
the angle D'BC 
willalso be equal 
to the sum of 
the two other angles BD'C, BCD'. For, BCD'+ BC A' being 
equal to two right angles, and likewise CBA'+CBD, we have 
BCD +BC A'sCBA+ CBD' ; and adding on both sides BD^C 
ssBACwe shall have BCD+BCA+BDC=CBA+CBD 
+BA'C. Now, by hypothesis, BCA =CBA'+BA'C} hence 
CBD ssBCD'+BD'C. 

Draw BI making the angle CBIsBCD', and consequently 
IBD'sB£>'C j the two triangles IBD', IBC will be isosceles, 
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and we shall have ICs=IB=lD'. Hence the point h is at 
equal distances from the three points B, C, D'. 

NowjSupposeCA 
=CA', and the angle 
BCA^BCA ; if 
AB be joined and 
the arcs AC, AB 
produced till they 
tneet in D, the arc 
PCA will be a se- 
micircumference, as 
well as D'CA' ; therefore, since we have CA=CA', we shall 
also have CD=CD. But in the triangle CID| we have CI 
+ID7CD ; hence ID 7 CD— CI, or ID 7 ID'- 

In the isosceles triangle CIB, bisect the angle I at the ver- 
tex, by the arc £IF, which will also bisect BC at right angles. 
If a point L is assumed between I and E, the distance BL, 
equal to LC, will be less than BI ; for it might be shown as 
inArJL'41. that BL+LCZ.BI+IC ; and taking the halves 
of each, that BLiiBI. But in the triangle DLC, we have 
DL7DC— CL, and still more DL7D'C^CI, or DL7l>I, 
or DL7BI; hence DL7BL. Hence if in the arc EIF, 
we seek for a point equally distant from the three points B, 
C, D, it can only be found in the prolongation of El towards 
F. Let r be the point required, such that we have DI'^Bf 
=:Cr ; the triangles I CB, TCD, I'BD being isosceles, we 
shall have the equal angles I BC=rCB,rBD=rDB,rCDr= 
IDC. But the angles DBC+CBA are equal to two right 
angles, and likewise DCB+CBA are equal to two right 
angles; hence 

DBr+rBC+CBA=2, 

BCr— ICD+BCA=2. 
Add the two sums, observing that TBCsBCI', and DBI'— 
ICDs^BDI— rDC=CDB=CAB ; we shall have 

2rBC+CAB+CBA+BCA=4. 
Hence CAB+CBA+BCA— 2 (which measures the area of 
the triangle ABC (50l.)=2— 2rBC ; so that we have area 
A'BC=a2— 2 angle IBC ; likewise, in the triangle A'BC, we 
should have area ABC=2— 2 angle IBC. Now the angle 
IBC has already been proved greater than IBC ; hence the 
area ABC is less than A'BC. 

The same demonstration would lead to the same conclu- 
sion, if taking always the are CA=CA', the angle BCA (see 
the figure in the last page) were made greater than BCA' ; 
hence ABC is the greatest of all those triangles, having two 
sides given, and the third to be assumed at will. 
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559. Scholium I, The triangle ABC, 
the greatest of all those which have two 
given sides CA, CB, may be inscribed in 
a semicircle, the diameter of which is the 
chord of the third side AB ; for O being 
the middle point of AB, the distances OC, 
OB, as we have seen, are equal ; hence 
the circumference of a small circle, descri- 
bed from the point O as a pole, with the dis- e 
tance OB, will pass through the three points A, B, C. More- 
over, the straight line AB is a diameter of this small circle ; 
for the centre, which irftist lie at once in the plane of the small 
circle, and (456.) in the plane of the arc of the great circle 
BOA, must of necessity be found in the intersection of those 
two planes, which is the straight line BA ; hence BA will be 
a diameter. 

560. Scholium 2. In the triangle ABC, the angle C being 
equal to the sum of the other two A and B, the sum of all 
the three angles must be double of the angle C. But (489.) 
that sum is always greater than two right angles ; hence C 
is always greater than one. 

661. Scholium 3. If the sides CB, CA are produced till 
they meet in E, the triangle BAE will be equal to the fourth 
part of the surface of the sphere* For the angle E=C= 
ABC+CAB ; hence the three angles of the triangle BAE 
are equivalent to the four ABC, ABE, CAB, BAE, whose 
sum is equal to four right angles ; hence (505.) the surface 
of the triangle BAE=4 — 2=2, which is the fourth part of 

the surface of the sphere. 

« 

562. Scholium 4. There could be no maximum^ If the 
sum of the two given sides CA, CB were equal to, or greater 
than, the half-circumference of a great circle. For, since 
th^ triangle ABC must be capable of being inscribed in a 
semicircle of the sphere, the sum of the two sides BA, CB 
will be less (460.) than the semicircumference BCA, and con- 
sequently less than half the circumference of a great circle. 

The reason why there can be no maximum^ when the sum of 
the two given sides is greater than the semicircumfereDce of 
a great circle, is that in this case the triangle continues to 
augment, as the angle contained by its two given sides aug- 
ments ; and at last, when this angle becomes equal to two 
right angles, the three sides lie all in the same plane, and 
form a whole circumference ; the spherical triangle has th^ 
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increased to a hemisphere, b»t it has at the same time ceased 
to be ^ triangle. 



THEOREM. 

563. Of all the spherical triangles, formed with a given side and 
a given perimeter^ the greatest is that in which the two undeter' 
mined sides are equal. 

Let AB the given side be com- 
mon to the two triangles ACB, 
ADB, and let AC+CB=AD+ 
DB ; we are to shew that the isos- 
celes triangle ACB, in which AC 
=CB, is greater than ADB,which 
is not isosceles. 

Since those triangles have the 
common part AOB, it will be 
enough to prove that the triangle 
BOD is less than AOC. Now, 
the angle CBA, equal to CAB, is greater than OAB ; there* 
fore (497.) the side AO is greater than OB. Take OlssOB, 
make OK=OD, and join KI ; the triangle OKI (497.) will 
be equal to DOB. Now if the triangle DOB, or its« eqaal 
KOI, is not admitted to be less than OAC, it must be either 
equal or greater ; in both which cases, since the point I lies 
between A and O, the point K must be found in the prolon- 
gation of OC, otherwise the triangle OKI were contained in 
the triangle CAO, and therefore less than it. This granted^ 
since the shortest path from C to A is CA, we have CK+KI 
+IA 7CA. But CK=OD— CO, AI=AO— OB, KI=BD ; 
hence OD— CO+AO— OB+BD7CA, or by reduction, 
AD— CB+BD7CA, or AD+BD7CA+CB. But this 
inequality is at variance with the supposition of AD+BD=s 
CA+CB ; hence the point K cannot fall in the prolongation 
of OC ; hence it falls between O and C, and consequently the 
triangle KOI or its equal ODB is less than ACO ; hence the 
isosceles triangle ACB is greater than ADB, which is not 
isosceles, and has the same base and perimeter. 

564. Scholium. The last two Propositions are analogous 
to Art. 63 and 69, of the Appendix to Book IV. ; and from 
them may be deduced, in regard to spherical polygons, the 
same consequences as we found above to be true with regard 
to rectilinear polygons. The chief are as follows : 
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565. Of. all the isopermetricai piXygons having a gwen 
number of sides, the greatest is an equilatercd polygon^ 

Same demonstration as in Art 301 • 

566. Of all the spherical polygons, formed with sides ali 
given except one, which may be assumed at pleasure, the great' 
est is that polygon which may be inscribed in d semicircle, hav- 
ing for its diameter the chord of the undetermined side. 

The demonstration is deduced from Art. 559, in the man- 
ner exhibited in Art. 303. It is requisite for the existence of 
a mas^imum, that the sum of the given sides be less than the 
semicircumference of a great circle. 

567. The greatest of all the spherical polygons, formed 
with given sides, is that which can he inscribed in a circle of 
the sphere. 

Same demonstration as in Art. 303. 

668. The greatest of cdl the spherical polygons, having 
ike same perimeter and the same number of sides, is that which 
has its angles equal and its sides equal. 

This results from ihe first and the third of these corollaries. 

Note. All the propositions about maodma in spherical po- 
lygons, are, at the same time, applicable to solid angles, of 
which those polygons are the measures. 



THE REGULAR POLYEDRONS. 



569. There can only be five regular polyedrons. 

For, regular polyedrons were defined as having equal regn- 
' lar polygons for their faces, and all their solid angles equal. 
These conditions cannot be fulfilled except in a small number 
of cases. 

First. If the feces are equilateral triangles, polyedrons 
may be formed of them, having solid angles contained by three 
of those triangles, by four, pr by five : hence arise three re- 
gular bodies, the teiraedron, the octaedron, the icosaedron. No 
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other can be formed M^ith equilateral triangles ; for six angles 
of such a triangle are equal to four right angles, and (356.) 
cannot form a solid angle. 

Secondly. If the faces are squares, their angles niay be ar* 
ranged by threes : hence results the hexaedron or cube. Four 
angles of a squjire are equal to four right angles, and cannot 
form a solid angle. 

Thirdly* In fine, if the faces are regular pentagons, their 
angles likewise may be arranged by threes : the regular dode* 
caedron will result. 

We can proceed no farther : three angles of a regular hex- 
agon are equal to four right angles ; three of a heptagon are 
greater. 

Hence there can only be five regular polyedrons ; three 
formed with equilateral triangles, one with squares, and one 
with pentagons. 

570. Scholium. In the followmg Proposition, we shall 
prove that these five polyedrons actually exist ; and that all 
their dimensions may be determined, when one of their faces 
is known. 

PROBLEM. 

571. One of the faces of a regular polyedron being giten^ or mdy 

a aide of it, to construct the polyedron. 

This Problem subdivides itself into five, which we shall 
now solve in succession. 

Construction of the Tetraedron, 

572. Let ABC be the equilateral tri- 
angle wliicfa is to fo^m one face of the 
tatraedron. At the point O, the centre 
of this triangle, erect OS perpendicular J^ 
to the plai^ ABC ; terminate this per- 
pendicular in S, so that AS'=s=AB ; join 
SB, SC : the pyramid S ABC will be the 
tetraedron required. 

For, by reason of the equal distances 
OA, OB, OC, the oblique lines SA, SB, SC are equally i^ 
moved from the perpendicular SO, and consequently equal. 
One of them SAs^AB ; hen<ce the fdur fates of the pyramid 
SABC aire trifttigteS) equal to the given triangle ABC. And 
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the solid angles of this pyramid are all equal, because each 
of them is formed by three equal plane angles : hence this 
pyramid is a regular tetraedron. 

Construction of the Hexaedron. 

573. Let ABCD be a given square. On 
the base ABCD, construct a right prism 
whose altitude AE shall be equal to the side 
AB. The faces of this prism will evidently 
be equal squares ; and its solid angles all 
equal, each being formed with three right 
angles : hence this prism is a regular hex- 
aedron or cube. 





Construction of the Octaedron. 

574, Let AMB be a given equi- 
lateral triangle. On the side AB, 
describe a square ABCD ; at the 
point O, the centre of this square, 
erect TS perpendicular to its plane, 
and terminating on both sides in T 
•and S,sothatOT=OS=OA; then 
join SA, SB, TA, &;c. : you will 
have a solid SABCDT, composed 
of two quadrangular pyramids 
SABCDjTABCD, united together M 
by their common base ABCD ; this solid will be the required 
octaedron. 

For, the triangle AOS is right-angled at O, and likewise 
the triangle AOD ; the sides AO, OS, OD are equal ; hence * 
those triangles are equal, hence AS=AD. In the same man- 
ner we could shew, that, all the other right-angled triangles 
AOT, BOS, COT, &LC. are equal to the triangle AOD ; hence 
all the sides AB, AS, AT, &c. are equal, and therefore the 
solid SABCDT is contained by eight triangles, each equal to 
the given equilateral triangle ABM. We have yet to shew 
that the solid angles of this polyedron are equal to each other; 
that the angle S, for example, is equal to the angle B. 

Now, the triangle SAC is evidently equal to the triangle 
DAC, and therefore the angle ASC is right ; hence the figure 
SATC is a square equal to the square ABCD. But, com- 
paring the pyramid BASCT with the pyramid SABCD, the 
base ASCT of the first may be placed on the base ABCD of 
the second ; then, the point O being their common centre^ the 
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altitude OB of the first will coincide with the altitude OS of 
the second ; and the two pyramids will exactly apply to each 
other in all points ; hence the solid angle S is equal to the 
solid angle B ; hence the solid SABCDT is a regular octae*- 
dron. 

675. Scholium. If three equal straight lines AC, BD, ST 
are perpendicular to each other, and bisect each other, the ex- 
tremities of these straight lines will be the vertices of a regii 
lar octaedron. 



Constnictton of the Dodecaedron. 

576. Let ABODE be a given regular pentagon ; let ABP, 
CBP be two plane angles each equal to the angle ABC. 
With these plane angles form the solid angle B ; and by Art. 




361., determine the mutual inclination of two of those planes; 
which inclination we shall name K. In like manner, at the 
points C, D, E, A, form solid angles, equal to the solid angle 
B^ and similarly situated : the plane CBP will be the same 
as the plane BCG, since both of them are inclined' at an 
equal angle K to the plane ABCD : Hence in the plane 
PBC6, we may describe the pentagon BCGFP, equal to the 
pentagon ABODE. If the same thing is done in each of the 
other planes CDI, DEL,'&c., we shall have a convex surface 
PEGH, Sec. composed of six regular pentagons, all equal, 
and each inclined to its adjacent plane by the same quantity 
K. Let pfgh^ be. be a second surface equal to PFGH, &c. ; 
we assert that these two surfaces may be joined so as to form 
only a single continuous convex surface. For the angle opf, 
for example, may b^ joined to.tlie two angles OPB, BPF, to 
make a solid angle P equal to the angle B ; and in this junc- 
tion, no change will take place in the inclination of the planes 
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BPF, BPO, that inclination being already such aS is required 
to form the solid angle. But whilst the solid angle P is form- 
ingy the side pf will apply itself to its equal PF, and at the 
point F will be found three plane angles PFG,pfefefgj united and 
forming a solid angle equal to each of the solid angles already 
formed : and this junction, like the former, will take place 
without producing any change either in the state of the angle 
P or in that of the surface efgh^ inc. ; for the planes PF6, 
efp already joined at P, have the requisite inclination K, as 
well as the planes efgj efp. Continuing the comparison, in 
this way, by successive steps, it appears that the two surfaces 
will adjust themselves completely to each other, and form a 
single continuous convex surface ; which will be that of the 
regular dodecaedron, since it is composed of twelve equal 
regular pentagons, and has all its solid angles equal. 



Construction of the Icosaedroti. 




677. Let ABC 
be one of its faces. 
We must first form 
a solid angle with -"- 
five planes each 
equal to ABC, and 
each equally in- 
clined to its adja- 
cent one. Toefiect 
this, on the side B'C, equal to BC, construct the regular 
pentagon B'C'HTD' ; at the centre of this pentagon, draw a 
line at right angles to its plane, and terminating in A", so that 
B'A'«B'C' ; join AC, AH', A r, AD' : the solid angle 
A' formed by the five planes B'AC, C'A'H', Sec, will be the 
solid angle required. For the oblique lines A'B, A'C, be. 
are equal ; one of them A'B' is equal to the side B'C ; hence 
all the triangles B'A'C, C'A'H', be. are equal to each other 
and the given triangle ABC. 

It is further manifest, that the planes B'A'C, C'A'H', &c. 
are each equally inclined to their adjacent planes; for the 
solid angles B', C\ &c. are all equal, being each formed by 
two angles of equilateral triangles, and one of a regular pen- 
tagon. Let the inclination of the two planes, in which are the 
equal angles, be named K ; which K may be determined by 
Art. 361. ; the angle K will at the same time be the inclina- 
tion of each of the planes composing the solid angle A' to 
their adjacent planes. 
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l^bis being granted, if at each of the points A, B, C, a 
solid angle be formed eqnal to the angle A', we shall have 
a Convex surface DEFG, &c« composed of ten equilateral tri- 
angles, every one of which will be inclined to its adjacent tri- 
angle by the quantity E ; and the angles D, E, F, &£c. of 
its contour will alternately combine three angles and two 
angles of equilateral triangles. Conceive a second surface 
equal to the surface DEFG, &c. ; these two surfaces will 
adapt themselves to each other, if each triple angle of the one 
is joined to each double angle of the other ; and, since the 
planes of these angles have already the mutual inclination E, 
requisite to form a quintuple solid angle equal to the angle A, 
there will be nothing changed by this junction in the state of 
either surface, and the two together will form a single con- 
tinuous surface, composed of twenty equilateral triangles. 
This surface will be that of the regular icosaedron, since all 
its solid angles are likewise equal. 

PROBLEM. 

578. To find the inclination of two adjacent faces of a regular 

polyedron. 

• This inclination is deduced immediately from the construc- 
tion we have just given of the five regular polyedrons J taken 
in connexion with Art. 36 1 ., by means of which, the three 
plane angles that form a solid angle being given, the. angle 
which two of these plane angles form with each other may 
be determined. 

In the teiraedron. Each solid angle is formed of three an- 
gles of equilateral triangles ; therefore seek, by the Problem 
referred to, the angle *which two of these planes contain be- 
tween them : it will be the Ihclination of two adjacent faces 
of the tetraedron. 

In the hexaedron. The angle contained by two adjacent 
faces is a right angle. 

In the octaedron. Form a solid angle with two angles of 
equilateral triangles and a right angle : the inclination of the 
two planes, in which the triangular angles lie, will be that of 
two adjacent faces of the octaedron. 

In the dodecaedronr Every solid angle is formed with 
three angles of regular pentagons: the inclination of the 
planes of two of these angles, will be that of two adjacent fac^s 
of the dodecaedron. 
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Tn the icosaedron. Form a solid angle with two angte3 of 
equilateral triangles and one of a regular pentagon ; the in» 
clination of the two planes, in which the triangular angles lie, 
will be that of two adjacent faces of the icosaedron. 



PROBLEM. 




579. The aide of a regular polyedran being given^ to find the radii 
of the spheres y inscribed in this polyedron and circumscribing it. 

It must first be shown, that every regular 
polyedron is capable of being inscribed in a 
sphere, and of being circumscribed about it. 

Let AB be the side common to two adja- C\ 
cent faces; C and E the centres of those 
faces ; CD, ED the perpendiculars let fall 
from these centres upon the common side AB, 
and therefore terminating in D the middle 
point of that side. The two perpendiculars 
CD, DE make with each other an angle 
which is known, being the inclination of two 
adjacent faces, and determinable by the last 
Problem. Now, if in the plane CDE, at right * 

angles to AB, two indefinite lines CO and 0£ be drawn per* 
pendicular to CD and ED, and meeting each other in O ; 
this point O will be the centre of the inscribed and of the cir- 
cumscribed sphere, the radius of the first being OC, that of 
the second OA. 

For, since the apothems CD, DE are equal, and the hy* 
potenuse DO is common, the right-angled triangle CDO mu^t 
(56.) be equal to the right-angled triangle ODE, and the 
perpendicular OC to OE« But, ^B being perpendicular to 
the plane CDE, the plane ABC (349.) is perpendicular to 
CDE, or CDE to ABC ; likewise CO, in the plane CDE is 
perpendicular to CD, the common intersection of the planes 
CDE, ABC ; hence (351.) CO is perpendicular to the plane 
ABC. For the same reason, EO is perpendicular to the plane 
ABE : hence the two straight lines CO^ OE, drawn perpen- 
dicular to the planes of two adjacent faces through the cen- 
tres of those faces, will meet in the $ame point O, and be 
equal to each other. Now, suppose that ABC and ABE re- 
present any otlier two adjacent faces ;*the apothem will still 
continue of the same magnitude ; and also the angle CDO, 
thehalf of CDE : hence the right-angled triangle CDO, and 
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its 3ide COy will be equal in all the faces of the polyedron ; 
henc^, if from the point O a& a centre with the raiidius OC, a 
sphere be described, it will touch all the faces of the polye- 
dron at their centres, the planes' ABC, ABE, &c. being each 
perpendicular to a radius at its extremity : hence the sphere 
will be inscribed in the polyedron, or the polyedron circum- 
scribed about the sphere. 

Again, join OA, Op : by i*«ason of CA=CB, the two 
oblique lines O A, OB, lying equally remote from the perpen- 
dicular, ^ill be equal ; so also will any other two lines drawn 
from the centre O to the extremities of any one side : hence 
all those lines will be equal ; hence, if from the point O as a 
centre, with the radius OA, a spherical surface be described, 
it will pass through the vertices of all the soUd angles of the 
polyedron ; hence the sphere will be circumscribed about the 
polyedron, or the polyedron inscribed in the sphere. 

This being settled, the solution of our Problem presents no 
further difficulty, and may be effected thus : 

One face of the polyedron being 
given, describe that face ; and let CD j^ 
be its apothem. ■ Find by the last 
Problem, the inclination of two 
adjacent faces of the polyedron, 
and make the angle CDE equal to 
this inclination ; take DE=Cp ; 
draw CO and £0 perpendicular to* 
CD and ED, respectively : these two 
« perpendiculars will meet in point O ; 
and CO will be the radius of the 
sphere inscribed in the polyedron. 

On the prolongation of DC, take CA equal to a radius of 
the circle, which circumscribes a face of the polyedron ; AO 
will be the radius of the sphere circumscribed about this same 
polyedron. 

For, the right-angled triangles CDO, CAO, in the present 
diagram, are equal to the triangles of the same name in the 
preceding diagram : and thus, while CD and C A are the radii 
of the inscribed and the circumscribed circles belonging to 
any one face of the polyedron, OC and OA are the radii of 
the inscribed and the circumscribed spheres which belong to 
the polyedron itself. 

580. Scholium. From the foregoing Propositions, several 
consequences may be deduced. 

1. Any regular polyedron may be divided into as many 
regular pyramids as the polyedron has faces ; the common 
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vertex of these pyramids will be the centre of the polyedron ; 
and at the same time, that of the inscribed and of the circum- 
scribed sphere. 

2. The solidity of a regnlar polyedron is equal to its sur- 
face multiplied by a third part of the radius of the inscribed 
sphere. 

3. Two regular polyedrons of the same name are two simi- 
lar solids, and their homologous dimopsions are proportional; 
hence the radii of the inscribed or of the circumscribed spheres 
are to each other as the sides of the polyedrons. 

4. If a regular polyedron is inscribed in a sphere, the planes 
drawn from the centre, through the different edges, will divide 
the surface of the sphere into as many spherical polygons, all 
equal and similar, as the polyedron has faces. 
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NOTE I. 



On some Names and Definitions. 

Some new expressions and definitions have been employed in this Work, 
where they seemed likely to give more accuracy and precision to geo- 
metrical language. We mean here to give some account of those changes, 
and to propose a few others, which might accomplish the same purpose 
more completely. 

In the ordinary definition of the rectangular parallelogram and of the 
square, it is usual to say, that the angles of those figures are right ; it 
would be more correct to say, that their angles are equal. For, to sup- 
pose that the four angles of a quadrilateral can be right, and even that 
the right angles are equal to each other, is to assume two propositions 
which require demonstration. This inconvenience, and several others of 
the same sort, might be avoided, if, instead of placing the definitions, ac- 
cording to the common practice, at the head of each Book, we were to 
disperse them over the course of the Book, each at the place where all it 
assumes is already proved. 

The word parallelogram^ according to its etymology, signifies parallel 
lines ; it no more suits the figure of four sides, than it does that of six, 
of eight, &c. which have their opposite sides parallel. In like manner, 
the word paralUlepipedon signifies parallel planes ; it no more designates 
the solid with six faces, than the solid with eight, ten, &lc. of which the 
opposite faces are parallel. The names, parallelogram and parallelepi- 
pedon, have the additional inconvenience of being very long. Perhaps, 
therefore, it would be advantageous to banish them altogether from 
geometry ; and to substitute in their stead, the names rhombus and rhom- 
boid, retaining the term lozenge, for quadrilaterals whose sides are all 
equal. 

It might also be useful to extend the meaning of the word inclincUion, 
80 as to make it synonymous with ar^le : both of them indicate a particu- 
lar relation of two lines, or of two planes, which meet together, or would 
meet if produced. The inclination of two lines is nothing, when their 
angle is nothing ; in other words, when the lines coincide, or lie parallel 
to each other. The inclination is greater when the angle is greater, or 
when two lines form together a very obtuse angle. The quality of sloping 
has a different meaning ; a line slopes the more towards another^ the more 
it deviates from the perpendicular to that other. 
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It is costoroaiy with Euclid, and various geometrical writers, lo give 
the Dame equal tricmgles, to triaiigles which are equal only in surface •» 
abd of equai solidsj to solids which are equal only ioi solidity. We have 
thought it more suitable to ball such triaogles or solids equmdent; re- 
serving the denomiimtion equal triangles, or solids^ &r such as coincide 
when applied to each other. 

In solids, asid curve surfaces^ it is further necessary to distinguish two 
sorts of eqtillity, which differ in some respects. Two solids, two solid 
angles, two spherical triangles or polygons, may be equal in all their con- 
stituent parts, and yet be incapable of coinciding when applied to each 
other, — an observation which seems to have escaped the notice of elemen- 
tary writers, as their inattention to it has vitiated certain demonstrations 
I'elying on the coincidence of figures, where no such coincidence can 
exist. Such are the demonstrations by which the equality of spherical 
triangles is sometimes imagined to be shewn, in the same manner as that 
of rectilineal triangles which are similarly related. A striking example 
of this- oversight is exhibited by Robert Simson,'^ when this geometer im- 
pugns the demonstration of Buclid's Prop. 28. 'XL, yet falls himself into 
the error of grounding his own demonstratipn upon a coincidence which, 
cannot take place. For these reasons, we have judged it necessary to 
assign a particular name to this kind of equality, which is not accompanied 
by coincidence ; we have called it equality by symmetry, the figures to 
which it applies being called symmetrical. 

Thus the terms equal figures, symmetrical figures, equivalent figures, 
refer to different objects, and should not be confounded in the same de- 
nomination. 

In those propositions which relate to polygons, solid angles, and pblye- 
drons, we have formerly excluded all figures that have re-entrant an- 
gles. Our reason was, that, besides the propriety of limiting, an elemen- 
tary work of the simplest cases, if this exclusion kad not taken place, 
several propositions either would not have been true, or, at least, would 
have required some modification. We thought it better to restrict our 
reasoning to those lines which we have named convex, and which are such 
that a straight line cannot cut them in more than two points. 

We have frequently employed the expression, product of two or more 
lines; by which is meant, the product of the numbers representing those 
lines, when valued according to a linear unit, assumed at will. The sig- 
nification of the phrase once fixed, there can be no objection against 
using it. In the same manner must be understood what is meant by the 
product of a surface by a line, of a solid by a surface, &c. It is enough to 
have settled, once for all, that such products are, or ought to be, considered 
as products of numbers, each of the kind proper to it. Thus, the product 
of a surface by a solid, is nothing but the product of a number of superficial 
units by a number of solid units. 

In ordinary language, the word ar^le is often employed to designate the 
point situated at the vertex. This expression is inaccurate. It would be 
more correct and precise to use a particular name, such as that of vertices, 
for designating the points at the corners of a polygon or of a polyedron. 
' The denomination vertices of a polyedron, as employed by us, is to be un- 
derstood in this sense. 

We have followed the common definition of similar rectilineal figures ; 
we must observe, however, that it contains three superfluous conditions. 
In order to construct a polyedron, the number of whose sides is n, it is 
necessary first to know one side, and, next, the position of the vertices of 
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all the angles situated out of this side< Now, the number of those angles 
is n— 2, and the position of each vertex requires tiro data ; henoe, the 
whole number of data requisite for constructing a regular polygon of n 
sides, is l-|-2n— -4, or 2n — 3. But in the similar polygon, one side may 
be assumed at will, therefore the number of conditions regulating the simi- 
larity of a polygon to a given polygon, is S n — 4. Now the common defi* 
nition requires,^r«<, that the angles be equal each to each, which amounts 
to n conditions; secondly, that the homologous sides be proportioual, 
which amounts to n — 1 conditions. Consequently, there are 2n — I con- 
ditions in all, therefore three too many. To obviate this inconvenience, 
the definition might be subdivided into two, as follows : 

First. Two triangles are similar, when they have two angles in each re- 
spectively equals 

Second. Two polygons are siimlar, when both may he divided into the 
same number of triangles, similar each to each, and similarly plwied. 

But to prevent this latter definition itself from including any superfluous 
conditions, the number of triangles must be fixed equal to the number of 
the polygon^s sides, minus two ; which may be accomplished in eitiier of 
the following ways: from the vertices of two homologous angles, diagosals 
may be drawn to all the opposite angular points ; in which case, all the 
triangles formed in each polygon will have a common vertex, and their 
sum will be equal to the polygon : Or, let all the triangles formed in one 
polygon, have a side of it for their common base, and for vertices, the ver- 
tices of the different angles opposite to this base. In both cases, the nnm- 
ber of triangles formed in the respective polygons being n— S, the condi- 
tions of their similarity will amount to n— 4 ; the definition will oontaia 
nothing superfluous whatever ; and this being once settled, the old defini- 
tion will become a theorem susceptible of immediate demonstration. 

If the definition of similar rectiUneal figures usually given in elementary 
works is imperfect, that of similar solid polyedrons is much more so. 
Undid makes (bis definition to depend on a theorem which is not proved ; 
in other treatises, it has the inconvenience of being very redundant. We 
have, therefore, rejected those definitions of similar solids, and substituted 
one in their place, which is founded on the principles just explained. But 
as many other observations upon this subject solicit our attention, we shall 
return to it in a separate Note. 

Our definition of the perpendiculetr to a plane may be looked upon as a 
theorem ; that of the inclimiion of two planes likewise requires to be saac* 
tioned by a train of reasoning ; several ^hers do the same. Accordif^^ly, 
while in conformity to custom, we have retained the old definitions, e«re 
has been taken to refer the reader to those Propositions where their acen* 
racy is demonstrated ; or, in other cases, to subjoin a brief explanation. 

The angle formed by the meeting of two planes, and the solid angU 
formed by the meeting of several planes at the same point, are magnitudes, 
each of its own kind, to which it would perhaps be convenient to give 
separate names. As they stand at present, it is difficult to avoid obscuri- 
ties or circumlocutions, when speaking of the arrangement of the planes 
which compose the surface of a polyedron. And as the theory o( those 
sotids has hitherto been little investigated, no great inconvenience could 
arise from introducing any new expressions which sire called for by the 
nature of the objects. 

The angle formed by two planes, I should therefore propose to denomi*. 
nate a comer; the edge or ridge of the corner, might designate the com- 
mon intersection of the two planes. The corner might be named by oleoiis 
of four letters, the middle two corresponding to the edge. A right corner 
would be the angle formed by two planes perpendicular to eaoh other. 
Four right corners would fill up all the solid angular s|pace about a given 
line. Under this new denomination, the comer would' stilly not the fesf , 

33 
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bare for its measure, the angle formed by the two perpeodicul^an, dr&vm 
each in its own plane^ at the same point, to the edge or common intersec- 
tion. 



NOTE 11. 



On the Demonstration of Art 58. Book I, and of some of their 
fundamental Propositions in Geonhetry, 

Prop. (58.), is only a particular case of the famous postulaie, on which 
Euclid has founded the doctrine of parallels, and likewise the theorem con- 
cerning the sum of the three angles of a triangle. This postulate has 
never hitherto been demonstrated in a way strictly geometrical, and inde- 
pendent of all considerations about infinity,^ — a circumstance attributable, 
doubtless, to the imperfection of our common definition of a straight line, 
on which the whole of geometry hinges. But viewing the matter in a 
more abstract light, we are furnished by analysis with a very simple 
method of rigorously proving both this and the other fundamental proposi- 
tions of geometry. We here propose to explain this method, with all r&> 
<|[uisite minuteness, beginning with the theorem concerning the sura of the 
three angles of a triangle. 

By superposition, it can be shewn immediately, and without any pre- 
liminary propositions, that tv>o. triangles are equal when they have ttoo an^ 
gles and an interjacent side in each equal. Let us call this side p, the two 
adjacent angles A and B, the third angle C. This third angle C, there- 
fore, is entirely determined, when the angles A and B, with the side p^ are . 
known ; for if several different angles C might correspond to the three 
given magnitudes A, B, p, there would be several different triangles, each 
having two angles and the interjacent side equal, which is impossible ; 
hence the angle C must be a determinate function of the three quantities 

A, B, pf which I shall express thus, C=^ : (A, B, p). 

. Let the right angle be equal to unity, then the angles A, B, C, wiU be 
numbers included between and 2 ; and since C=(p : (A, B, p), I assert, 
that the line p cannot enter into the function ^. For we have already 
seen that C must be entirely determined by the given quantities A, B, p 
alone, without any other line or angle whatever. But the line p is hete- 
rogeneous with the numbers A^ B, C ; and if there existed any equation 
between A, B, C, p, the value of p might be found from it in terms of A, 

B, C ; whence it would follow, tha| p is equal to a number ; which is 
absurd : hence p cannot enter iuto tlie function ^, and we have simply 0= 
<?:(A,B).* 



* Against this demonstration it has been objected, that if it were applied 
word tor word to spherical triangles, we should find that two angles being 
known, are sufficient to determine the third, which is not the case in that spe- 
cies of triangles. The answer is, that in spherical triangles, there exists one 
element more than m plane triangles, the radius of the sphere, namely, which 
must not be omitted in our reasoning. Let r be the radius ; instead of C=<f 
(A, B, p), we shall now have C=:<|> (A, B, p, r), or by the law of homogeneity 

simply C= <;> f A, B, ^ j . But since the ratio ^ is a number, as well as A, B, 

C, there is nothing to hinder- from entering the function t, and consequently 
we have no right to infer from it; that C=<f> (A, B). 
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This formula already proves, that if two angles of ooe triangle are 
equal to two angles of another, the third angle of the former must also be 
equal to the third of the latter ; and this granted, it is easy to arrive at the 
theorem we have in view. 

First, let ABC be a triangle right-angled at A ; 
from the point A, draw AD perpendicular to the hy- 
potenuse^ The angles B and D of the triangle 

ABD are equal to the angles B and A of the trian- -g^ 

gle BAG ; hence, from what has just been proved, D 

the third angle BAD is equal to the third C. For a like reason, the angle 
DAC=B, hence BAD4. DAG, or BAG=B4-G ; but the angle BAG is 
right ; hence the two acute angles of a right-angled triangle are together 
equal to a right angle. 

Now, let BAG be any triangle, and BG a side 
of it not less than either of the other sides ; if 
from the opposite angle A, the perpendicular AD 
is let fall on BG, this perpendicular will fall -t> 
within the triangle ABG, and divide it into two 
right-angled triangles BAD, DAG. But in the 
right-angled triangle BAD, the two angles BAD, ABD are together equal 
to a]:ight angle; in the right-angled triangle DAG, the two DAG, ACD 
are also equal to a right angle ; hence all the four taken together, or, 
which amounts to the same thing, all the three BAG, ABG, AGB are to- 
gether equal to two right angles ; hence in every triangle^ the sum of its 
three angles is equal ta two right angles. 

It thus appears, that the theorem in question does not depend, when 
considered a priori, upon any series of propositions, but may be deduced 
immediately from the principle of homogeneity ; a principle which must 
display itself in all relations subsisting between all quantities of whatever 
sort. Let us continue the investigation, and shew that from the same 
source, the other fundamental theorems of geometry may likewise be 
derived. 

detaining the same denominations as above, let us farther call the side 
opposite to the angle A by the name of m, and the side opposite B by that 
of ft. The quantity m must be entirely determined by the quantities A9 

Byp alone ; hence tm is a function of A, B, p, and — is one also ; so that 

P 

m - m 

we may put ~ = 4 : (A, B, p). But "T" is a number, as well as A and 

B ; hence the function 4 cannot contain the line jp, and we shall have sim- 

m < 
ply "r" = 4 : (A, B), or m = jp4 : (A, B). Hence, also, in like manner, 

n=a4l'{B, A). 

Now, let another triangle be formed with the same angles A, B, G, and 
with sides m', n\p\ respectively opposite to them. Since A and B are not 
changed, we shaal still, in this new triangle, have m'=|>'4 : (^9 S)t and 
>i'=2>'4 • (A, B). Hence m : m' : : n : n* : : p : p'. Hence inequiangUvar 
triangles, the rides opporite the equal angles are proportional. 



■m 
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From til i^ general propwitioD, nc 
can deduce, asaparticu]arcase,the 
proper!; annmcd in the text Ibr 
.Icmomtraling' Art. 50. For" the 
triangles AFG,AIML hare each tiro 
angles respectirel; equal, namely, 
the angle A common, and a right 
angle : hence they are equiangnlar, 
bence we have the proportion AF : 
AL ; : AG : Am by means of 
which Art 58 iscomplelely proved. 

The proposition concerning the 
square of the hypotenuse, wealrea' 
dy know, is a consequence of that 
coDceraing equiangular ttia:^ei- 
Here theo, are three fundaroenlai 
propoaitionH of geometry ; that con- 
cerning the three angles of a Irian- 
i;le, that concerning equiangular 
triangles, and that concerning the square of (he hypotenuse, which may 
he very simply and directly deduced from the consideration of foDC- 
lions. Id the same nay, the propositions relatiog to similar figures and 
similar solids may be demonstrated with great eate. 

Let ABCD be aoy polygon. Having taken 
any side AB, upon it, as a base, form as many 
triangles ABC, A6D, &c. as there are angles 
C, D, £, Sk. lying ont of it. Put the base 
AB=:p ; let A and B represent the two angles 
of the triaogte ABC, which are adjacent to the 
side AB ; A' and B' the two angles of the tri- 
angle ABD, which are adjacent to the same 
side AB, and so on. l^e figure ABODE wilt 
be entirely determined, if the side p with the 
angles A, B, A', B', A", B", &c. are known, 
and the number of data will in all amount to 
3n — 3, n being the number of the polygon^ 
sides. This being granted, any side or line x, 
any how dnwn in the polygon, and from tbe ^ j> 

data alone which serve to determine this poly- 

pu, will be a fanction of those given quantilioa ; and since - most be a 
aamlMT, ne may ■appoM- = 4:(A,B,A',B',iEc.), on; =:p-^(A,B, 

A', B', fcc.), and the function 4 will not contain p. If with the same an- 
gles, and another side y, a second polygon be formed, the line z* coins- 
ponding or homologous to x wilt have fcr its value 3f=^ 4 : (A, B, A', B', 
lie.): benca a; : x*, : ; p : p'. Figures. thus constructed might be defined 
' as nmUarJigura ; bence in tisrUlarJigunt the homologoui linti art pro- 
porMonoJ. Thus, not only the homologons sides and (he hmnotof^ous dia- 
goB^ but abo any lines terminating the same way in the two figures, are 
to each other as any other two hataoliiginis lines whaterer. 

Let us name the surfwe of the first polygon S 1 that snrhce U homoge- 
neous with the square p^ ; hence — ranst he a number, containing nothinc^ 

but the angles A, B, A', B', &c. ; so that we shall have 3=]^ : (A, B, 
A', B' &c.) ; for the same reason, S" being the surface of the second poly- 



NOTE IL 245 

goD, we shall have S'sr/)'^^ : (A, B, A', B', &c.). Hence S : S' : : ^^ ; p'2 . 
hence the surfaces of similar figures are to each other as the squares of 
their homologous sides* 

Let us noir pnoceed to polyedrons. We may take it for granted, that a 
face is determined by means^ of a given side p^ and of the several given 
angles A, B, C, &c. Next, the vertices of the solid angles ivhich lie out 
of this face, will be determined each by means of three given quantities, 
which may be regarded as so many angles ; so that the whole determina- 
tion of the polyedron depends on one side, p, and several angles A, B, C, 
41zc. thenuraber of which varies according to' the nature oftbe polyedron. 
This being granted, a line which joins two vertices, or more generally, 
any line x drawn in a determinate manner in the polyedron, and from the 
data alone wbicb serve to construct it, will be a function of the given 

aaantities p, A, B, C, &c. ; and since — must be a number, the function 

P 

X 

equal to — , will contain nothing but the angles A, B, C, kc,^ and we may 

put X r=: p 9 : ( A, B, C, &c.). The surface of the solid is homogeneous to 
jp3 ; hence that surface may be represented by p^^ . ^a, B, C, UcA : its 
soKdity is homogeneous with |)% and may be represented by p^ n .- (A, B^ 
C, &c.), the functions designated by ^ and n being independent of p, 

Sappose a second solid to be formed with the same angle A, B, C, &c», 
and a side p^ different ftomp ; and that the sc^s so formed are called 
similor solids. The line which in the former solid wasjp9 : (A, B, C, 
&c.). Or simply p 9 will in tiiis new solid become j/ 9 ; the surface wbich 
was p^ 4 in the one, will now become //^ 4 in the other ; and, lastly, the 
solidity which wasp' n in the one, will now become p'^n in the o^er. 
Hence, first, in similar solids, the homologous lines are proportional ; 
secondly, thdr surfaces are as tike squares of the homologous sides ; thirdly, 
iheir soHdOies are at Me cubes^ those same sides* 

The same principles are easily applicable to the circle. Let c be the 
circuiDlerenoe, and s the surface of the circle whose radius is r ; since 
there cannot be two unequal circles with the same radius, the quantities 

c s 

- and — must be determinate functions of r : but as these quantities are 

r r' 

numbers, the expression of them cannot contain r ; and thus we shall have 

-*=:a, and — = ^, a and C being constant numbers. Let c' be the cir- 
r r* 

cumference, and s' the surface of another circle whose radius is r' ; we 

shall, as before, have -7. = a, and --- =£ C. Hence c : (/ i : r : r^^ and s : 

r r^ 

•'::!•' : /' ; hence the circumferences of circles are to each other as their 
radii, and their sutfaces as the squares of those radii* 

Let us now examine a sector whose radius is r. A being the angle 
at the centre, let x be the arc which terminates the sector, and y the 
surface of that sector. Since the sector is entirely determined when r 
and A are known, x and y must be determinate functions of r and A ; 

hence ~, and -^ are also similar functions. But -* is a number as well aa 
r r^ r 

•^; hence those quantities cannot contain r, and are simply loncttonss of 
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A ; so that we have - = (p : A, and ^ s= 4 : A. Let x' and y be the 



r H 



arc, and the surface of another sector, whose angle is A, and radius r' ; 

we shall call those two sectors similar : and since the angle A is the same 

ar' 1/ 

in both, we shall have -- = qj : A, and "^ = 4 : A. Hence x : x' : : r : r^j 

r r^ 

and y : ^ I : r^ : r^ ; hence similar arcs^ or Me arc« q/* similar sectors are 
to each other as their radii ; and the sectors themsehes are as the squares 
of the radiL 

By the same method, we could evidently shew, that spheres are as the 
cubes of their radii. 

In all this, we have supposed that surfaces are measured by the product 
of two lines, and solids by the product of three ; a Iruth which it is easy 
to demonstrate by Analysis, in like manner. Let us examine a rectan^e, 
whose sides are p and q ; its surface, which must be a function of p and 9, 
we shall represent by 9 : (p^ q). If we examine another rectangle, whose 
dimensions are/i-f-p' and 9, this rectangle is evidently composed of two 
others, of one having p and q for its dimensions, of another hiaring j/ and 

q ; so that we may put 9 : (/>-f-p't 9)=^ • {?•> 9)+^ • (p''?)* I«et|/=p ; 
we shall have 9 (2 p, 9)=£9 {p^ 9]* Ij^t p'^=^^p\ we shall hare 9 (3p, 
9)=^ ( p, 9)-f 9(2p, 9)=3 9 (i>, 9). Let p=Zp ; we shall have 9 (4p, q) 
= ^(p» 9+^ (3 1'* 9)=49(|», 9). Hence, generally, if k is any whole 

number, we shall have 9 (ft />, 9)=A;9 (p, 9), or . '^'^^ ss ^^ ^*v ; from 

P ftp 

which it follows that -JLCL^ is such a function of p as not to be changed 

P 
by substituting in place of p any multiple of it ftp. Hence this function 
is independent of p, and cannot include any thing except q. But for the 

same reason ^^* ^' must be independent of q ; hence ^^*^^ includes 

q pg 

neither p nor q^ and must therefore be limited to a constant quantity cc> 
Hence we shall have 9 (/>• 9 )=tt p 9 ; and as there is nothing to prevent 
us from taking a= 1 > we shall have 9 ( p< 9] = p 9 ; thus the surface of a 
rectangle is equal to the product of its two dimensions. 

In the very same manner, we could shew that the solidity of a right-an- 
gled parallelepipedon, whose dimensions are p, q, r, is equal to the pro- 
duct p qtr of its three dimensions. 

We may observe, in conclusion, that the doctrine of functions, which 
thus affords a very simple demonstration of the fundamental propositions 
of geometry, has already been employed with success in demonstrating the 
fundamental principles of Mechanics. See the JSemoirs of Turing vol. //. 



ADDITION TO NOTE II. 
{Furnished hy M. Legendbe for this Editian.) 

The celebrity which Professor Leslie of Edinburgh so justly envoys, 
ibrbids me te pass over in silence the objections which this learned geome- 
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ter bag adduced against the fore^oing^ theory, and particularly^ainst my 
proof of the equation C:=^(A, B], from which oar theorem concernhig^ the 
three angles of a triangle is derived. 

The objections alluded to, first made their appearance in the second edi« 
tion of Mr. Leslie^s ElemerUs of Oeomeiry, pp. 403 et teq, and though they 
were refuted, quite completely as I think, in the equally severe and judi- 
cious criticism of that work, published by Mr. Pla^fair, in the Edinburgh 
RetfieWi vol. xx ; though I replied to them in a private letter addressed to 
the author ; yet Mr. Leslie in his 3d edition, 1817, {pp, 292 et seq.)^ has 
again brought forward his objections, inserting along with them an extract 
from my letter* (which, as may be gathered from the end of the quotation, 
was not in any way designed for publication), and subjoining* in favour of 
his opinion, the testimony of a mathematician whom he does not name, but 
declares to be at the head of British geometers. 

Without entering into any profound discussion of this question, I shall 
restrict myself to [dace before the reader the principal point of the diffi- 
culty. J am required to shew, in opposition to Mr. Leslie'tt opinion, thkt 
a line, which is an absolute length, cannot be determined solely from an- 
gles, which are represented in calculation by their ratios to the right angle 
assumed as unity, that is to say, by numbers always included between 
and 2. Thus the side c of a triangle cannot be determined solely from 
the angles A, B, C of this triangle ; for these angles being only numbers, 
they can of themselves serve only fq|r determining numbers. Accordingly, 
what information would you gain, if the value of the side c, as determined 
by calculating the function which represented it, were to come out y^^^, for 
example ? Is it -^ of an inch, -j^ of a foot, X of the earth^s radius, or 
-j^ of the Bun^s distance ? You cannot say, unless the question offer some 
other linear datum as unit, or which may serve for unit. With angles, 
however, the case is different, because the right angle is their natural unit, 
and any angle is completely determined, whenever we have discovered the 
value of its numerical ratio to the right angle. 

If it is absurd to suppose, that the line c can be determined by the nu- 
merical quantities A, B, C alone ; hence there can exist no equation be- 
tween the quantities c. A, B, C. Hence the equation C=9(A, B, c), which 
is gfiven immediately by the principle of superposition, can exist only on 
condition that c disappear from the second member of it ; otherwise, we 
are taught by Analysis that an equation containing at once the four quan- 
tities A, B, C, c, would allow us to determine c by means of angles A,B,C. 
Hence we have simply C=9(A, B) ; that is, in every triangle, two given 
angles determine the third. From this property, it is easy to deduce'the 
theorem concerning the three angles of a triangle, either by the de- 
monstration given above, or by that which Mr. Leslie himself proposes, 
which is very simple, but subject to exception in the case of the equilateral 
triangle. 
' Mn Leslie endeavours to draw an argfument against this theory, from 
the case where the angle C, and the two sides a and b which contain it are 
given. Here, the third side c must be entirely detennined by those data, 
which is expressed thus : c=r^(a, 5, C). Mr. Leslie adds, (page 93, 
3d edit.) . 

^' But the angle C being heterogeneous to the sides a and 6, cannot coa- 
lesce with them into an equation, and consequently the base c is simply a 
function of a and 6, or it is the necessary result merely of the other 
two sides. Such is the extreme absurdity to which this sort of reasoning 
would lead." 



* Two errors of the press have found their way into this extract ; they may 
be corrected by putting c in place of C, page 296, line 31, &c. 
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Bat the only absurdity here is the reasoning employed by the objector, 
of which certainly I did not give him the example. Though an angle C, 
measured by a number, is undoubtedly heterogeneous to each of the quan* 
tities a and 6 which are lines, it is not on that account heterogeneous to 

their ratio - ; and consequently there is no reason to expunge C from the 
a 

function ^ (a, &, C.). In the present case, where the function is to repre- 
sent the line ^ c< this line c must be homogeneous with the lines a and 5, 
and of one dimension ; or what amounts to the same, it must be the 

product of a by a function of - and of C ; hence we shall hare simply 

a 

cssa 4 I -t C I ; so that the function of three quantities is, in thia case, 

reduced to a function of two quantities only. Such is the commoil doc- 
trine of analytical writers. See the Introduct. in Anal, of Eivler, p. ^6. 

It is eyident, moreover, that the equation cssa 4 ( -i C I agrees com- 

l-j-— — — cos C 1. 
a a J 

From this, therefore, no objection against my theory can be drawn, but 
rather a full and entire confirmation of it. 

To shew in a manner, if possible still clearer, that the law of homoge- 
neity, combined with the known principles of the theory of functions, caa 
lead to no results but what are accurate, let us consider an isosceles tri- 
angle formed by two equal sides a, a, and the angle C contained by them* 
Since this triangle is entirely determined by the given quantities a and C, 
the angle A opposite the side a must be a determinate function of the 
quantities a and € ; we shall express it thus : A=s<}> (a, C). Now, if the 
quantity a does not disappear from the function ^, then from the equation 
As=<^ (a, C); the value of a might be deduced in terms of A and C. But 
a line a, not being referred to any unit, cannot be equal to a function of 
two numbers A and C, which must itself be a number. Hence we have 
simply A=£^ (C) ; that is to say, in every isosceles triangle, the angle at 
the base is determined by the angle at the vertex, and conversely. From 
the vertex to the middle of the base, draw a straight line ; it will divide 
the isosceles triangle into two equal right-angled triangles, and you will 
infer that in these right-angled triangles, one acute angle determines 
the other. Hence we conclude, as in the first demonstration, that the 
two acute angles of a right-angled triangle are together equal to a right 
angle ; and then that in every triangle the sum of all the angles is equal 
to two right angles. 

Let us now proceed to the chief objection made by the anonymous ma- 
thematician whose suffrage Mr. Leslie brings to bear against me. He 
maintains that I have done nothing but elude the difficulty ; and that Q»y 
method, or what he calls the mue en Squation. of the problem, involves a 
supposition equivalent to Euclid^ postulate, because I have considered as 
existing, and already constructed a triangle in which the angles amount to 
a sum as near two right angles as we please. If I had indeed made this 
supposition, my critic were undoubtedly in the right ; but in reality, I 
make no supposition. I reason with regard to any triangle already con- 
structed, and actually existing ; I study its properties, and find from stu- 
dying them, that in every triangle the sum of all the angles is equal to two 
Tight angles. So soon as this prmciple is established, I can easily (as I 
have done in thethird edition of my Elements, Prop. 24. I.), coostnict % 
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IriaDgle haying a given base o, and two adjacent angles A and B, 
whose sum differs from two right angles as little as we please; and by 
this constraction, Eaclid^s postulate is demonstrated in the most rigo- 
rous manner. 

I shall extend my observations no farther ; I might even have forborne 
to write on this subject at all, since M . Maurice of the Academy of Sci- 
ences has undertaken the task of replying to the objections of Mr. Leslie 
and his learned correspondent, in the Bibliotheque Universelle of Geneva, 
Oct 1819 ; and his dissertation (excepting one or two passages, perhaps 
liable to dispute, but having no influence on the question) completely fulfils 
the object of its author, and establishes in a manner as solid as luminous, 
the theory which Mr. Leslie has attempted to overturn. 

May I observe, in conclusion, that Mr. Leslie, who has hitherto ap- 
peared in the character of an assailant, has not sufficiently secured his 
own defence, having left without reply the veiy strong objection alleged 
against his demonstration of Prop. 22, by Mr. Playfair, at p. 88 in the vo- 
lume of the Edinburgh Review already quoted. In reality, this demon- 
stration supposes, that through a given point, no more than one parallel to 
a given line can be made to pass, or that there is only one position in which 
the line meant to be drawn will not meet the given line. Such an assump- 
tion is identically the same as Euclid^s postulate. There is only this dif- 
ference between Mr. Leslie's method and that of Euclid, that the ancient 
geometer does not dissemble the difficulty, but presents it, on the contrary, 
in all its breadth, and requires to have that granted which he cannot prove ; 
while the modern geometer envelopes the difficulty in a shadow of demon- 
stration which, though doubtless it has seduced himself, is certainly any 
thing but rigorous. It is difficult to conceive how such a mistake could 
proceed from a mathematician so well versed as Mr. Leslie is in the geo- 
metry of the ancients ; who has shewn himself acquainted with all its 
most subtle refinements, and has himself invented many demonstrations 
which the ancients would not have been ashamed to own. One would 
have expected him to look more narrowly into a subject, which has 
formed the great difficulty of geometers ancient as well as modern ; and 
not to give out as rigorous a demonstration, which is very far from 
being so. 
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On the Approxijnation employed in Art. 296. 

So soon as we have found a radius too great and a radius too little whicii 
^ree in their first ciphers, the calculation may be completed in a very 
speedy manner by means of an algebraical formula. 

Let a be the defective radius, and b the excessive one, their difference 
being small ; let a' and b' be the radii next in order deduced by the for- 
mulas 6'=*/ ahf a'=-i/ 1 a . ' 1 . What we are in quest of is the last 

\ 2 J 

term of the series a, a\ a", &c., which at the same time will be the last of 
the series 6, 6', b'\ &c. Let this last term be named x, and put 6=ra (1-|*^) > 
we can suppose x=a (l-)^Poj-^Qa;^4'^*)> ^ and Q being indeterminate 
co^6£&cient8. Now the values of b^ and a' give 

6'=a ( l-f- Jw— Iw^-f &c.) ; 
a'=a (l4-|w2 — g^w^-f&c.) 

34 
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And if, in like manner, we put &'=a' (l+c^)')' ^^ ^^^^^ ^^^^ 

w'=: Jw — g^W^ &c. 

But the value of x must be the same whether the series a, a'> a'', &c. 
begins with aora'i hence we shall have 

a(l+Pw+Qw34.&c.) =a' (l+Pw'+Qw'3+&c.) 

Substitute, in this equation, the values of a' and (J in terms of a and cj ; 
and comparing the similar terms, we shall deduce from it Ps=^, and Q=s 
— 1^; hence 

If the radii a and 6 agree in the first half of their ciphers, the term cj^ 
may be rejected in the calculation, and the preceding value will be 

reduced to ar=a (l-f.^6k>)=:a..{ . Thus making a=1.128S657, and 

3 

6=1.1286063. we shall immediately deduce from it 2:=rt. 1283792. 

If the radii a and 6 agree only in the first third of their ciphers, we 
shall have to take in the three terms of the preceding formula ; and thus 
making ar=l. 1265639, and 6=1.1320149, we shall find 27=1.1283791. 

We might suppose a and h to be still further different ; but in that case 
it would be requisite to calculate the value of x with a greater number of 
terms. 

The approximation exhibited in Art. 294, the author of which is James 
Gregory, is susceptible of similar abridgments. We refer to Gregory^ 
book, entitled Vera CircuH et Hyperbolas Qmdratura, a work of great 
merit, considering the time when it appeared. 



NOTE IV. 



Shewing that the Rittio of the Circumference to the Diameter^ and 
also its square^ are irrational Numbers. 

Let us examine the infinite series 

*H r«- : ,&c. 

« 2 z,z+l 2.3 «.;r-f l.z+2 

of which the general term is ^'^ 



1.2.3. . . n ar.^+l . «4-2 {zJ^n-^l) 

and suppose that <|> : x represents the sum of it. Putting ;r-{*l in place of 
Zy <p (i^Hh^) ^^^ ^^ ^'^^ manner be the sum of the series, 

1 J 1- - . -j- . L &c. 

«4-l 2 «4.1.a4.2 2.3 «-{-l.z4.2.«-f-3 

Subtract the one of these series from the other, term by term ; we shall 
have <^ : r— ^ : {xJ^\) for the sum of the remainder, which, in its ex- 
panded form, will be 

+ — —J 1 . 1. &c. 



2f.«+l z.z^X.z^2 2 «.«+l.«-f2.«4.3 
But this remainder may be put under the form 
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_(14.^. + 1 . — ^l 4.&C.); 



z.z+l z+^ 2 Z+2.Z+3 

and then it is reducible to -.^ <P : («+2). Hence, generally, we 

za'\'l 

shall have 

Divide this equation by <P : {^+1)> and to simplify the result, let 

J, : ;r be a new function of z^ such that 4 : r = - . ' ^ "\ ; we may 

z <p:{z) 

then put -^instead of -HI--, and lf±lLlli!±i^ instead of 
z^:z <p:(z4-l) o 

1> • (^+2) rjijjjg substitution being made, we shall have 

4:2r = 



^+4 : («+l) 



But by successively inserting «:+! , «^+2, &c., in place of z in this equa- 
tion, there will result from it 

4:(^+l)= "* 



z+l+^:{z+2) 



a 



Hence the value of 4 : ;r, may be expressed by the continued fraction, 

^: z z=z - a 

z -4- — ' ** 

^+^+;r+2+&C. 
Reciprocally this continued fraction, produced to infinity, has for its 

sum d:;t, or its equal- . tlJ^+ll; which sum, developed into its two 
ordinary series, becomes 



a 



1 4. JL_ 4- i . __?i I- &c. 



Now suppose z = i ; the continued fraction will become 

2a 



1 + 



_ 4 a 



^ + 5 ^. fee., 
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itt which all the nnmerators, except the first, are equal to 4 a, and the de- 
nominators form the series of odd numbers, 1, 3, 5, 7, &c. The value of 
this continued fraction may, therefore, be expressed by 



, , 4 a 16 g^ 64 o^ 



2a. 



^ ^ ^ 2.S.4 ^2.3...6 ^ 

But these series have a relation to some admitted formulas ; and it is well 
known that, putting e for the number whose hyperbolic logarithm is 1, the 
foregoing expression becomes 

— y- — ^3"y — . \/ « ; so that we shall have, generally, 



e 



j\/a ^««2v^a 



^.2^a=: — ; 1- 4a 



+e-~2V" 3 4- 4a 



5 +&C. 

From this, two principal formulas are derived, according a^ a is positive or 
negative. First, let 4 a = x^ ; we shall have 

e 



X ^^x 1+^ 
^ 34-^^2^ 

54-&C. 

Next let 4 a = — x^\ and agreeably to the demonstrated formula 

— -X — z=: y/ — 1 . tang. Xy we shall have 

< 

tang, a: = :j^ 



a:2 



7— .&C. 



TLIs formula will serve as the basis of our demonstration. Before pro- 
ceeding to it, however, we must prove the two following Lemmas* 



Lemma I. Stippose 

m 



n'-f 



n" + &c. 

to he a c<miinued /reunion prolonged to infinUy, in which all the numbers 
m, D, m', n' are jioMve or negaUoe integers ; if the component fractions 

— ) --;, -;r> ^* ^''^ ^^^ ^' '^^ unify, <Ae7» wiU the total value of the 
n n u\ '' 

coff<^itied fra(^xm he cf neceirity an irrational number. 
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ta the first place, this value is less thaa unity. For, without inter- 
fering with the general applicability of the continued fraction, we are at 
liberty to suppose ail the denominators, n, n', n'^ &c. to be positive ; in 
which case, taking a sin^e term of the proposed series, we shall, by hypo- 

thesis, have — < 1. Taking the first two, by reason of— /i 1, it is evi- 
n n 

mf 
dent that n .{ ; , is greater than n — 1 : but m is less than n; and since 



n 



mf 



they are both integers, m will also be less than n 4- — ;• Hence the value 

which results from the two terms 

m 
n -^^ mf 

is less than unity. Calculate three terms of the proposed continued frac* 
tion ; and in the first place, as we have just seen, the value of the part 

n" 
will be less than unity. Call this value (*> ; it is plain that this 



n 4- cj 

will still be less than unity ; hence the value which results from the three 
terms 

* 

m 
ri'^ mf 

is less than unity. . By continuing the same process, it will appear, that 
whatever number of terms in the proposed continued fraction be calcu- 
lated, the value resulting from them is less than unity ; hence the total va- 
lue of the fraction prolonged to infinity, is also less than unity. It cannot 
be equal to unity except in the single case, when the proposed fraction had 
the form 

mf 



'^+'-;;?+T-&c. 

in everjr other case it is less. 

This being proved, if the value of the continued fraction is not admit- 
ted to be an irrational number, suppose it to be a rational number, to be 

— > for example, B and A being any integers ; we shall then have 
A 



mf 



B m 

A n -I — r_t^ 

^ + vf'+ &c. 
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Let C, D, E, &c. be indetermiaate quantities, such that 

^ '^'W' + Sic, 

^ »iv ^ Sic. 

and so on to infinity. These different continued fractions having^ all their 

^ R f D E 

terms less than unity, their values or sums -r » ^> ;;r» fr » ^' ^*^^ ^® ^^^ 

A D G D 

than unity, as we have proved above ; and thus we shall have B< A, C < B, 
DZ.C, &c. ; 80 that the series A» B, C, D, £, &c. g^oes on decreasing 
to infinity. But the combination of the continued fractions we are treat- 
ing of ^ves 

B_ m ^ 

A n^ — = ; whence results C = w A — n B, 



B n'+ -^ ; whence results D =: m' B — n' C, 

C ■"" n"+ — ; whence results E = m" C — n" D, 

&c. &c. 

And since the two first numbers A and B are integers by hypothesis, it 
follows that all the others C,-D, E, kc, which were hitherto undeter- 
mined, are also integers. Now it implies a contradiction to suppose 
that an infinite series A, B, C, D, E, &c. can at once be decreasing 
and composed of integer numbers ; for, besides, no one of the numbers 
A, B, C, D, E, Sic. can be zero, since the proposed continued fraction ex- 

BCD 

tends to infinity, and therefore the sumsrepresented by —-, — , —, &C. 

must always be something. Hence our hypothesis, that the sum of the 
proposed continued fraction was equal to a rational quantity, cannot 
stand ; hence that sum is of necessity an irrational number. 



Lemma II. The same aupposUions cantinuing as in the /ovwer Len^ 
moy if the component fractions — , -y, — ^, &c. are of any magnitude 



n 



whatever at the beginning of the series, promded after a certain inters 
val they become less than unit ; we assert, that the proposed continued 
JracHon, if it still extends to infinity, will have an irrational value. 
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For if, reckoninff from — for example, all the fractions 

n 

__-, — , — , Sic, to infinity , are less than unit, then by Lemma I, the 
continued fraction 



~ nv -f &c. 

will have an irrational value. Call this value 6J, the proposed continued 
fraction will become 

m , 

m 






But if we successively put 



m" . w' ..., m 






n^+w 'n'+w' n+w" 

it is evident that cj being irrational, all the quantities cj', cj'', 6J''^ most be 
so likewise. But <*y" the last of these, is equal to the proposed continued 
fraction, hence the value of this fraction is irrational. 

We are now in a condition to resume our subject, and demonstrate this 
general proposition. 



THEOREM. 

If an arc is commensurahle with the radiust its tangent will he in- 

" commensurahle with that radius, . 



Put the radius =1, and the arc x=. — , m and n being whole num- 

n 

hers; the formula found above, making the proper substitution, will 
give us, 



m m 
tang. — = — 


m2 


n fi - 


-7;- m? 




on — — m^ 




5«— . 




In — &c. 



Now this continued fraction falls under Lemma 11 ; for since the de- 
nominators 3n, 5n, 7n, &c. increase continually, whilst the numerator 
rn^ continues of the same magnitude, the componont fractions will evi- 
dently be, or at least will soon become, less than unit ; hence the value of 

tang. — is irrational ; hence if the arc is commensurahle with the radius, 
n 

its tangent will be incommensurable with it. 
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From this, we dedace, as an immediate consequence, the proposition 
which forms the object of this Note. Let v be the semicircumference of 

which the radins is 1 ; if ^ were rational, the arc — would be so too, and 

4 

sr 
therefore its tangent would be irrational : but the tangent of the arc — is 

4 

well known to be equal to the radius 1 ; hence ^ cannot be iniational. 
Hence iht ratio of the circumference to the diameter^ is an irrational num- 
&cr.* 

It is probable that this number fr is not eren included among algebraical 
irrational quantities, in other words, that it cannot Ire the root of an alge- 
braical equation having a finite number of terms with rational co-efficients: 
but a rigorous demonstration of this seems very difficult to find ; we can 
only show that the square of v is also an irrational number. 

Thus, if in the continued fraction, which denotes tang, x, we put xz:s.fr^ 
since tang. ;r=:0, we must hare 

5 or2 

7 — _ 

9 — &c. 



But if ^^ were rational, and we had vr^=: — , m and » being whole aura- 

n 

bers, there would result from it 

« m 

^=— m 

5n - — m 

In — -— m 

^^^ — ili — &c. 

Now, as this continued fraction evidently comes under Lemma II., its value 
also must be irrational, and cannot be equal to the number 3. Hence the 
square of the ratio between the circumference and the diameter is an irra- 
tional number. 



* Thm proposition was first demonstrated by Lambert, in the Memoirs of 
Beiiin, amut 1761. 



TREATISE 



ON 



TRIGONOMETRY, 



Trigonometry has for its object the solution of triangles;, 
that is, the determination of their sides and angles, when a 
sufficient number of those sides and angles is given. 

In rectilineal triangles, it is sufficient to know three of the' 
six parts which compose them, provided there be a side among 
these three. If the three angles only were given, it is obvious 
that all similar triangles would answer the question. 

In spherical triangles, any three given parts, angles or 
sides, are always sufficient to determine the triangle ; because, 
in triangles of this sort, the absolute magnitude of the sides is 
not considered, but only their relation to the quadrant, or the 
number of degrees which they contain. 

In the Problems annexed to Book IL, we have already seen 
how rectilineal triangles are constructed by means of three 
given parts. Propositions 3G1 and 363 of Book V. give 
likewise an idea of the constructions, by which the analogous' 
cases of spherical triangles might be resolved. But those 
constructions, though perfectly correct in theory, would give' 
only a moderate approximation in practice,^ on account of 
the imperfection of the instruments required in constructing 
them : they are called graphic methods. Trigonometrical 
methods, on the contrary, being independent of all mechanic- 
al operations, give solutions with the utmost accuracy ; they 
are founded upon the properties of lines called sinesj cosines, 
iangeniSy &c. which furnish a very simple mode of expressing 
the relations that subsist between the sides and angles of tri- 
angles. 



* We are naturally required to disting^uish the figures which serve boly 
to direct our reasoning in the demonstration of a theorem or the solution of 
a problem, from the figures which are constructed to find some of their di- 
mensions. The first are always supposed to be exact ; . the second, if not 
exactly drawn, will g^ive ftJste results. 

35 
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We shall first expIaiD the properties of those lines, and the 
principal formulas derived from them ; formulas which are of 
great use in all the branches of mathematics, and which even 
furnish means of improvement to algebraical analysis. We 
shall next apply those results to the solution of rectilineal tri- 
angles,, and then to that of spherical triangles. 



DIVISION OF THE CIRCUMFERENCE. 

I. For the purposes of trigonometrical calculations, the 
circumference of the circle is conceived to be divided into 
360 equal parts, called degrees ; each degree into 60 equal 
parts, called minutes; and each minute into 60 equal parts, 
called seconds. 

The semicircumference, or the measure of two right angles, 
contains 180 degrees ; the quarter of the circumference, 
usually denominated the quadrant, and which measures the 
right angle, contains 90 degrees. 

II. Degrees, minutes, and seconds, are respectively desig- 
nated by the characters : ^, ', '' : thus the expression 16^ 6' 15" 
represents an arc, or an angle, of 16 degrees, 6 minutes, and 
15 seconds. 

III. The complement of an angle, or of an arc, is what re- 
mains after taking that angle or that arc from 90^. Thus an 
angle of 25^ 40', has for its complement 64^ 20'; an angle 
of 12« 4' 32", has for its complement 77° 55' 28". 

In general, A being any angle or any arc, 90^ — A is the 
complement of that angle or arc. Whence it is evident that, 
if the angle or arc is greater than 90^, its complement will be 
negative. Thus the complement of 160^ 34' 10" is — 70° 
34' 10". In this case, the complement, positively taken, 
would be the quantity requiring to be subtracted from the 
given angle or arc, that the remainder might be equal to 90^. 

The two angles of a right-angled triangle, are, together, 
equal to a right-angle : they are, therefore, complements of 
each other. 

IV . The supplement of an angle, or of an arc, is what re- 
mains after taking that angle or arc from 180^, the value of 
two right angles, or of a semi-circumference* Thus A being 
any angle or arc, 180^ — A is its supplement. 

In any triangle, an angle is the supplement of the sum of 
the two others, since the three together make 180^. 
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The angles of triangles rectilineal and spherical, and the 
sides of the latter, have their sapplements always positive ; 
for they are always less than 180^. 




GENERAL IDEAS RELATING TO SINES, COSINES, TANGENTS, &^. 

V. The sine of the arc <^ 
AM, or of the angle ACM, 
is the perpendicular MP let 
fall from one extremity of 
the arc, on the diameter 
which passes through the 
other extremity. 

If at the extremity of the 
radius CA, the perpendicu- 
lar AT is drawn to meet 
the production of the radius 
CM, the line AT, thus ter- 
minated, is called the tangentf and CT the secant of the arc 
AM, or of the angle ACM. 

These three lines MP, AT, CT, are dependent upon the arc 
AM, and are always determined by it and the radius ; they 
are thus designated : MP=sin AM, or sin ACM, AT^^tang 
AM, or tang ACM, CT—sec AM, or sec ACM. 

VI. Having taken the arc AD equal to a quadrant, from 
the points M and Ddraw the lines MQ, DS perpendicular to 
the radius CD, the one terminated by that radius, the other 
terminated by the radius CM produced ; the lines MQ, DS 
and CS, will, in like manner, be the sine, tangent, and secant 
of the arc MD, the complement of AM. For the sake of 
brevit}', they are called the cosiney cotangent^ ^nAcosecant^ of 
the arc AM, aud are thus designated : MQ=cos AM, or cos 
ACM, DS=co< AM, or cot ACM, CS=cosec AM or cosec 
ACM. In genera), A being any arc or angle, we have cos K 
—sin (90^ — A), cot A^iang (90°— A), toscc k—sec (90''— 
A). 

The triangle MQC is, by construction, equal to the trian- 
gle CPM ; consequently CP=MQ : hence in the right-an- 
gled triangle CMP, whose hypotenuse is equal to the radius, 
the two sides MP, CP are the sine and cosine of the arc AM. 
As. to the triangles CAT, CDS, they are similar to the equal 
triatigles CPM, CQM ; hence they are similar to each other. 
From these principles, we shall very soon deduce the differ- 
ent relations which exist between the lines now defined : be- 
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fol^e doing so, bowevef , we must examine the progressive 
inarch of those lines, when the arc to which they relate in* 
creases from zero to 180°. 

VII. Suppose one extremity of the arc remains fixed in A, 
while the other extremity, marked M, runs successively 
throughout the whole extent of the semicircumference, from 
A to B in the direction AJDB. 

When the point M is at A, or when the arc AM is zero, the 
three points T, M, P, are confounded with the point A; 
whence it appears that the sine and tangent of an arc zero, 
are zero, and the cosine and secant of this same arc, are each 
equal to the radius. Hence if R represent the radius of the 
circle, we have 

sin 0=0, iang o=o, cos o=R, sec o=R. 

VIII. As the point M advances towards D, the sine in- 
creases, and likewise the tangent and the secant ; but the co- 
sine, the cotangent, and the cosecant, diminish. 

When the point M is at the middle of AD, or when the arc^ 
AM is 45°, and also its complement MD, the sine MP is equal 
to the cosine MQ or CP ; and the triangle CMP, having be- 
come isosceles, gives the proportion MP : CM : : 1 : V^, or 

R 

sin 45° : R : : 1 : y/2. Hence sin 45°=cos45°= — =iR^/2. 

In this same case, the triangle CAT becomes isosceles and 
equal to the triangle CDS ; whence, the tangent of 45° and 
its cotangent, are each equal to the radius, and consequently 
we have iang 45°=co^ 45°=Il. 

IX* The arc AM continuing to increase, the sine increases 
till M arrives at D ; at which point the sine is equal to the 
radius, and the cosine is zero. Hence we have sin dO°=R, 
cos 90^=0 ; and it may be observed, that these values are a 
consequence of the values already found for the sine and co- 
sine of the arc zero ; because, the complement of 00^ being 
zero, we have sin 90^=cos o°=R, and cos 90^=:stn o*=o. 

As to the tangent, it increases very rapidly as the point M 
approaches.D ; and finally when this point reaches D, the 
tangent properly exists no longer, because the lines AT, CD, 
being parallel, cannot meet. This is expressed by saying that 
the tangent of 90® is infinite ; and we write iang 90°~ oo . 

The complement of 90® being zero, we have iang o=co^, 
90° and coi o^tang 90°. Hence coi 90°=o, and cot o=<to . 



TRIGONOMETRY. 261 

I 

X. The point M cont'maiDg to advance from D towards B, 
the sines diminish and the cosines increase. Thus MT' is 
the sine of the arc AMV and M'Q. or CP'ftsfpsine. But 
the arc M'B is the supplement of AM , since AM'+M'B is 
equal to a semicircumference ; besides, if M'M is drawn pa- 
railel to AB, the arcs AM, BM', which are included between 
parallels, will evidently be equal, and likewise the perpendi- 
culars or sines MP, MP'. Hence, the sine of an arc or of 
an angie is eqtud to the sine of the supplement of that arc or 
angle, - 

The arc or angle A has for its supplement 180^ — ^A : hence 
generally^ we have 

^in A =(5in 180® — A.) 

The same property might also be expressed by the equation 
sin (90^+B) = sin (90^— B), B being the arc DM or its 
equal DM'. 

XI. The same arcs AM', AM which are supplements of 
€ach other, and which have equal sines, have also equal cosines 
CP', CP ; but it must be observed, that these cosines lie in 
different directions. This difference of situation is expressed 
in calculation by a difference in the signs ; so that if the co- 
fiines of arcs less than 90*^ are considered as positive or af- 
fected with the sign +, the cosines of arcs greater than 90^ 
must be considered as negative or affected with the sign — - . 
Hence, generally, we shall have 

cos A=— CO* ( 1 80®— -A^) 

or cos (90^+B)= — cos (90°— B) ; that is, the cosine of an 
arc or of an angle greater than 90*^ is equal to the cosine of 
its supplement taken negatively. 

The complement of an arc greater than 90° being nega- 
tive (Art. 3), it is natural that the sign of that complement 
should be negative : but to render this truth still more palpa- 
ble, let us seek the expression of the distance from the poiiit 
A to the perpendicular MP. Making the arc AM=a?, we 
have CP=co5 Xy and the required distance AP = R — cos x. 
The same formula must express the distance from the point 
A to the straight line MP, whatever be the magnitude of the 
arc AM originating in the point A. Suppose then that the 
point M come to M', so that x designates the arc AM' ; we 
have still at this point, AP'=R — cos x : hence cos a?=R — 
AP —AC — AP— — CP ; which shews that cos x is negative 
in that case : and because CP'=CP= cos (180° — a?), we have 
cos 0? = — cos (180° — x)i as we found above. 
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From this it appears, that an obtuse angle has the same sine 
and the same cosine as the acate angle which forms its sup- 
plement ; qplyVith this difference, that the cosine of the ob- 
tuse angle must be affected with the sign -— . Thus we have 
sin 136« = sin 45^ = i R V2, and cos ISS'^^ = — cos 45<> = 
— iRV2. 

As to the arc ADB, which is equal to the senticircuinfe- 
rence, its sine is zero, and its cosine is equal. to the radius 
taken negatively: hence we have sin 180^=0, and cos 180° 
=^ — R. This might also be derived from the formulas sin 
A = sin (180® —A), and cos A == — cos (180« — A), by 
making A= 1 80^. 

XII. Let us now examine what is the tangent of an arc 
AM greater than 90®. According to the Definition^ this tan- 
gent is determined by the concourse of the lines AT, CM; 
These lines da not meet in the direction AT; but they meet 
in the opposite direction AV ; whence it is obvious that the 
tangent of an arc greater than 90® must be negative. Also, 
because AV is the tangent of the arc AN, the supplement of 
AM' (since NAM' is a semicircumference), it follows that 
the tangent of an arc or of an cmgle greater than 90® is equal 
to that of its supplement^ taken negatively ; so that we have 
tang A=^ — tang (180®— A). 

The same thing is true of the cotangent represented by 
DS', which is equal to DS the cotangent of AM, and in a 
different direction. Hence we have likewise co^ A = — cot 
(180O— A). 

The tangents and cotangents are therefore negative, like 
the cosines, from 90° to 180**. And at this latter limit, we 
have tang IbO* = o and cot 1 80*^ = — cot o = — oo . 

XIII. In trigonometry, the sines, cosines. &c. of arcs or 
angles greater than 180° do not require to be considered ; the 
angles of trianglips, rectilineal as well as spherical, and the 
sides of ihe latter being always comprehended between and 
180^ But in various applications of geometry, there is fre- 
quently occasion to reason about arcs greater than the semi- 
circumference, and even about arcs containing several cir- 
cumferences. It will therefore be necessary to find the ex- 
pression of the sines and cosines of those arcs whatever be 
their magnitude. 

We observe, in the first place, that two equal arcs AM, AN 
with contrary signs, have equal signs MP, PN with contrary 
algebraic signs ; while the cosine CP is the same for both. 
Hence we have in general 
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sin (— Kr)= — sin x 
cos ( — x) = cos X, 

formulas which will serve to express the sines and cosines of 
negative arcs. 

From 0° to 1 SO"* the sines are always positive, because they 
always lie on the same side of the diameter AB ; from 180° to 
360% the sines are negative, because they lie on the opposite 
side of their diameter. Suppose ABN='a7 an arc greater than 
180° ; its sine PN' is equal to PM, the sine of the arc AM= 
X — 180**. Hence we have in general 

sin a?=— -*<n(a?— 180°) 

This formula will give us the sines between 180^ and 360<*, by 
means of the ^ines between 0° and 180° : in particular it gives 
sin 360**= — sin 180=0 ; and accordingly, if an arc is equal 
to the whole circumference, its two extremities will evidently * 
be confounded together at the same point, and the sine be re- 
duced to zero. 

It is no less evident, that if one or several circumferences 
were added to any arc AM, it would still terminate exactly at 
the point M, and the arc thus increased would have the same 
sine as the arc AM ; hence if C represent a whole circumfe-f 
rence or 360^, we shall have 

sin a?= sin (C4-a;)= sin (2C+a?)= sin (3C+a?), fee. 

The same observation is applicable to the cosine, tangent, &c. 

Hence it appears, that whatever be the magnitude of x the 
proposed arc, its sine may always be expressed, with a proper 
sign, by the sine of an arc less than 180°. For, in the first 
place, we may subtract 360° from the arc x as often as they 
are contained in it ; and y being the remainder, we shall have 
sin a?=stn y. Then if y is greater than 180% make y= 1 80<^r|- 
Zf and we have sin y^-^sin z. Thus all the cases are reduced 
to that in which the proposed arc is less than 1 80° ; and since 
we farther have sin (90°+a?)= sin (90^ — a?), they are likewise 
ultimately reducible to the case, in which the proposed arc is 
between zero and 90°. 

XIV. The cosines are always reducible to sines, by means 
of the formula cos A=sin (90° — A) ; or if we require it, by 
means of the formula cos A=m (90°+ A) : and thus, if we 
can find the value of the sines in all possible cases, we can 
also find that of the cosines. Besides, the figure will easily 
shew us that the negative cosines are separated from the posi- 



264 TRIGONOMETRY. 

tive cosines by the diameter DE; all the arcs whose extremi- 
ties fall on the left side of DE, having a positive cosine, 
while those whose extremities fall on the right have a nega- 
tive cosine. 

Thus from 0° to 90^ the cosines are positive ; from 90^ to 
270^ they are negative ; from 270° to 360° they again be- 

• come positive ; and after a whole revolution, they assume 
the same values as in the preceding revolution, for eos (360° 

From these explanations, it will evidently appear, that the 
sines and cosines of the various arcs which are multiples of 
the quadrant have the following values : 

sin 0°=0 sin 90°=R cos 0°=R eos 90°=0 

sin 180°=0 sin 270°=— R cos 180^=— R' cos 270°=0 

• sin 360°=0 sin 460°=R cos 360^=R cos 450°=0 
sin 540°=0 sin 630°=— R cos 640°=— R cos 630°=0 
sin 720°=0 sin 810°=R cos 720°=R cos 810°=0 

&c. &c. &c. &c. 

And generally, k designating any whole number we shall 
have 

sin 2k. 90° =0, cos (24+1) . 90°=0, 

sin {4k+ 1 ) . 90°=R, cos 4k . 90°=R, 

sin (*— 1) . 90°=— R, cos (4A+i) . 90°=— R. 

What we have just said concerning the. sines and cosines 
renders it unnecessary for us to enter into any particular de- 
tail respecting the tangents, cotangents, &c. of arcs greater 
than 180° : the values of these quantities are always easily 
deduced from those of the sines and cosines of the same arcs ; 
as we shall see by the formulas, which we now proceed to 
explain* 
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THEOKEMS AND FORHrLAS RELATING TO SINES, COSINES, 

TANGENTS, &C. 

XV. The sine of an arc is Jialf the chord tohich subtends a 

double arc. 
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For the radius CA, per- 
pendicular to the chord MN, 
bisects this chord, and like- 
wise the arc MAN ; hence 
MP, the sine of the arc 
MA, is half the chord MN 
which subtends the arc 
MAN, the double of MA. 

The chord which sub- 
tends the sixth part of the 
circumference is equal to 
the radius ; hence sin 

360° 

-r^ or 5in,30°=4R, in other words, the sine of a third part 

of the right angle is equal to the radius. 

XVI. The square of the sine of an arc^ together with the 
square of the cosine^ is equal to the square of the radius ; so 
that in general terms we have sin ^A+cos^ A=R^.* 

This property results immediately from the right-angled 
triangle CMP, in which MP^+CP'=CM^ 

It follows that when the sine of an arc is given, its cosine 
may be found, and vice versa, by means of the formulas 
cos A=d-v/(R2— sm 'A), and sin A^±^/{W—cos ^A). The 
sign of these formulae is ambiguous, because the same sine 
MP answers to the two arcs AM, AM', whose cosines CP, 
CP'areequal and have contrary signs ; as the same cosine CP 
answers to the two arcs AM, AN, whose signs MP, PN are 
also equal, and have contrary signs. 

Thus, for example, having found sin 30°= 4R, we may de- 
duce from it C05 30°, or sin 60°==-/(R;"~JR'')= V|R~. 
iRv^3. 

XVII. The sine and cosine of the arc A being giveji^ the 



* By sin ^A is here meant the square of m A ; and, in )ike manner, by 
f08 ^A is meant the square of cos A- 

36 
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tangent, secant^ cotangent^ and cosecant of the same arc^ mag 
he found by the following formulas : 

R sin A R' R cos A 

tang A = 7— y see A = -t-'j cot A = — r— 7 — , 

^ cos A. cos A ' sm A 

cosec A = — : — 7-. 
sm A 

For, the triangles CPM, CAT, CDS,being similar, we have 
the proportions : 

R^tnA 
CP : PM : :CA : AT ; or cos A : stn A : : R : tang A= r- 

cos xl> 

R' 

CP : CM : : CA : CT : or co^ A : R : : R : sec A- r- 

' cos A 

RcosA 
PM : CP : : CD : DS ; or sin A : cos A : : R: cot A= . . 

R» 

PM : CM : : CD : CS ; or m A : R : : R : cosec A= . . 

' stn A 

from which are derived the four formulas required. It may 
also be observed, that the last two formulas might be deduced 
from the first two, by simply putting 90° — A instead of A. 

From these formulas, may be deduced the values, with the 
proper signs^ of the tangents, secants, be. belonging to any 
arc whose sine and cosine are known ; and since the progres- 
sive law of the sines and cosines, according to the different 
arcs to which they relate, has been sufficiently developed in 
the preceding chapter, it is unnecessary to say more of the 
law which tangents, secants, he. likewise follow. 

By means of these formulas, several results, which have 
already been obtained concerning tangents, may be confirmed. 
If, for example^ we make A=90°, we shall have sin A=R, 

R' 

cos A=0 ; and consequently tang 00°= — , an expression 

which designates an infinite quantity ; for the quotient of ra- 
dius divided by a very small quantity, is very great ; hence 
the quotient of radius divided by zero is greater than any 
finite quantity. And since zero may be taken with the 
sign +» or with the sign — , we have the ambiguous valuta 
tan^ 90°=± 00 . 

Again suppose A=180'^ — B ; we have sin A= sin B, and 

cos A^—cos B ; hence tang (180°— B) = g"^"^" r" 

=— ^ang" B, which agrees with Art. 12* 



f 
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XVIIL The formulas of the preceding Article, combined 
with each other and with the equation sin ^A+cos *A=R% 
furnish some others worthy our attention. 

R' sin^ A 
First we have R^ + tang^ A = R^ + — — — = 

COS A. 

B? (sin' A+cos' A) R^ ^ „, . ^ a 

— i {.=: . hence R^ + tane^ A=secr A, a 

cos^A cos" A ^ 

formula which might be immediately deduced from the right* 
angled triangle CAT. By these formulas, or by the right- 
angled triangle CDS, we have also W+cof A=co5ec^A. 

Lastly, by taking the product of the two formulas tang A^ 

R sin A _ . R C05 A , ^ * ^.o 

T—y and cot A = — : — —^ we have tang Ax cot A=R , a 

cos A sin A 

R» ^ R2 

formula which gives cot A= 7, and tans^ A = —7—7 * 

® tang A ^ cot A 

R' 
Likewise we have cot B = — . Hence cot A : co^ B : : 

tango 

tang B : tang A ; that is the cotangents of two arcs are in the 
verse ratio of their tangents. 

This formula cot Ax tang A=R^ might be deduced imme- 
diately from conniparing the similar triangles CAT, CDS, 
which give AT : C A : : CD : DS, or tang A : R : J R : co< A. 

XIX. The sines and cosines of two arcs,, a and b, being 
given^ the sine and cosine of the sum or difference of these arcs 
may be found by the following formulas. 

. , ,^ sin a cos b+sin b cos a , 
«« (a+6)= ^ (1) 

. , ,. sin a cos b — sin b cos a' 
sin [a — 6)= (2) 

, , - cos a cos b — sin a sin b 

cos (a+b)— 3} 

R 

, ^^ cos a cos b+sin a sin b ' 

cos (a— i)= ^ (4) 
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Suppose ibe radius AC=R, tlie arc 
AB=fl, the arc BD=6, and conse- 
quently ABD=a+i. From the points 
B and D, let fall the perpendiculars 
BE, DP upon AC ; from ttie point D, 
draw DI perpendicular to BC ; lastly, 
from the point I draw IK perpendicu- 
lar, and IL parallel to, AC. 

The similar triangles BCE, ICK 
give the proportions, 

CB : CI : : BE : IK, or R : co» 6 : : sin a:lK = 
CB : CI : : CE : CK, or H i cos b:: cos a :CK = 



R 

cos a cos b 



R . 

The triangles DIL, CBE, having their sides perpendicular 
each to each, are similar, and give the proportions, 

cos (inn b 
CB:DI::CE:DL, orR:n»6: :co»a:DL= 

nannb 



CB : DI : : BE : IL, or R : sin & : : sin o : IL ?^ 

But we have 

IK+DL=DF=«n (a+&), and CK— IL=CF=co< (o-(-6). 

Hence 

tin a COS b+stn 6 co» a , , 

si« la+h)= (1) 

, , cos a COS b — sin a sin b , , 
cos (fl+A)= ^ (3) 

The values of sin (a — i) and of cos (a — J) might be easily 
deduced from these two formulas ; but they may be found 
directly by the "same figure. For, produce the sine DI till it 
meets the circumference at M ; then we have BM=BD=S, 
and MI=ID=Mn b. Through the point M, draw MP per- 
pendicular and MN parallel to AC : since MI=D1, we have 
MN=IL, and IN=DL. But we have IK— IN=MP=«n 
(d— 6),and CK+MN=CP=coj (a— 6); hence 

. , ,, sin a cos b — tin b cos a , 
sin (a— fi)= — (8) 

,, cos a cos b+tin a tin b 
cot (a— 6)= ~ (4) 

These are the formulas which it was required to demonstrate. 
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The preceding demoDStration may seem derective in point 
of generality, since, in the figure which we have followed, the 
arcs a and 6, and even a+i, are supposed to be less than 90°. 
Bat first the demonstration is easily extended to the case in 
which a and 6 being less than 90°, their sumci+6 is greater than 
90°. Then the point F would fall on the production of AC, 
and the only change required in the demonstration would be 
that of taking cos (a+6)= — CF ; but as we should, at the 
same time, have CF=IL — CK, it would still follow that cos 
{a+b) — CK — IL, or R cos {a + b)=cos a cos b — sin a sin 6. 

Now suppose the formulas 

R sin (a+b)=^sin a cos b-i-sin b cos a 

R cos {a+b)=^cos a cos b — sin a sin b 

to be acknowledged as correct for all the values of a and b 
less than the limits A and B ; then will they also be true when 
these limits are 90°+ A and 90°+B. 

For, in general, whatever be the arc a?, we have 

sin (90° +x)=co5 0? 
cos (90°+a7)= — sin x. 

These equations are evi- 
dently accurate when 
a?2i 90° ; and we easily dis- 
cover theircorrectness what- 
ever be the value of a?, by 
inspecting this figure, in 
which MM" and M'M '" are 
two diameters perpendicu- 
lar to each other ; and in 
which we may substitute for 
X the values AM, ADM', 
ADBM ADBEM '',or these 
values increased by as ma- 
ny circumferences as we please. 

This being granted, put ^=m+6 ; we have 

sin (90°+7»+5)=co5 (m+fe) 
cos (90°+wi-|-6)= — sin {m+b). 

But, by hypothesis, the values of the second members are 
known, so long as m and b do not exceed the limits A and B; 
hence, according to this same hypothesis, we have 

R sin (90°+»i+6)=co« m cos b — sin m sinb 
R cos (90®H-m+6)== — sinm cos b — cos m sin h 
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Put 90^+m=a; since sin (90°+m)=co5 m and cos (99°+»i) 
= — sin m, it follows that cos m=sin a and sin m=^—<os a ; 
hence, by substituting this in the preceding equations, we have 

R sin (a+b)=sin a cos b+cos a sin b 
R cos {a+b)=cos a cos b — sin a sin 6. 
From which it appears that these formulas, at first proved 
only within the limits al,A,b^B, are now proved within the 
more extensive limits aZ90°+A, 6zB. But, in the very 
same way, the limit of 6 might be carried 90° farther; then so 
also might that of a, and the process might be continued inde- 
finitely ; hence the formulas in question hold good whatever 
be the magnitude of the arcs a and b. 

Since the arc a is formed from the sum of the two arcs a — b 
and i, by the preceding formulas we shall have 

R sin a=zsin {a — b) cos h+cos {a — 6) sin 6, 
R cos a=cos (a — 6) cos b — sin (a — b) sin b. 

And from these we find 

R sin {a — b)=:sin a cos b — sin b cos a 
R cos (a — b)=cos a cos b+sin a sin b. 

XX. If, in the formulas of the preceding Article, we make 
J=a, the first and the third will give 

. ,^ 2sinacosa ^ cos^a — sin^a 
sm2«= ^ , cos2a=^ ^ ; 

formulas which enable us to find the sine aud cosine of the 
double arc, knowing the sine and cosine of the simple arc. 
This forms the problem of doubling an arc. 

Reciprocally, to divide a given arc a into two equal parts, 
let us, in the same formulas, put ^a instead of a ; we shall have 

2 sin ^ cos ja ' cos" ia—sin^ la 
sma=^ g- , cosa=^ ^-^ ^-, 

Now, since we have at once cos^ Ja+5^Via=R^and cos^^a— 
ein^ ^=R cos a, there results by adding and subtracting 
cos" ia=JR^+^R cos a, and «m^ Ja=JR^— ^R cos a: 
whence 

sin Ja=A/( JR^ — JR cos a) 

cos Ja=v/(JR^+ JR cos a). 

Thus, making a=90^, or cos a=0, we have sin 45°=cos 46°= 
ViR =R Vi ; next making a=45°, which^gives cos a=R V^, 
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we shall have sin 27° 30 =R(Vi—iVi). and cos 27° 30'=R 

"n * XXI The values of sin \a and cos \a may also be ob- 
tained in terras of sin a ; which will be useful on many occa- 
sions. These values are : 

5m Ja=^ -/(R^+R *«^ o) — \y/(^^ — R sin a), 
cos ^=J^\/(R^+R sin «)+i\/(R^ — R sin a). 

Accordinglj', by squaring the first, we shall have sin^ }a= 
i(R»+R sin a)+l(R^— R sin a)— J V(R — R' sin^a)^\R^— 
'j\J^ cos a ; in like manner, we should have co«^Ja= JR^+JR 
cos a , values which agree with those already found for 5tn ^ 
and cos ^a. It must be observed, however, that if cos a were 
negative, the radical V(R^ — Rma) would require to be 
taken with a contrary sign in the values of stTt \a and co^^a; 
and thus the one value would be changed into the other. 

XXII. The formulas of Art. 19, furnish a great number 
of consequences ; among which it will be enough to mention 
those of most frequent use. The four which follow, 

sin a cos 6=J R sin (a+6)+ J R sin{a — 6) 
sin b cos a=i R sin (a+h) — ^ R sin(a — 6) 
cos a cos 6= J R cos {a — 6)+i Kcos(a+b) 
sin a sin 6= J R cos {a — 5) — ^ R co5(a4-6) 

serve to change a product of several siines or cosines into 
linear sines or cosines, that is, into sines and cosines multi- 
plied only by constant quantities. 



* Let (a:— «)-v/|=:^/{|R'— JR co8'a)=z sin |a ; then wUl x^^-^^z+z^ 
— -R2 — Rco»"a. Assutne x^+z^:=,B? ; then will 2xzz=zR. cos a, and eli- 
minating ^.gives ar2+5!lf^=R2 : hence a:<— R2X24. J R4=. ir2(R2_ 



R2 



co«2 a)=JR2. sin^ a ; and a;'— ■— =:±iR. «» a ; or x:=z^iB{R± sin «)• 



Hence 2r=±v/4R(R^ sin a). 



Therefore a;— /t=v^|y R(R± sin a T\/i\/R(RT «« a) ; 
or, (a;— ar)v/J=:iyR(R± sin a) =Fi\/R(RT «« a) ; 



or, sin Ja=:ly^R2+R sin a — i\/R^ — K sin a. 
In a similar mamner, the value for co9^ is obtained. 



.) 




I 
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XXIIL If in these formulas we put a+6=Pj a — 5=qr, 

which gives a = -• 6= — -, we shall fiud 

2 2 

2 

sin p+sin q^— sin J (/>+?) co« ^ (p — ?) 

R 

51/12? — sin qz=: — «m J (p — 5) cos J (p+j) 

2 

C05|>+C0S ?=g" COS J (p+9) COS J (p — g) 

COS q — cosp^-r sin ^ (p+q) sin J (2? — q) ; 

XV 

new formulas, which are often employed in trigonometrical 
calculations for reducing two terms to a single one. 

XXIV. Finally, from these latter formulas, by dividing, 

J .J . , ^«^ « tang a R \1 

and considering that = — ^ — == , we derive t& 

cos a R cot a y^ \ 

following : - \ 

sin p -{-sin q sin^ ( p+q)cos^{p — q) tang}^ (P+q) 

sin p — sin q'^ cos^ {p+q)sin^{p — q) ^tang^ {p — q) Vv- 

sinp+sin q sin^ (p+q ) iang^ {P+q) L "^ 

cosp+cos q^cosi^ {P+q) R 






sinp+sin q cos^ {p — q) cot^ {p — q) Vl" 

coso — cosp'^sini (p — a)"^ R * ^ 



y^ 






q — cosp"'sin\ [p — q)"- R \^^ \^'^ I 



-^ 



^ , sin p— sin q^in\ {p—q)t(mg\{p—q) ^1 ^^^-^ ^ t'- 

~ = cosp+cos q-^cos^ (p — 5)"" It / L ^^^ "^ 

sin psin q coi\ {p+q) cot\ [ p+q) V '^ 

cos q-r-cospr" sini^ {p+q)^ ^ 
cosp +cos q cosi^ (p+q) cosi^ {p — q) cot^ (P+q) 
cos q—cosp^ sin^ (p+q) sin^ {p — q)''tangi(p^) 

sin {p+q) _ 2st«^ (p+q) cos^ {P+q) cosj jP+q) 
sinpj^-sin q" 2smJ {p+q) cosi^ (p — q)'^cos^ (p— ?) 

sin (p+q) 2siyi^ (P+g) cos^ (p+q) ^tn^ ip+q) 
smp — sind^'isini ip — q) cosi {p+q)^sini {p — q) 
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Formulas which are the expression of so many theorems. 
From the first, it follows that the sum of the sines of two arcs 
is to the difference of these sines, as the tangent of half the' 
sum of the arcs is to the tangent of half their difference. 

XXV. Making 6=a, or g=0, in the formulas of the three 
preceding" Articles, we shall have the following results : 

^ l^lcos'a=iW+iRcos^2a ^^ , 

«tVa=iR^— iRcos2a ^ ^ ;; ; ;^ ^ 

2 sin^ l^p 
R — cosp^" 



\y 



/ 



R / 



iX^'l -CW JR+cosp~ R' ~cot ^p ■^^-' I , 



sinp _<^ot^p_ R < / 

n, -J • 



•; R-^o« p R tong"^ 



?->■ 



! R + CQgp CO<^^f? R' / /^, 



R — cosp^ R^ faw^Jp 

XXVI. In order likewise to develope some formulas rela- 
tive to tangents, let us corisider the expression 

Rsin (a + b) , ,. , , , . .• .i 

tang{a^b) = ^— , j "^ which, by substituting the 

cos (a + 6) ^ 



values of sm (a-f 6) and cos (a + 6), we shall find . 

*,, R (sina cos6-f 5i/i 6 cos a) ,*v. , / / 

^ cos a cos — siTi ostn a .- .. i ./ 



6 






cos a tang a, , . , cos b tang b 

Now we have sin a= ,andstn6=g 

It R : 

substitute these values, dividing all the terras by cos a cos b ; 
we shall have 

R^ {tang a + tang b) 

tang (a+ 6) = - ^ ^ -■ — r 5 

R* — tang a tang b 

37 
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which is the value of the tangent of the sum of, two arcs, ex- 
pressed by the tangents of each of these arcs. For the tan- 
gent of their difTerence, we^ should in like manner find 

R" {tang a — tang b) 
ang{a ) -R? j^ tang a tang h * 

Suppose i=a ; for the duplication of the arcs, we shall 
have the formula 

2 R^ tang a 

whence would result 

<^°* 2 «=,:^ 2^-27^y-«-i *<^S «=4 cot a -J tang a. 

Suppose 6=2 a; for their triplication, we shall have the for- 
mula 

R2 (tans: a + tans^ 2 a] 
tangia= -^ — ^—- — ^ ^ : 
K' — tang a tang ^ a 

in which, substituting the value of tang 2 a, we shall have 

i'R?tanga — tang^a 



ON THE CONSTRUCTION OP TABLES. 

XXVIL The tables in common use, for the purposes of 
trigonometrical calculations, are tables which show the va- 
lues of the logarithms of the sines, cosines, tangents, cotan- 
gents, S^c. for all the degrees and minutes of the quadrant, cal- 
culated to a given radius. 

XXVIII. If the radius of the circle is taken equal to 1, 
and the lengths of the lines representing the sines, cosines, 
tangents, cotangents, &c. for every minute of the quadrant be 
ascertained, and written in a table, this would be the table 
usually called a table of natural sines, cosines, &c. 

XXIX. If such a table were known, it would be easy to 
calculate a table of sines, &lc. to any other radius; since, in 
different circles, the sines, cosines, &c. of arcs containing the 
same number of degrees, are to each other as their radii. 
Also, if the natural, or numeral sines, cosines, &c. were known, 
it would be easy to calculate from them the logarithmic ones. 
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XXX. Let us glance for a moment at one of the methods 
of calculating a table of natural siiies. 

The radius of a circle being 1, the semi-circumference is 
known to be 3.l4159265368a79. This being divided suc- 
cessively by 180 and 60, or at once by 10800, gives 
.0002908882086657, for the arc of 1 minute. Of so small 
an arc the sine, chord, and arc, differ almost imperceptibly 
from the ratio of equality ; so that the first ten of the pre- 
ceding figures, that is, .0002908382 maybe regarded as the 
sine of T; and in fact the sign given in the tables which run 
to t0ven places jof figures is .0002909. By Art. 16, we have 
for any arc, cos = V{1 — sin^). This theorem gives, in the 
present case, cos V = .9999999577. Then, by Art. 22, we 
shall have 

2 cos i X sin 1' — sin (Y = m^' = .0005817764 
2 cos i' >< sin 2' — sin I' ==^sin 3' = .0008726646 
2 cos l^X sin 3' — sin 2' := sin 4' = .00 1 1635526 
2 cos 1' X sin 4' — sin 3' «= sin 5' = .0014544407 
2 cos V X sin 5' — sin 4' = sin 6' = .0017453284 
&c. &c. &^. 

Thus may the work be continued to any extent, the whole 
difficulty consisting in the multiplication of each successive 
resultbyjhe^quantity 2 cos I' = 1.9999999154. 

* Or, the sines of I'and 2' being determined, the work might 
be continued by the last proposition, thus : 




In like manner, the computer might proceed for the sines of 
degrees, &c. thus : 

sin 1° : sin 2° — sin l^ : : sin 2"^ + sin V : sin 3° 
sin 2° : sin 8° — sin V : : sin 3° + sin V : sin 4^ 
sin 3° : sin 4° — sin V :: sin 4° + sin V : sin 5° 
&c. &c. &;c. 



* Multiply together the first and second formulas of Art. XIX. substi- 
tute for cos^b, R^ — sin^b and recoliect that the diffi&rence of the squared 
of ti70 quantities is equal to the product of their sum and difference. 
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To check and verify operations like these, the proportions 
should be changed at certain stages. Thus, 

sin 1° : sin 3° ^— sin 2° : : sin 3° + sin 2° : sin 6° 
sm 1° : sin 4^ — sin 3^ : : sin 4° + sin 3'^ : sin 7° 
stn 4° : sin 7^ — sin 3^ : : m 7° + «m 3° : «»« 10^ 

The coincidence of the resuUs thus obtained, with the analo- 
gous results in the preceding operations, will manifestly esta- 
blish the correctness of both. 

The sines and cosines of the degrees and minutes up to 30°, 
beiiig determined by these or other processes, they may ^be 
continued thus : ' ^ 

sin 30° 1' = cos 1' — sin 29° 69' * 
sin 30° 2' = cos 2' — sin 29° 58' 
sin 30° 3' t= cos 3' — sin 29° 57' 

And these being continued to 60°, the cosines also become 
known to 60° ; because 

cos 30° 1' = sin 59° 59' 
cos 30° 2' = sin 59° 58' 

The sines and cosines from 60° to 90°, are deduced from 
those between 0° and 30°. Fqr 

sin 60° 1' = cos 2^° 59' 
sin 60° 2' = cos 29° 58' 
&c. &c. &c. 

The sines and cosines being found, the versed sines are de- 
termined by subtracting the cosineis from radius in arcs less than 
90°, and by adding the cosines to radius in arcs greater iban 
90°. 

The tangents may be found from the sines, and cosines. 

For siDce <a»=?^, 

COS 

we have tan l'=?!^'=cor 89° 59' 

cos I 

<an2'=?!!L?!=cor89° 58' 
cos 2' 

&£C. &C. &C. 



* Take the first formula of Art. XXIIL, make p^i^O"* 1', 5=29° 59', 
recollecting tliat sine 30°=|R, or | ; R being equal to 1. Then let 
p=30« 2', 5=29° 58', &c. 
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Above 45^ the process may be considerably simplified by 
the theorem for the tangents of the sums and differences of 
arcs. For, when the radius is unity, the tangent of 45"^ is 
also unity, and tan (a+b) will be denoted ^hus : 

l+tan B 



faw(46°+B)=: 



1 — tan B 



i 



And this, again, may be still further simplified in practice. 

The secants may readily be found from the tangents by ad- 
dition. For sec A==tan A + tan ^comp A. Or, for the odd 
minutes of the quadrant the secants may be found from the 



expression sec=:. 



1 

— • 

cos 



Other methods for all the trigonometrical lines are deduced 
from the expressions for the sines, tangents, he, of multiple 
arcs; but this is not the place to explain them, even if it were 
requisite to introduce them at large into a cursory outline. 



^^.li 



PRINCIPLES FOR THE SOLUTION OF RECTILINEAL TRIANGLES.- 

XXXI. In all right-angled triangles^ the radius is to the 
sine of one of the acute angles^ as the hypotenuse is to the side 
opposite this angle. 

Let ABC be the proposed 
triangle, right-angled at A : 
from the point C as a centre, 
with a radius CD equal to the 
radius of the tables, describe 
the arc DE, which will measure 
the angle C ; on CD let fall 
the perpendicular EF^ which 
will be the sine of the angle C. The triangles CBA, CEF 
are similar, and give the proportion C£ : EF : : CB : BA ; 
hence 

R : sin C : : BC : BA. 

r 

XXXII. In all right-angled triangles^ radius is to the tan^ 
gent of one of the acute angles as the side lying adjacent to 
this angle is to the side lying opposite. 




ED 
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Having described the arc DE (seethe last figure), as in the 
preceding Article, draw DG perpendicular to CD ; it will be 
the tangent of the angle C. From the similar triangles CDG, 
CAB, we shall have the proportion CD : DG : CA : AB ; 
hence 

R : tang C : : C A : AB. 

XXXIII. In any rectilineal triangle^ the sines of the angles 
are to each other as the opposite sides* 

Let ABC be the proposed triangle ; AD -A. 

the perpendicular, let fall from the vertex 
A on the opposite side BC : there may be 
two cases* 

First. If the perpendicular falls within 
the triangle ABC, the right-angled trian- B 
glesABD, ACP (Art. 3J.) will give 

R : 5m B : : AB : AD. 
R : ^m C : : AC : AD. 

In these two propositions, the extremes are equal ; hence with 
the means we shall have 

sin C : si/i B : : AB : ACP 

Secondly. If the perpendicular falls without the triangle 
ABC, (see the fig. in the next page) the right-angled trian- 
gles ABD, ACD will still give the proportions 

R : sin ABD : : AB : AD, 
R : sin C : : AC : AD ; 

from which we derive sin C : sin ABD : : AB : AC. But 
the angle ABD is the supplement of ABC, or B ; hence sin 
ARD=isin B ; hence we again have 

sin C : sm B : : AB : AC 

XXXIV. In all rectilineal, triangles^ the cosine of one angle 
is to radius^ as the sum of the squares of the sides which 
conUun it^ minus the square of the third side^ is to twice 
the rectangle of the two former sides ; m other words^ we 
have (last fig.) 

C05 B : R : : AB^-J-BC'~AC' : 2AB . BC, or 

„ „ AB+BC^— AC^ 
CO. B=:Rx—gjBgg-. 

From the vertex A, let AD be again drawn perpendicular 
to the side BC. 
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sume sin C^cas B, sin B=cos C, and likewise tang B=cot 
C, tang C=coi B. This being fixed, the different problems 
concerning right-angled triangles are all reducible to the four 
following cases : 

FIRST CASE. 

XXXVIII. Given the hypotenuse a, and a side b, to Jifid 
the other side and the acute angles. 

For determining the angle B, we have (Art. 31.) the pro- 
portion a : b : :K : sinl^. Knowing the angle, we shall also 
know its complement 90° — B=C ; we might also find C di- 
rectly by the proportion a : b : :R : cos C. • 

As to the third side c, it may be found in two ways. Hav- 
ing found the angle B, we can either (Art. 32.) form the pro- 
portion R : coi B : : 6 : c ; or the value of c may be obtained 
directly from the equation <^=a^ — 6^jwhichgivesc=\/(a^ — 6^), 
and consequently . 

log c=^log{a + b) +^log{a — 6). 

SECOND CASE. 

XXXIX. Given the two sides b and c of the riglu angle^ 
to find the hypotenuse a, and the angles. 

We shall have the angle B (Art. 32.) from the proportion 
c : 5 : : R : tangB. Next we shall have C=90°— B. We 
might also find C directly by the proportion 6 : c : : R : tang C. 

Knowing the angle B, we shall find the hypotenuse by the 
proportion ^m B : R : : 6 : a ; or a luay be obtained directly 
from the equation a=\/(6^-f c^) ; but as 6^+c^ cannot be de- 
composed into factors, this expression is incommodious in cal- 
culating with logarithms. 

THIRD CASE. 

XL. Given the hypotenuse a, and an angle B, to find the 
other two sides b and c. 

Make the proportions R : si/i B : : a : i, R : cos B : : « : c / 
they will give the values of b and c. As to the angle C, it is 
equal to the complement of B. 

FOURTH CASE. 

XLI. 6rtven, a side b of the right angle ^ with one of the 
acute angles^ to find the hypotenuse and the other side. 



c\ 
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Knowing one of the acute angles, we shall likewise know 
the other; hence we may look upon the side b and the oppo- 
site angle B as given. To determine a and c, we shall then 
have the proportions 

sin3:K::b:afR:cot3::b:c. 

SOLUTION OF RECTILINEAL TRIANGLES IN GENERAL. 

Let A, B, C be the three angles of a proposed rectilineal 
triangle; a, 6, c, the sides which are respectively opposite 
them: the different problems which may occur in determining 
three of these quantities by means of other three, will alt be 
reducible to the four following cases : 

FIRST CASE. 

XLII. Given the side a and two angles of the triangle^ to 
Jind the two other sides b and c. 

Two of the angles being known will give us the third ; 
then the two sides b and c will result from the proportions 
(Art. 33.). 

sin A : m B : : a : 6, 

sin A : sin C : fa : c. 

SECOND CASE. 

XLIII. Given the two sides a and b, with the angle A oppo- 
site to one of them^ to Jind the third side c and the other two 
angles B and C. 

The angle B may be had by the proportion 

a : b : : sin A : sin B. 

h sifi j\ 
Let M be the acute angle whose sine is' ; from the va- 

• Cv 

lue of sin B, we may^ either take B=M, or B=:180° — M. 
This ambiguous solution will not occur, however, except we 
have at once A an acute angle and &7a. If the angle A is 
obtuse, B cannot be so ; hence we shall have but one solu- 
tion ; and if, A being acute, we have 6^1 a, there will equally 
be only one solution, because in that case we sball have M^i A, 
and by making B== 180° — M, we should find A + B7l80° ; 
which it cannot be. 

Knowing the angles A and B, we shall also know the third 
angle C* Then we shall obtain the third side c by the pro- 
portion 
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sin A : «m C : : a : c. 

cos A 
We might also deduce c directly from the equation — g— ~ 



b^ + c^ — d^ . 6 cos A ( 6' sM A 



26c 



. hcosK ( ^ }? sirl? h\ 

, which gives c= — ^ — ± V I « -^ — p2 — /• 



But 



this value will not admit of being computed by logarithms, 
except by help of an auxiliary angle M or B^ which brings it 
back to the foregoing solution. 



THIRD CASE. 



XLIV. Given two sides a atid b, with their included angle 
C, to find the other two angles A and B, and the third side c. 

Knowing the angle C, we shall likewise know the sum of 
the other two angles A+B = 180° — ^C, and their half-sum 
J(A + B)=90^— JC. Next we shall compute ihe half-differ- 
ence of these two angles by the proportion (Art. 36.) 

a-f 6 : a — 6 : : tang ^(A+B) or cot JC : tang J(A — B), • 

in which we'consider a 76, and consequently A7B. 

Having found the half difference, by adding it to the half- 
sum, ^( A -f-B), we shall have the greater angle A; by sub- 
tracting it from the half-sum, we shall have the smaller angle 
B. For, A and B being any two quantities, we have always 

A=J(A+B)+KA-B), 
B=i(A+B)-4(A— B). 

Knowing the angles A and B, to find the third side c, we have 
the proportion 

sin A : sin C : : a : c» 

,XLV. In trigonometrical calculations, it often happens 
that two sides a and 6 and the included angle C, are known 
by their logarithms ; in that case, to avoid the trouble of seek- 
ing the numbers which correspond to them, we need only seek 
the angle <p by the proportion 6 : a : : R : tang 9. .The an- 
gle (p will be greater than 45°, since we supposed a7& ; sub- 
tract © from 45° therefore, and form the proportion 

R : tang {^p — 45) : ^ cot \C : tang \ (A — B) ; 

from which, as formerly, the value of J(A'-^B) may be de* 
termined, and afterwards that of the two angles A and B. 
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ft 

This solutionis founded on the property, that, ia»g(45^ — (p) 
R'tenflfp — W tans: 45^ <* R , .^« « 

=-R'+l^^^| 45° ' """^ '«»^?=T-' ^""^ '""^^ ''^ =^ ' 

hence 7ang-((p — 45°)= \ri ; hei\ce a+b : a — o : : K : 

tang ((p— 45°) : : co< J C : tang i (A — B). 

As for the third side c, it may be found directly by means 

of the equation — ^ = — ^ — J. > which gives 



= /(a=+6'-^^). 



But this value is inconvenient for calculating with logarithms, 
unless the numbers which represent a, 6, and cos C are very 
simple. 

We may observe that the value of c might also be put un- 
der these two forms : c = 

— W — J' ^'''^^ *s easily verified by means of the formulas 

sin^^ C =1 R^— i R cos C, cos'^^ C = JR^ +i R cos C. These 
values will especially be useful, if it is required to compute c 
with great precision, the angle C and the line a — h being at 
the same time very small. The latter value shows that c might 
be the hypotenuse of a right-angled triangle, formed with the 

sin A C cos J C 

sides (a+ft) — ^ — and(a-6) — ^^ — ; a truth of which we 

may convince ourselves by this very« simple construction. 

Let CAB be the proposed tri- j; J\, C D 

angle, in which are known the two fv,"~ /v7" .""'7 

sides CB=a, CA=6, and the in- \\ / V /' / 

eluded angle C. From the point \\ / / \^x'" / 

C as a centre, with the radius CB \\ // /JF 
equal to the greater of the two gi- -rf^'... 

ven sides, describe a circle meet- 

ing the side CA produce in D and E; join BD, BE; and 
draw AF perpendicular to BD. The angle DBE inscribed 
in the semicircle is a right-angle ; hence the lines AF, BE, 
are parallel, and we have the proportion BF : AE : : DF : 
AD : : cos D : R. In the right-angled triangle DAF, we shall 
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in like manner have AF : DA : : sin D : R. And substituting 
the values DA=DC+CA=:a+6, AE=CE--CA==a— 6, 
D=JC, we shall have 

afJ"'^^^ *^" i^ BF =fc^^^2ii^. 

R. R 

Hence AB the third side of the proposed trianp^Ie is actually 
the hypotenuse of the right-angled triangle ABF, the sides of 

sin A C cos 1 C 

which are (a+b) ^ — and {a — 6)— -p — • '^ '^^ ^b's same 

triangle, wa find the angle ABF opposite the side AF^ and 
subtract from it the angle CBD=^C, we shall have the angle 
B of the triangle ABC. From which it appears that the so- 
lution of the triangle ABC, wherein are known the two sides 
a and b and the included angle C, is immediately reducible 
to that of the right-angled triangle ABF, wherein are known 
the two sides containing the right-angle, namely, AF = (a+&) 

sin i C cos i C 

— 5 — 3 and BF=(a — ^)'~t5 — • This construction might 

therefore supply the place of Art. 36. 

FOURTH CASir. 

XL VI. Given the three sides a, b, c, to find the three cm- 
^les A, B, C. 

The angle A opposite to the side a is found by the formula 

cosA=R. — rr ; and the other two angles maybe de- 
termined in the same way. But a different solution may be 
obtained by a formula more commodious for computing with 
logarithms. 

Recurring to the formula R~— R cos A=2stV J A, and sub- 
stituting in it the value of co^ A, we shall have 

_ a'— i'— c'+26c „^ a'—lb—cy 

• Htm 



nn iA=:Rv/ ["^ {^^ '). 

For the sake of brevity, put 



286 



RECTILINEAL 



^{a+b+c)=p, or a+b+c—2p; we shall have a+b — c= 
2p — 2c, a — b+c=2p—^6; hence 

.•»iA=Rv^.(fciU£=^'). 

A formula which also gives the proportion 

be J (p — b) . {p c) : : R2 : 5»V i A, 

and which' it is easy to calculate by logarithms. Knowing 
the logarithms of sin ^ A, we shall likewise know ^ A, the 
double of which will be the angle sought* 

There are other formulas equally proper for solving the 
question. Thus, first, the formula R -f-R cos A=2 cos"^ ^ A 



gives cos^ ^ A = R^ . 



6H cH 2bc—a' 



46c 



R^ 



(^b + cy—a' 
' 46c 



R^ 



(6-fc— g) (6H-c-fa) 



cos 



iA=.Rv/(' 



^, . But still making a-^-h-^c^^^p^ we 

have 6+c — a^2p — 2a; hence 

{p —a) p \ 

be r 

And this value being afterwards combined with sin ^ A will 

^ , ^ , R «tn J A 
give another formula ; for having tang J A = ' ^ > , we 

cos 'a jnL 

obtain from it 

Examples of the Solution of Rectilinecd Triangles. 

XLVIL Example 1. Suppose the height of a building 
AB were required, the foot of it being inaccessible. 

On the ground which we 
suppose to be horizontal or 
very nearly so, measure a 
base AD, neither very great 
nor very small in comparison 
with the altitude AB; then 
at D place the foot of the 
circle, or whatever be the in- 
strument, with which we are 
to measure the angle BCE 
formed by the horizontal line -^ -^ 

CE parallel to AD, and by the visual ray direct it to tlir 
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summit of the buildiog. Suppose we find AD or CE =67.84 
yards, and the angle BCE=41° 04': in order to find BE, 
we shall have to solve the right-angled triangle BCE, in 
which the angle C and the adjacent side CE are known. 
Here, according to Case 4., we shall form the proportion R : 
iang 41'' 04' : : 67-84 : BE. 

Log. tang 41'' 04' 9.9402638 

Log. 67-84 1.8.n4858 

Sum— Zog*-R 1.7717496 

This logarithm corresponds to 59.130; hence we have BE=: 
59.13 ^ards. To BE add the height^ of the instrument^ 
which I suppose to be 1.12 yards, we shall have the required 
height AB= 60.25 yards. 

If, in the same triangle BCE we would know the hypote- 
nuse, form the proportion cos 41° 04' : R : : 67.84 : BC. 

jLog'-R.4-Lo5^67.84 . . . -11.8314858 
Log. cos 41° 04' 9.8772784 

Difierence ...... 1.9542074 =Lo5-.BC. 

Note. If only the summit B of the building or place whose 
height is required were visible, we should determine the dis* 
tance BC by the method shewn in the following example ; 
this distance and the given angle BCE are sufficient for 
solving the right-angled triangle BQE, whose side, inc reased 
by the height of the instrumept, will be the height required. 

XLVIII. Example 2. 
To find upon the ground 
the distance of the point A 
from an inaccessible ob- 
ject B, we roust measure a 
base AD, and the two ad- 
jacent angles BAD, ADB. 
Suppose we have found 
AD = 588.45 yards, BAD 
= 103°55'55',andBDA 
=36° 04' ; we shall thence 
get the third angle ABD=40^ 15" and to obtain AB, we 
shall form the proportion sin ABD : sm ADB : : AD : AB. 
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Log. AD .... 2.7697096 
Log. sin ADB . . . 9.7699689 

Sum 2.6396785 

Log. sin ABD . . . 9.8080314 

Log. AB .... 2.7316471 

Hence the required distance AB= 539.07 yards. 

If, for another inaccessible object C, we have found the 
angles CAD=35° 15', ADC = 1 19"=* 32', we shall in like man- 
ner find the distance AC = 1202.32 yards. 

XLIX. Example 3. To find the distance between two 
inaccessible objects B and C, (see the preceding figure,) we 
determine AB and AC as in the last example ; we shall, at 
the same time, have the included angle BAC = BAD — DAC* 
Suppose AB has been found equal to 539.07 yards, AC=^ 
1202.32 yards, and the angle BAC=68° 40' 44"; to get 
BC, we must resolve the triangle BAC, in which are known 
two sides and the included angle. Now, by the third case, 

B+d 

we have the proportion AC + AB : AC — AB : : tang — ^ — 

B— C 

itang -, or 1741.39 : 663.25 :: ^on^* 55° 29' : tang 

B— C 

~2 : . • • 

L. 663.25 2.8216773 

L. tang 55° 39' 37" . . 10.1654748 

Sum 12.9871521 

L. 174 1.39 3.2408960 

B— C 

L. tang — — . . . 9.7462561 



* It may happen that the four points A, B, C, D are not in the same 
plane : in which case, the angle BAG will no longer be the difference be* 
tween BAD and DAC, and we shall require to have the value of that an- 
gle by a direct measurement. In other respects the operation will be 
exactly the game. 
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B— C 
Hence — r— = 29" OS 

But we have — ;r— = 55° 39' 

2 

Hence ....... B = 84° 47' 

and C = 26° Sr 

Now, to find the distance BC make the proportion, sin B : 
sin A : : AC : BC, or 

sin 84° 47' : sin 68° 40' 44" : : 1202.32 yds : BC 

L, 1202.32 3.0800200 

L. sin 68° 40' 41" . . . 9.9692099 

Sum . . . . . 18.0492299 
L. sin 84° 47', . . . : 9.9982096 

L. BC 3.0510203 

Hence the required distance BC= 1124.66 yards. 

L. Example 4. Three points A, B, C in the map of a 
country being given, it is required to determine the position 
of a fourth point M, the angles AMB, AMC being known, 
and the four points lying all in the same plane. 

On AB describe a seg- B 
ment AMDB capable of 
containing the given angle / ^ 

BMA ; on AC describe 
another segment capable . ; ^ ■., .-^ 
of containing the given \ / / I I \i 
angle AMC : the two arcs \ // vl /\x ^ 

will cut each other in A Nj;^ si/ \\ \ ,,_ 

and M; M will be the I>^> ^^^-S.-^^ 

point required. For the '^ 

points of the arc AMDB 
are the only ones from which AB can be seen under an angle 
equal to AMB ; those of the arc AMC are the only ones from 
which AC can be seen under an angle equal to AMC : hence 
the point M, where those arcs intersect, is likewise the only 
point from which AB and AC can at once be seen under the 
angles AMB, AMC. We are now to calculate the position 
of the point M trigonometrically, from this construction. 

39 
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Suppose the given quantities, AB=:2500 yards, AC =7000 
yds., BC=9000 yards, AMB=27^ 43' 12", AMC = 10r \5r' 
36 ". In the triangle ABC, whose three sides are known, we 
shall find the angle BAC (Art. 46.) by the formula nV ^ A= 

6750X2260 

'^^ ' 2500X70 00^ ^''^™ ^^^^^ ^^ ^^**'" ^ ^^^ "" ^ ^"^ 

19.938 1483, log sin ^ A=9.9692241, J A=68^ 4l' 06", and 
finally, A = 137° 21' 12". Draw the diameter AD, and join 
DB ; id the triangle BAD, which is right-angled at B, we 
shall have the side BA=2500, and the opposite angle BDA 
=BMA=27° 43' 12" ; whence results the hypotenuse AD= 

BAxR 
-^ — _--_ =5374,6 yards. By drawing the diameter AE, in 

like manner, and joining CE, we shall have ACE a right- 
angled triangle, in which are known the side AC =7000, and 
the adjacent angle CAE=AMC— 90°=19° 15' 36' ; whence, 

RxAC 

we shall conclude, that AE= — 7^-7^== 74 15 yards. 

C05CAE -^ 

Now, if MD and ME are drawn, the two angles AMD, 
AME being right, the line DME will be straight. It , re- 
mains then to resolve the triangle DAE in which the line AM, 
whose magnitude and position we are required to determine, 
18 perpendicular to DE. Now, in this triangle, we have the 
given sides AD = 5374.6, AE=7415, and the included angle 
DAE=BAC + CAE— DAB=94°20'. Hence we shall ob- 
tain the angle ADE=51'^ 26' ; and, finally, by the right- 
angled triangle DAM, we shall have AM=4] 90.83 yard»* 
This distance and the angle BAM =100° 08', completely y 
determine the position of the point M. / 
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PRINCIPLES FOR THE SOLUTION OF RIGHT-ANGLED SPHERICAL 

TRIANGLES. 

LI. In every right-angled spherical triangle^ radius is to 
the sine of the hypotenuse^ as the sine of either of the oblique 
angles is to the sine of the opposite side. 

Let ABC be thejjropos- 
ed spherical triangle; A 
its right angle ; 6 and C 
the other two angles, which 
we shall call oblique^ al- 
though one or both of them 
may be right: we shall 
have the proportion R : 
sin BC : : sin B : sin AC. 

From O, the centre of the sphere, draw the radii OA, OB, 
OC ; then take OF equal to radius in the tables, and from the 
point F draw FD perpendicular to OA: the line FD will be 
perpendicular to the plane OAB^ because the angle A being 
right by hypothesis, the two planes OAB, OAC are thus per- 
pendicular to each other. From the point D, draw DE per- 
pendicular to OB; and join EF: the line EF will also be 
perpendicular to OB, and thus the angle DEF will measure 
the inclination of the two planes OBA, OBC, and be equal to 
the angle B of the triangle ABC. 

This being proved, in the triangle DEF, right-angled atD, 
we have R : sin DEF : : EF : DF; now the angle DEF=B; 
and since OF=R, we have EF=Mn EOF=sm BC, DF=: 
sin AC. Hence R : sin B : : sin BC : sin AC, or 

R : sin BC : sin B : sin AC. 

If we designate by a the hypotenuse or side opposite the 
right-angle A, by b the side opposite the angle B, by c the 
opposite the angle C, we shall thus haVe 

IR. \ sin aw sin B : sin b i i sinC i sin c ; 

« 

a formula, which of itself furnishes two equations among the 
parts of the right-angled spherical triangles. 

LII. In every right-angled spherical triangle^ radius is to 
the cosine of an oblique angle^ as the tangent of the hypote- 
tmse is to the tansrent- of the side adjacent to that anscle, ^ 



mi 
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Let ABC again be the 
proposed triangle right-an- 
gled at A ; we are to show 
that R : C05 B : : iang BC : 
tang AB. 

For, performing the same 
construction as before, the 
right-angled triangle DEF 
gives the proportion R : 
cos DEF : : EF : ED. But we have DEF«=B, EF =Mn BC, 
OE=cos BC ; and in the triangle OED, right-angled at E, 

, . _„ OE iang DOE cos BC tang AB , 
we h*re DE= ^ = ^-^ ; hence R : 

Jtv MX 

-^ . -r.^ COS BC tang AB R^tnBC ^ 4^ 
cos B :: stn BC : =r^ : : spr- s ' tang J^B } 

R cos BC ° \ 

or finally, 

R : C05 B : : tang BC : tang AB. 
Making, as above, BC=a and AB=c, we shall have R : 

_ « R ^awfi- c tang c cot a 

cos D : : tang a : tang c, or cos B=-; -= 5; • 

tang a *»• 

The same principle, applied to the angle C, will give cos C=^ 
R tang b tang b cot a 
tang a ~" R 

LIU. In every right-angled spherical triangle^ radius is to 
the cosine of a side containing the right angle^ as the cosine of 
the other side is to the cosine of the hypotenuse. 

Let ABC (see the preceding figure) be the proposed trian- 
gle right-angled at A; we are to show that R : cos AB : : 
cos AC J cos BC. 

For, the same construction remaining, the triangle ODF, 
which is right-angled at D and has the hypotenuse OF=R, 
will give OD=co«DOF=co* AC : also the triangle ODE, 

, , ^ .,. . _„ ODco^DOE co*ACco«AB 
right-angled at E, will give OE=' :p ^ = -^ . 

But in the right-angled triangle OEF, we have OEi=^cos BC ; 



hence co5 BC= 



cos AC cos BC 



R 



, or what amounts to the same, 



B ; cos AC : : cos AB : cos BC. 
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This third principle is expressed by the equation "Rcosa^ 
cos b cos c ; it cannot form a second equation, like the two 
preceding principles, because a change of 6 for c in it would 
produce no alteration. 

LIV. By means of these three general principles, three 
others may be found, which are requisite for the solution of 
right-angled spherical triangles. They might be demon- 
strated directly, each by a particular construction ; but it 
seems preferable to deduce them, by way of analysis, from 
the three which are already proved. We shall now do so. 

. R atn 6 R tang h . 

The equations sm B= — : , cos C = —, _ ^ give, by 

^ sm a ^ tang a ° ' -^ 

,.,... cosC tang b sin a cos a 

their division,-r--o= —.~~ , — — -. equal, by the 

^sm i> sm b tang a cos b ^ ^ ^ 

. . cose 

third principle, to ""p"- Hence we have this fourth principle, 

sinU I cos C I iH, I cos c, 

from which also, by changing the letters, there results, 

sin C : CO* B : : R : co^ 6. 

The first and the second principle give 

. „ RstnA Ktangc sinB 

sm JB = >^^ , cos B =-:; ; hence we deduce — s 

sma ' tang a ' cos B 

tang B sin b tang a K sinb , 

Qj.—,^ — = "• z — = TZZZ^^ equal, by the 4third 

K sm a tang c cos a tang c ^ ' -^ 

... R' sin b tang b ^^ 

principle, to ^^ . ^^^ ^ #^^^^ ==^ ^.v. ^ > Hence for a fifth 

* '^ cos cos c tang c stn c 

principle, we have the equation tang B =- ;— ^^ — , or the 

analogy 

R : tang 3 : : sin c : tang b ; 
from which also, by changing the letters, there results 

R : tang C i : sin b : tang c ; 

Lastly, these two formulas give 

KHang b tang c R* 

tang B tangC= ^^^^^ =cosbcosc ^"i"*'' ''3' ^^^ ^^rd 

principle to ~" • Hence R'=:co« a tang B tang C, or 



X 
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cot B cot C=sR cos a; or R : cot C : : cot3 : cos a. 

This b the sixth and last principle : it cannot furnish another 
equation, because the change of B for C in it produces no 
alteration. 

We subjoin a recapitulation of these si^ principles, whereof 
four give each two equations : 

• I. R «m 6 = sin a sin B, R sin c = sin a sin C. ^ 
II. R tang b = tang a cos C, R tang c = tang a cos B. 

III. R cos a = cos b cos c, 

IV. R cos B = sin C cos 6, R cos C = sin B cos . c 
V. R tang b = sin c tang B, R tang c = sin b tang C. 

VI. R cos a ^ cot B cot C. 

From these are obtained ten equations including all the rela- 
tions that can exist between three of the five elements B, C, 
a, fe, c ; so that two of these quantities with the right angle 
being given, the third will immediately be discovered in the 
form of its sine, cosine, tangent or cotangent. 

LV. It is to be observed, that when any element is disco- 
vered in the form of it^ sine only, there will be two values for 
this element, and consequently two triangles that will satisfy 
the question ; because, the same sine which corresponds to an 
angle or an arc, corresponds likewise to its supplement. This 
will not take place, when the unknown quantity is determined 
by means of its cosine, its tang-ent, or cotangent. In all these 
case^ the sign will enable us to decide whether the element 
in question is less or greater than 90° ; the element will be 
less than 90°, if its cosine, tangent, or cotangent has the sign 
+ ; it will be greater if one of the^e quantities has the sign — . 
On this point, likewise, some general principles might be 
established, which would merely be consequences of the six 
equations demonstrated above. 

From the equation IR cos a = cos h cos c, for example, it 
results, that either the three sides of a right-angled spherical 
triangle are all less than ^^O*^ ; or that of those three sides, two 
are greater than 90'^, while the third is less. No other com- 
bination can render the sign of co^ b cos c like that of cos a, 
as the equation requires. 

In like manner, the equation R tang c = sin b tang C, in 
which sin b is always positive, proves that tang C has always 
the same sign with tang c. Hence in every right-angled sphe- 
rical triangle^ an oblique angle and the side opposite to it are 
always of the same species ; in other wordsy are both greater 
or both less than 90^. 
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SOLUTION OF RIGHT-ANGLED SPHERICAL TRIANGLES. 



LVI. A spherical triangle may have three right angles, 
and then its three sides are each 90° ; it may have only two 
right angles, in which case, the opposite sides are both 90^ 
each, and there remains an angle and its opposite side, both 
of which are measured by the same number of degrees. 
These two kinds of triangles can evidently give rise to no 
problem ; we may, therefore, leave them out of view entirely, 
and limit our attention to such triangles as have only one 
right angle. 

Let A be the right angle, B and C the other two angles 
\yhich are called oblique ; let a be the hypotenuse opposite 
the angle A; b and c the sides opposite the angles B and C. 
Two of the five quantities B, C, a, 6, c, being given, the solu- 
tion of the triangle will always be reducible to one of the six 
following cases. 

FIRST CASE. 

LVIf . Criven the hypotenuse a, and a side h ; the ttoo an- 
gles B and C with the third side c may be found by the equa- 
tions, 

, Ksinb tang boot a R cos a 

sin B= — . , cos C= f; , cos c = j—. 

sin a a cos o 

The angle C and the side c have in them no uncertainty as to 
their signs ; the angle B must be of the same species with the 
side 6. 



SECOND CASE. 

LVIII. Given b and c the two sides containing the right 
angle, the hypotenuse a and the angles B and C may be found 
by the equations, 

cos bcos c ^ R tang b -~ R tang c 

cos a=— g;— iang B=-^ — , tang C=-^„-f-. 

There is no ambiguity in any of these values. 

THIRD CASE. 

« 

LIX. The hypotenuse a and an angle B being given^ we 
shall obtain the two sides b and c, with the other angle C, by 
the equations, 
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. _ sin a sin B tang a cos B cob a tang B 
sm 0= p , tang 0= ^^ , cot C= 5 . 

The elements c and C are determined without ambiguity 
by these formulas ; the side b will be of the same species with 
the angle B* 

« 

FOURTH CASE. 

LX. Give7i b, a side of the right angle^ with the opposite 
angle B, we shall find the three other elements a, c, and C, htf 
theformidas^ 

R ^in b . tang b coiB , B, cos's 
sin B ^ R cos b 

In this case, the three unknown elements being determined 
by means of their sines, the question is susceptible of two so- 
lutions. It is evident, accordingly, 
that the triangle ABC and the tri- 
angle AB C, are both right-angled 
at A, and have both the same side 
AC=&, and the same opposite angle 
B=B^ It only remains for the A 
double values to combine so that c 
and C shall be of the same species ; 
then the species of c and b will de- 
termine that of a, according to the formula cos b cos c=R cos 
a. The value of a may also be derived immediately from 

R sin b 

toe equation «m a = — r-r^r-. 

sm Jd 




FIFTH CASE. 



LXI. Given b, a side of the right angle and the adjacent 
angle C, the other three elements a, c, B, may be found by the 
formula>s^ 

cot b cos C sin b tang C _ cos b sin C 
, tang c= p^ , cos B=5- 



cot a= 



■p 9 •'«*'»5 ^ -n 9 ^^^ -""^ p 



There is no uncertainty in this case, with regard to the species 
of the unknown elements. 



SIXTH CASE. 



LXIL The oblique angles B and C being given^ the three 
sides a, b, c will result from the formulas^ 
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cotBcotC , RcosB RcosC 

cos a— n 5 cos 0= — ^—*rr9 cos c= — ^— o^* 

— R ' sm C sin B 

In this case, again, there is x\6 ambiguity. 



REMARK. 

LXIII. The spherical triangle, whose angles are A, 6, C, 
the sides opposite them being a, 6, c, always corresponds to 
another polar triangle whose angles are supplements of the 
sides a, 6, c, while its sides are supplements of the angles 
A, B, C, so that, calling the angles of the polar triangle A', 
B', C, and the sides opposite them a , h\ c , we shall have 

A'=180^— a, B'=180°— 6, C'=180°— c 
a'= 1 80^— A, 6 '= 1 80^— B, c'= 1 80°— C 

This being settled, if a spherical triangle has one of its sides 
a equal to a quadrant, the corresponding angle A' of the polar 
triangle will evidently be right, and thus that triangle will be 
right-angled. Hence, the two data which, in addition to the 
side of 90°, we must have before solving the proposed trian- 
gle, will likewise serve for solving the polar triangle, and con- 
sequently for solving the proposed triangle. From this pro- 
perty, we derive formulas similar to the foregoing, for the 
direct solution of spherical triangles which have one side 
of 90°. 

An isosceles triangle may be divided into two right-angled 
triangles which are equal in all their parts: hence the solu- 
tion of isosceles spherical triangles likewise depends on that 
of right-angled spherical triangles. 

Let ABC be a spherical trian- JB 

gle such that the two sides AB, ^^-""""^ 7V^^^^ 

BC are supplements of each other; A^CT ] \ J^^ 

the sides AB, AC being produced ^ — ---^_^>^--'^^'^ 
till they meet, it is evident that ^ 

BC and BD will be equal, since they are supplements of the 
same side AB ; also it is plain that the parts of the triangle 
BCD being known, those of the triangle ABC, which is the 
remainder of the tune AD, are likewise known, and vice versa* 
Hence the solution of the triangle ABC, whereof two sides 
together make 180°, is reducible to that of the isosceles tri- 
angle BCD, or to that of the right-angled triangle BD£, 
which is the half of BCD. 

When the two sides AB, BC are supplements of each other, 
the opposite angles ACB, BAC must also be supplements of 
each other ; for BCD is the supplement of BCA,'and BCD 
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=D3= A. Hence we cannot have a + c = 1 80°, without at the 
same time having A +C= 180^, which is a reciprocal pro- 
perty. 

Thus it appears that the solution of the right-angled sphe* 
rical triangles includes,^r«f, that of spherical triangles having 
a side equal to a quadrant ; secondly j that of isosceles sphe- 
rical triangles ; thirdly^ that of spherical triangles in which 
the sum of two sides and also of their opposite angles is 180° 



PRIMCIPLES FOR THE SOLUTION OF SPHERICAL TRIANGLES 

IN GENERAL. 




LXIV. In every spherical triangle the sines of the angles 
are as the sines of the opposite sides. 

Let ABC be any spheri- 
cal triangle : we are to 
show that sin B : sinC :: 
sin AC : sin AB. 

From the vertex A, 
draw AD perpendicular 
to the opposite side BC ; 

the right-angled triangles ABD, ACD will give the propor- 
tions, 

^m B : R : : sin AD : sin AB 
R : 5m C : : sin AC : sin AD 

Multiplying together the terms of these two proportions, 
omitting the common factors : we shall have 

sin B : sinC : : sin AC : sin AB. 
If the perpendicular AD falls 
without the triangle we shall 
have the same two proportions, 
in one of which, sin C will de- 
signate sin ACD ; but the an- 
gles ACD and ACB being 
supplemental to each other, 
their sines are equal, and we 
shall still have sin B : ^m C : : sin AC : sin AB. 

Let a, &,*c be the sides respectively opposite to the angles 
A» B, C ; by this proposition, we shall have sin A'l sin a^ i 
sin 3 tsinb ::sinC : sin c ; which gives the double equation 

sin A sin B sin C 




sin a sm 



sm c 
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LXV. In every spherical triangle the cosine of an angle 

is equal to the square of the radius multiplied by the cosine of 

the opposite side^ minus the product of the radius by the cosines 

of the adjacent sides^ the whole divided by the product of the 

sines of those sides : in other words, we shall have, for angle 
# 

R" cos c — R cos a cos b 
C, cosC= — , ._ ^ ; for the two other angles 

R'cos b — R cos a cos c 



sin a sin b 

we shall in like manner have cos Bs= - 
R^cos a — R cos b cos c 



sm a sin c 



and cos A=- 



sin b sin c 



Let ABC be the proposed 
triangle, in which BCs=(i, 
AC=6^AB=:c. From O, 
the centre of the sphere, draw 
the indefinite straight lines 
OA,OB, OC; assume OD 
at will ; and through D draw 
DE in the plane OCA, and 
DF in the plane OCB, both 
perpendicular to OD, and 
meeting the radii OA, OB 
produced, in E and F ; lastly 
join EF. 

The angle D of the trian- 
gle EDF is, by construction, the measure of the angle which 
is formed between the planes OCA, OCB ; hence the angle 
EDF is equal to the angle C of the spherical triangle ACB. 
Now (Art. 34.) in the triangles DEF, OEF, we have 




cos EDF DE +DF^— EF^ 

2DE . DF 
OE^+OF— EF^ 



R 

cos EOF 

R 



2 0E . OF 



Taking the value of EF^ in the second, and substituting it 
in the first, we shall have 



cos EDF DE'+DF'— OE^— OF2+ 2 OE . OF 



cos EOF 
R 



R 



2 DE . DF 



But OE'— DE'=OD', and OF'— DF^=0D5, hence we have 



4 
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OE . OF . eo3 EOF--ODa.K> 
cos EDF = DE.DF 

We have now only to substitute the values which relate to the 
spherical triangle : but here 

OE R R^ 

EDF=C, EOF=AB-c, jjg-^.^ VOESin V 

OF_ R R OP cos DOE cos b 

D^^'^J^fTDOF^ma' DE'^^Vi DOE" sin 6' 

OP cos DOF cos a 

DF"* sin DOF"^ sin a ^^°^® 

IR? cos c — R cos a cos h 



cos C = 



sin a sin b 



This principle, being applied successively to the three 
angles, affords three equations, which are sufficient for solving 
all the problems of spherical trigonometry : it has the same 
generality of application in regard to spherical triangles, that 
Art. 34. has in regard to rectilineal ones. For, since we 
have always three given elements, by means of which the other 
three are to be determined, this principle will evidently fur- 
nish the equations necessary for solving the problem ; equa- 
tions which it is the province of analysis to develope still far- 
ther, in order to deduce from them, according to the different 
cases, the formulas which are most simple and best adapted 
to logarithmic calculations. 

LXVI. The principle in question being absolutely general, 
it must include all the other principles relating to spherical 
triangles, and particularly the principle explained in Art. 64. 
Of this it will be easy to satisfy ourselves. « 

,. - , . ^ R^ cose — Rcos a cos b 
Accordmgly, the equation rosC=s ^ r-r , 

gives R^ — cos^Xi^sin^ C= ' 

R^sin^ a sin^ b — R cos^ a co s^b+ 2R' cos a cos b cos e— R* co^c 

sin^ a sin^ b 
Now nV a sin" b={R—cos^ a) {R—cos" 6)=:R*— R' cos^ a— 
R^ cos^ b + cos^ a cos' 6. Hence by substituting and extract- 
ing the root, we shall have sin C= 

R 

-r- — r-rr -y/ (R-^B^cos^a-Rcos^b--R^ cos^c+iRcosacosb cos c). 
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For the sake. of brevity, put Z = 

V(R'— R' cos^ a — R^ cos^ b—W cos^ c+ 2R cos a cos bcos c), 

we shall then have . 

_ RZ sin C RZ 

^^^ ^ ^nas^i^^' ^^ sin ^ "^ ^^^ ^ **^ ^ ^^ ^' 
The values of cos A and cos B would, ia like manner, give 

sin A RZ sin B RZ ^ , 

-_ --.— . I . — — -~- -S-; . , - — ; for the quan- 

sm a sin a sm b sm c' sin b sm a stub sine ^ ^ 

tity Z does not change when a permutation is made between 

sin A sin B 
two of the quantities a, 6, c; hence we '^^ve^^jj^— ^^~-j^= 

5tn C 

p , which is the principle of Art, 64. 



tiXVlI. The values we have just found for cos C and sin 
C, may serve for discovering the angles of a spherical trian- 
gle, when its three sides are known ; though some other for- 
mulas are more convenient for logarithmic calculation^ / ^. 

Thus, if in the formula R'— R cos C=2«tV J C, the value ^///^^ /r 
of cos C is substituted, we shall have 

2m' \ C cos C cos a cos 6 + sin a sin 6-^R cps c /) L ^ 

^ R . sma smb - i i ^j ,. 

^ .^ . The numerator of this expression is reducible to R cos 

.y ♦ Z2— ^fl«-6J.«^p5 c ; now by the formula (Art. 23.) R coj q — R 
cos p=2sin J ip+q) sin ^ (p— j)? we find R cos {a — 5) — B 
co5C=2«nJ(c — b-{-a) sin i {c — a4-6) ; hence 



sin' i C 



(c+6 — a\ . /c+a — 6\ 



R2 "** «n a sin b . 

c + 6— a . c + a — b 
or 5tn J C=R. / < **'* —2 — ^«««— 2~ 



'=vS 



■ — ■■ ■ ■ — ■ 

sin a sin b 



We might evidently obtain similar formulas /or expressing 
sin ^ A and sin ^ B, by means pf the three sides a, 6, c, 

♦ 

LXVIII. The general problem of fpherical trigonometry 
consists, as we have already said, in determining three of the 
Six quantities A, B,C, a, b, c, by means of the other three. 
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To efiect this, we must have equations among four of those 

quantities taken in every possible order: now six quantities, 

» 6X5 

when combined four by four, or two by two, give r— ^ or 16 

combinations ; hence there will be fifteen equations to form : 
though considering only such of the combmations as are es* 
sentially different, these fifteen equations are reduced to four. 
Thus, 

1. We have the combination g be A, which by changing 
the letters, includes a6cA, a6cB, a6cC. 

2. The combination a 6 A B, from which there result a b 
A B, 6 c B C, a c A C. 

3. The combination a 6 A C, which includes the six a ft A 
C, rt 6 B C, rt c A B, a c B C, 6 c A B, 6 c A C. 

4. Lastly, the combination a A B C, which includes the 
three a A B C, 6 A B C, c A B C- 

In all, therefore, we have fifteen different combinations, but 
only four of them essentially different. 

« 

R2 cos a — R cos b coslc 

LX[X. The equation cos A = : — r — : 

^ sm sin c 

without any change, represents the ^st combination a 6 c A, 
and those which depend upon it. 

To form the equation corresponding to the combination a b 
A B, we must eliminate c from the two formulas, which give 
the values of co5 A, and cos B. The elimination has already 

sin A sin B 
been performed (Art. 66.), and the result was » = sinh * 

The third combination h formed of the relation which sub- 
sists among a« 6, A, C. Here having xhe two equations 

cos A sin b sin c=:R'^ cos a~R, cos b cos c, 
cos C sin b sin a=R" cos c — R cos b cos a, 

we shall first eliminate cos c from thern ; which will give R 
cos A sin cj^^cos C sin a cos 6=:rR cos a sin b : then inserting 

sin a sin C 

in this the value sin c= — -9 — ; — , we shall have for the third 

sm A * 

* 

combination, 

cot A sin C+cos C cos b^s^cot a sin b. 

Finally, in order to discover the relation between A, B, C, 
a, we consider that, in the preceding equation, the term cot a 
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sin fe=R cos a -r— -=:R cos a -r- . ; hence, multiplying *tliis 



sin b sin B 

-: =:R COS (t -r- 

sm a sin 

equation by sin A, vie shall have 

R COS A sin Cz=R cos a sin B — sin A cos C cos b. 



If in this equation we mutually change the letters A and B^ 
and also a and b, we 'shall have 

R cos B sin C=R cos b sin A — sin B cos Q cos a. 

And from these latter two, excluding co5&, we deduce 

R^ cos A sin C + R CO* B sin C cos C=cos a sin B sin^ C. 

Hence finally 

R* cos A+R cos 3 cos C 



cos a=s 



sin B sin C 



which is the required relation between A^ B, C, a, or the 
fourth equation requisite for solving spherical triangles. 

LXX. This last equation between A, B, C, a presents a 
striking analogy with the first, between a, 6, c, A; the reason 
of which must be sought for in the properties of polar or sop* 
plemental triangles. We have aheady seen that the triangle 
having A, B, C for its angles, and a, 6, c for its opposite 
sides, always corresponds to a polar triangle whose sides are 
1,80°— A, 180°— B, 180°— C, its opposite angles being 180° 
— a, 180° — 6, 1 80° — c. Now the principle of Art. 66, when 
applied to this latter triangle, gives 

R«co«( 1 80°- A)-R ^bs( 1 80°-B)cos( 1 80°— C ) 

€0$ (180°— a)= r— Wx- :^ — ^^ 

^ sm (180°— B) sin (180°— C) 5 

which may be reduced to 

R^ COS' A+R cos Bcos C 



cos a= 



sin B sin C 

as we have found by another method. 

This formula immediately solves the ease where, it is re- 
quired to determine a side by meant of three angles ; but, in 
order to obtain a formula more suitable for logarithmic cal- 
culation, we may substitute the value otcos a*in the equation 

cos a 2 sin^ J a sin^ i a ' 

1 ~ = — j^, — , which will give us — gr- = " 



/• i 
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^tn p gin C — cos B cos C — R cos A -^R cog(B+C)-'Rcog A f] i , 
2 m B m C "^ 2 »m B «tn C * ■• ' I ' 

.And because (Art. 23.) we have generally R cos p+R cos q J 

=2 cos J (l>+?) co« ^ (jp — g), this equation is reducible to 

sin^ ^ a —cos j (A-l-B-f C) co# ^(B-fC— A) 

R^ "" sin B sin C ' 

where it must be observed that the second member, though 
under a negative form, is nevertheless always positive. For, 

. / /v X **" ^ ^^* ^0^ — cos X svn90^ 
generally, we have smyx — 90°)=— — 

Xv 

= — cosx; hence , 

/A+B+C \ 

—cos i (A+B+C)= sin i —90° j, 

a quantity which is always positive, because A+B + C being 
always included between 180° and d4(r, the angle ^(A+B 
+C) — 00^ is included between zero and 180'^ : likewise cos 
^ (B+C — A) is always positive, because B+C — A cannot 
exceed IBO*^ ; for, in the polar triangle, the side 180° — A is 
less than the sum of the other two IBO'^^r-B, 180° — 
C; hence we have 180°— Azl360°— B— C, or B+C— A 
Z, 180°. 

Being thus assured that our result will always be positive, 
for determining a side by means of the angles we shall have 
the formula ' 



/C A+B + C B+C— A 

sin \ a=R V 



f.Q^ ^Q^ 



sin B sin C 

LXXI. Before proceeding further, it may be observed^ 
that from these general formulas we might deduce the for- 
mulas which relate to right-angled spherical triangles. For 
this purpose, we shall make A =90°, both in the four princi* 
pal formulas and in the formulas derived from thetn by per*- 
mutation of the letters. And in the first place, by this sub- 
stitution, the equation cos A sin b sin C=R^ cos a — R cos b 
cos c will give 

R cos a,=cos b cos c (!) 

The equations dei^ived from this general equation do not 
contain A, and therefore do not give any new relation in the 
cascof A=90^. 
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The equation -r-— = -: — r, in the case ot A=:90*>, gives 

R «nB ^2) 



sin a sin b 

sin A sin C i , . v. 

And the derived equation -, =—; — , would, m like man* 

sm a stn c 

ner give-: — — — ; — ; but this latter is itself derived from 
^ sin a 8%nc ' 

the equation (2). 

The equation cot A sin C + cas C cos b^coi a sin i, in the 
case of A=90°, gives cos C cos b=cot a sin 6, or 

cos C tang «=R tang b (3) ' ^^ 

The derived equation cot C sin A + cos A cos b:=zcot c sin 6, 
in the same case, gives R cot C^cot c sin b, or 

R tang c=:sin b tang C. (4) 

Lastly, the fourth principal equation iin B sin C cos a^ 

W cos A+ R cos B cos C, and its derived equation sin A sin C 

cos 6=R^ cos B + R cos A cos C, in the case of A=90°, give 

sin B sin C cos a=R cos B cos C, and sin C cos 6=sR cos B, 
or 

co^ B co^ C=R cos a, (5) 

sin C cos 5=R cos B. (G) 

These are the six equations upon wbicfa the solution of right-* 
angled spherical triangles depends* 

LXXIL We sJiall terminate these, principles by demon* 
strating Napier^s Analogies which serve to simplify several 
cases in the solution of spherical triangles. 

By combining the values of cos A and cos C expressed in 
terms of a, 6, c, we have already (Art. 69.) obtained the 
equation 

R cos A sin c=R cos a sin b — cos C sin a cos 6. 

By a simple permutation, this gives • 

R cos B sin c=R cos b sin a — cos C sin b cos a. 

Hence by additig these two equations and reducing, we shall 
have 

sin c (cos A+cos B)=(R — cos C) sin (a +6). 

41 
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, sin c sin a &in b 

But siDce -T-7q=-r— x=--r-ri, we have 
sinC 8inA stno 

sin c {sin A-f «Vi B)=5m C (sin a-^sin b), 
and sin c (sin A — sin B)==m C {sin a — sin 6). 

Dividing these two equations successively by the preceding 
one ; we shall have 

sin A+smB sin C sina+sinb 

I III I — >— ^— ^ i»iiM »»-i» ■ II 1-^— ^ II I . I .- 1 .■ 

COS A+cos B R — cosC ' sin {a+b) 
sin A — sin B sin C sin a — sin b ' 
co« A-f co« B"^R — cojC* «n(a+6) *. 

And reducing tliese by the formulas in Articles 24. and 2&»9 
there will result 

, ^ * w^v . ^ sinitia — b) 
M»gi(A-B)=co<iC.j5^:pjj. 

Hence, two sides a and b with the included angle C beings 
given, the two other angles A and B may be found by the 
analogies, 

cos1^(a+b) : cos^{a — B) : : cot^C : tang^{A+B) 

sin^{a+by : «wj(a — b) : r cot^C : iang^{A — ^B). 

If these same analogies are applied to the polar tf iabgle of 
ABC, we shall have to put 180°— A, 180^— B, 180^— «^ 
180° — ft, 180° — c, instead of a, ft, A, B, C respectively; and 
for the result^ we shall have these two analogies, 

cos^{A+B) r cos^{A — B) : : tang^ r tang^{a+b) 

sinl{A+B) : «ni( A — B) : : tang^ : Umgi{i;^ — ft,) 
by means of which, when a side c and the two adjacent angles 
A and B are given, we are enabled to find the two other sides 
a and ft. These four proportions are known by the name of 
Napier's Analogies. 
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SOLUTION OF SPHERICAl TRtANGUBS IN GENERAL. 

The soltttion of spherical triaogles includes six general 
cases, which we shall now explain in succession. 

FIRST €A«B. 

LXXIII. The three sides a, b, c being given, any angle, 
Jfof example the angle A opposite the side a, will be found by 
the formula : 

yC . a + b—c . a+c—b) ,^ / 

sin i A^Ry/; m— ^-m-^— ( , f j^^^ ^y 

^ sin b sin c ' ^ 

LXXIV. Given two sides a and b with the angle A oppo- 
site to one of them, to find the third side c, and the other (tvo 
<mgles B and C. / 

First, The angle B is found frora the equation sin B - ' « 
-sin A sin b 






sin a 



Secondly. To find the angle C^ we must solve the equation. 
cot A sin C + co« C cos b = cot asinb. [\ 

For this purpose, lake an auxiliary angle ^, Kuch that we may 

, cos b tang A . cos b cos 9 , . ' , 

have tang 9 = — n ■ — , or cot A= : ; this value 

, ^ Av N \ s%n © 

aicot A, being substituted in the equation to be solved, gives 

cos ^ , . . 

sin 0) ^^^* ^ ffw* C +m 9 oo«C) ^cot a sin b ; whence we obtai n 

* ,^ tanffbsina^ ^ 

By this artifice, the two unknown terras of the equation are 
«ow reduced to one, from which it is easy to find the angle C. 

Thirdly. The side c will be found by the equation 

sin a sin C 

sin c= : — r — . 

sm A 

it might also be determined directly, by solving the equi»- 
tion 

R cos b cos C-Jrcos A sin b sin c=R' cos a 
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„ ,. ^ , . Rcoshsin0 

t OP this purpose, put cos A svi 6= r , or tang ^== 

COS A iang b 

' -s: ; we shall have 

cos b 

{cos c cos a-^-sin c sin ^)=R cos <?♦ 

cos p^ 

Hence, by first seeking the auxiliary quantity ^ from the equa- 

cos A tang b "„ , , . , . , 

tion tang <f= :g— -—, we shall have the side c by the equa- 
tion 

cos a cos <p 
cos (c~^)=— ^jy-. 

This second Case may have two solutions^ like the aiialo- 
gods Case in rectilineal triangles. 

THIRD CASE. 

LXXV. Given two sides a and b, loith the included angle 
C, to find the other two angles A wid B and the third side c- 

First. The angles A and B are found by these two equa- 
tions 

^ . cot a sin 6 — cos c cos b . 
cot A= 



cot B 



sin C 

cot b sin a — cos c cos a , 

'siiTC ~^ I 



in which the second members may be reduced to a single term, 
by means of an auxiliary quantity. It is simpler, however, 
)n this case, to make use of Napier's analogies, which give 

A — B , ^sin\la — b) 

tans—^^cot\ Cjr~^:^y 

A+B ' cos i (a— J) 

tang -~s — = cot i C- T—i — r-T\ • 

® 2 - ^ cos h {a-\-b) 

Secondly. Knowing the angles A and B, the third side c 

sin C 

tnay be computed by the equation sin c=m a • -: — ^ ; but 

stn A 

for determining c directly, we have the equation 

R2 cos c=m a sin b cos C + R cos a cos 6* 



TRIGONOMETRY. 309 

Assume the auxiliary quantity <^y such that sin b cos C=cos b 

cos C tang b 
tang ^, or tcmg ^= = ; we shall have 

cosb 

cos 0= -r cos (a-— ^) 

cos^ ^ ' 



■ <^ ■■ I ^l y — 



FOURTH CASE. 



LXXVI. Given two angles A and B with the adjacent side 
c^'tofind the other two sides a and h with the third angle C. 

First. The two sides a and 6 are given by the formulas . 

cot A sin B-f C05 B cos c > 



cot a= 



cot 6= 



si?i c ' 

cot B sin A+cos A cos c 



sin c « • 



They may, however, be computed more easily by Napier's 
analogies, namely, , 

. A+B . A— B , a—b ^ '".^"' ^ I 

sm — - — : stn — - — : : tang ^ c t tang -77-, 

A-fB A—B , a-ffc Z^^' 

cos—^ : cos — — : : tang J c : tang "y". / 

Secondly, Knowing a and 6 we shall find C by the equation 

sin c sin A 

sin C= : ; but C may be also found directly, by the 

s%n CL * 



equation 



/ 
)R? cos C=cas c sin A sin B — R cos A co« B. / ' '' 



Id' 



Assume the auxiliary quantity ^, such that 

. ~ „ cos c tang B* 
cos c sin B=co« B cot ^^ or cot ^= ^° — ; \ 

we shall have \ . ' . ( -, . 

^ sin (A — ^) \ 

cos C=:C05 B r - ~ — ^, - 

Sin ^ 
This case and the preceding one offer no ambiguity. 

LXXVII. Given two angles A and B, with the side a op- 
posite one of them^ to find the other two sides b and c and the 
third angle C. 



J 



I 
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First. The side h is found by the equation 

. 7 . sin B "^ 

sm b=sin a . -; . 

sin A 
Secondly. The side c depends on the equation 

cot a sin e — cos B cos c=cot A sin B 

Put cot a=cos B ££i?., or t«n^ «p='"'* ° ^^^^ " ; we shall 

Sin (p R * 

cosB 
have -: — (sin c cos (p-^^os c sin 9) =co^ A ism B ; hence 

sm <p 

. V tansr B sin a 

stn (c — ©)= P-, ^-—1. 

tang A 
Thirdly. The angle C is found by solving the equation 
cos a sin B sin C— R cos B cos C =R^ cos A. 

*, . . . I . „ R cos B cos . ^ 

For this purpose, make cos a nn 6= ; ~,or cot(p=z 

'^ *^ stn 9 

* 

cos a tang B^^ shall have ^ (m C co» <|>-co» C «« i.) =■ 
R stn(p 

"Rcos A} hence 

^ ^ co«B 

This fifth Case, like the second, is susceptible of two solu- 
tions, as happens in like manner in the analogous Case of 
rectilineal triangles. 

SIXTH CASE. 

LXXVlII. The three angles A, B, C being given^ we can 
Jind any side^ for example the side opposite the angle A, by 
the formula 

• 

It may be observed, that of these six general Cases, the 
last three might have been deduced from the first three, by 
the property of polar triangles ; so that properly speaking, 
there are but three different cases in the general solution of 
spherical triangles. The first case is solved by a single 



I 
I 
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analogy, as in right-angled triangles ; the third is solved in 
a manner almost equally simple, by means of Napier's analo- 
gies. As for the second, it requires two analogies ; and also 
it sometimes admits of two solutions, while the first and third 
never admit of more than one. 

LXXIX. To distinguish whether, in the second Case,, for 
the single ^'iven values of A, a, i, there are two triangles 
which satisfy the question or only one, let us first suppose the 




angle A^OO*^, and let the two sides AC, A6 be produced till 
they may meet again in A'. If we take the lire AC ^90°, 
and draw CD perpendicular to AB, the sides AD, CD of the 
right-angled triangle ACD will be each less than 90^ ; the 
line C9 will be the shortest distance from the point C to the 
arc AB : and taking DB^DB, the oblique lines CB , CB will 
be equal,' and of greater length the more they diverge from 
the perpendicular. Put AC=6, CB=o; it appears then that a 
triangle which has A ^90°, 6^90"^, and a id 6, must necessa- 
rily admit of two solutions ACB, ACB : but if, A and b being 
still supposed less than 90°, and we have a 7 6, in that case the 
point B wotild pass beyond the point D, and there would be 
only one solution represented by ABC. 

Next suppose ACz 90° ; if CD is drawn perpendicular to 
ABA, we shall as before have C D^ AC ; and the arc C'B'" 
drawn between D' and A will be greater than C'D' and less 
than C'A: hence making AC =^5, CB =C'B"'=a the sup- 
position A ^90° and 6790" will evidently give two solu- 
tions, if a+6 Z 180°, and only one if a + 6 7 180°, because the 
point B"^ would then pass beyond A'. 

By examining upon the same principles the case where the 
angle A is greater than 90°, the circumstances which deter- 
mine, whether in Case second, the question admits of two 
solutions or only of one, may be established as follows. 
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A/ 90° h/ 90° ^"^^^ one solution- 

AL yo , OL Ji) ^^^j j^^ solutions. 

Ay ono A-7 ono 5 « + ^ 7 180° one solution. 
AZ. JiJ , e^z yu ^ ^^ J ^ jgQo ^^^ solutions. 

A> 90° h< 90° \ ^ + ? ^ ^®^° ^'^^ solutions. 
A> yo", 0^^ yu ^ ^^ J ^ jgQo ojjg solution. 

A7 90°, 6>90°i"^J two solutions. 

£xr 3^v , t/^ ^w ^a<o one solution. 

There will only be one solution if A=90°, whether «=6, 
or a +6=180°. There will be two if 6=90°. 

LX]^X. These same results may be applied to the fifth 
Case by means of the polar triangle ; and the following cir- 
cumstances may be deduced from it, to shew whether for given 
values of A, B, a, there are two triangles which satisfy the 
question or only one. 

er>90=,B>90'5A<B one solation. 

' {_ A>]> two solntions. 

^-v Qfto r»^ ono^ A + B < 180° one solution, 
a^ yo , B< yu ^ a + B > I80°two solutions* 

^^ ono R>^ ono ^ A + B < ISO" two solutions. 
a< 90 , B> 90 J A + B > 180° one solution. 

at 90°, BZ 90° \ ^^J ^"^ ^o\x,^on%. 

, ' c A7B one solution. 

There will only be one solution, if any of the following 
equalities have place, a=90°, A=B, A4-B=180^ There 
will be two, if B=y0°. 

LXXXI. In every case, to avoid all useless or false solu- 
tions we must consider 

Firsts that every angle or every side must be less than 180° ; 

Secondly^ that the greater angles lie opposite the greater 
sides ; so that if we have A7B, we must likewise have a 7 6, 
and vice versa. 
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• Jixamples of the Solution of Spherical Triangles. 

LXXXII. Example 1. Let 
O, M, N be three points situ- 
ated in a plane inclined to the 
horizon : if from these three 
points,the perpendiculars OD, 
M m, N 71 are drawn to the 
horizontal plaive DEF, the X)' 
objects situated in O, M, N 
will be represented on the ho- 
rizontal plane by their jpro/ec- 
tions D, m, n ; and the angle 
MON hy mDn. This being 
granted, suppose the angle 
MON, knd the inclinations of its two sides OM, ON to the 
vertical line OD were given ; and that we had to iSnd the 
angle of projection mDn. ' 

From the point O as a centre and with a radius = 1, des- 
cribe a spherical surface, meeting the sides OM, ON and the 
vertical OD, in the points A, B, C ; we shall have a spherical 
triangle ABC whose three sides are known j we shall there- 
fore be able to determine the angle C, equal to m D n, by the 
formula Case first. 

Suppose, for example, the angle MON= AB=58° 00' 50", 
the angle DOM=AC=88° 18' 28", and the angle DON=BC 
=94° 52' 40" ; by the formula referred to we shall have 

. sin 25° 43' 19^^ sin 32° IT 31" 

sm ^ C^K.^^ ggo jQ/ 2S" sin 94° 52' 40" * 

A value which may be computed thus : , 

L. m25°43'19''.*.9 . 6373956 L. sin 88°18'28"...9 . 9998106 
L.m32°17'31".,.9 . 7276562 L. sin 94°52'40"...9 . 9984242 



Sum + 2 L . R..39 . 3650518 

19 . 9982348 



19.9982348 



2 L. sin \ C .19 . 3668170 

L. sin i C 9.6834085 



JC=28°50'32Jt" 
C=57°41'4"* 



Hence the angle 58° 00' 50", measured on a plane inclined to 
the horizon, is reduced to 57° 41' 04" when it is projectedf on 
the plane of the horizon. * • 

42 
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This problem is useful in the art of taking plans, when the 
surface to be operated on presents any sensible inequalities^ 
and it is at the same time required to determine the principal 
positions with great accuracy. 

LXXXIII. Example 2. Knowing the latitudes of two 
points on the globe, and their difference of longitude^ to find 
the shortest distance between them. 

Conceive a spherical tri- 
angle ACB to be formed by 
the North Pole C and the two 
places A and B, whose dis- 
tance we are required to iSnd. 
In this triangle we shall know 
the angle at the Pole ACB, _ 

since it is the difference, in G 

longitude of the two points A and B ; we shall likewise 
know the two including sides AC, CB^ since they are the 
complements of the latitudes of the points A and B. The 
third side AB may therefore be determined by the formulas of 
Case third. * 

Let A and B, for example, be the Observatories of Paris 
and Pekin ; the north latitude of the one of these places is 
48° 50' 14", that of the other is 39° 64' 12", and their differ- 
ence in longitude is 1 14° 1' 26". Thus we shall have 

a= 41° 9' 46' 

6= 50° 5' 48" 

C=: 114° 7' 28". 

According to these data, for determining c we shall have the 

• cos C tang h cos b cos (a — 9) 

formulas tang <p = « — , cos c = ^ ^ 

^ K . €08 q> 

which are computed thus : 

h.cos C . . 9.* 61 14352 
h.tangb. . . 10.0776707 



L.tang<p. . . 9.6891059 

The angle 9 answering in the tables tothis logarithmic tan- 
gent is 26° ^' 53". We must consider, however, that cos C 
is negative, and that tang 9 being consequently negative, w6 
musftake9= — 26° 2' 53". Having settled this, and observ- 
ing that cos ( — 9)=cos<P, we*shall finish the calculation thus: 



« 



« 



•"n 
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h.cos{a—q>) . . 9 . 588093S 
L.cos(p 9.8071953 

19 . 3962891 
h. cos(p. . . • . 9 . 9554823 

■ 

h.cosc 9.4418068 

Hence the required distance c==73^ 56' 40". 

LXXXIV. Example 3. To give an example of Case fifth, 
let us undertake to solve the spherical triangle, wherein are 
knowa the two angles A=?0^ 39, .B=48° 36,^ and the side 
opposite one of them a=89° 16' 53". By means of this, we 
find from the Table in Art. 60., that there can be only one 
solution, sincei we have at the same timea£90°, B^90*^, and 
A7B. This solution is computed as follows : 

Pirsi. The side b will be found by the formula sin ft= 

«m B 

sm a -^ — r- . 
stn A 

h. sina .... 9 . 9999659 

h.sinB .... 0.8751256 

10— L. sin A .... . 0252525 

la. sin b . . . . 9 . 9003440 

Which gives 5=52*' 39' 4", or its supplement 127° 20^ 56" ; 
but since the angle B is less than A, the side b must alsp be 
less than a ; hence the first value is the only proper one. 

Secondly. To find the side c we must put tang 9 = 

€0s B tahg a , tang B sin <p tang B cot A sin 9 
— ^- m(c_^)^ ^on^A = R^ 

L. m 9 . • • . 9.9999220 
lA.sinB . . 9.8204063 L. tang B^hR. 6.0547193 
L. ^ang- a — LR 1.9016731 h.cotA . . . 9.5455236 

h.tangf. , 11.7220794 L.*m(c— <p). . 9.6001649 
9=88° 54' 48" c— 9=23° 28' 9\ 

Here we have again the choice of taking for c — 9 the value 
2S° 28' 9", or its supplement 156° 31' 53' ; but by adopting 
the second value, we should have c790° ; therefore we must 
keep by the first, which gives 0=112° 22' 57". 



• 
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Thirdly. In fine, to calculate the angle C directly, we shall 

take the formulas cot + =. "^ — , sin (C — 4 ) = 

cos A sin 4 



oo« B 



L. sin ^ . . 9.9999563 . 



L. cosa . • . 8.0982928 h. cos A. . . 9-5202711 
L. tang B — L R 0.0547193 L. R — L cos B 0.1795937 

L. ca<4 . ., . 7.1530121 L. sin ( C— ^ ) 9.6998211 

+==89'=* 1 1' 6" C— 4=30° 03' 53" 

4 89° 11' 06" 



C = 119° 14' 59' 



We could not take the supplement of 30° 3' 53'' as the 
value of C — 4 ; because this would have given us CZ.180*=*. 
It is plain, therefore, that the proposed problem admits only 
of one solution.* 



* Such as wish to know the most usefal applications of Trigonometiy, 
cannot do better than consult M. Puissant's TraUe de Topographies d^jStr^ 
pentage et de J>flvellement (Treatise on Topography, Surveying and Level- 
ling), Paris, 1807. 
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